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PREFACE TO THE SECOND EDITION. 


In issuing a second edition of the present volume it has 
been found desirable to enlarge it considerably beyond its 
original limits. The necessity for this has arisen partly 
from the increased requirements of the class of students for 
whom the book was originally written, and partly from the 
expressed opinion of many teachers that its sphere of useful¬ 
ness might be thereby extended. 

Chapters have been added on Maxima and Minima of 
Several Independent Variables, on Elimination, on Lagrange’s 
and Laplace’s Theorems, on Changing the Independent Vari¬ 
able, and one giving a short account of the principal properties 
of the best-known curves, which may be convenient for 
reference. A number of isolated theorems and ])rocesse.s, 
which do not find a convenient place el.sewhere, Iiave been 
put into a separate chapter entitled Miscellaneous Theorems. 
Considerable additions have been made to some of the original 
articles, and others liave been rewritten. 

Many additional sets of easy examples, specially illus¬ 
trative of the theorems and methods proved or explained 
in the immediately preceding bookwork, have been inserted, 
in the hope that a selection from these will firmly fix in 
the mind of the student the leading ])rinciples and pro¬ 
cesses to be adopted in their solution before attacking the 
generally more difficult problems at the ends of the chapters. 

In a text-book of this character there will not be found 
much that is new or original, the object being to present 
to the student as succinct an account as po.ssible of the 
most important results and methods which are up to the 
present time known, and to afford sufficient scope for 
practice in their use. 
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To attain this object many treatises on this and allied 
subjects have been consulted, and my acknowledgments of 
assistance are therefore due to many authors. More par¬ 
ticularly I am indebted for much information to the admirable 
works of Cramer, Gregory, De Morgan, I’Abb^ Moigno, Serret, 
Frenet, Bertrand, Frost, Todhunter, Williamson, and Salmon, 
whose labours have done so much to develop and extend 
the principles and applications of the subject. 

I have consulted a large number of university and college 
examination papers set in Oxford, Cambridge, London, and 
elsewhere, and many of the examples given have been 
extracted from them. Such papers clearly define the extent 
of knowledge expected from students by the large body of 
distinguished scholars who from time to time are engaged 
in conducting these examinations, and the present work 
has been constructed to meet these requirements as far as 
possible. 

My thanks are due to several friends and correspondents 
who have kindly sent me valuable suggestions and lists of 
errata occurring in the fir.st edition. 

JOSEPH EDWARDS. 


80 Camuridge Gardens, 

North Kensinotok, W. 
February, 1892. 


THIRD EDITION. 

In this edition several errors have been eliminated, and a 
few additional articles inserted in Chapter XX. on Roulettes 
and oil the Numbers of Bernoulli and Euler. 

JOSEPH EDWARDS. 


January, 1890. 
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PRINCIPLES AND PROCESSES OF THE 
DIFFERENTIAL CALCULUS 




CHAPTER L 


DEFINITIONS. LIMITS. 

1. Primary Object of the DiffereDtial Calcnlus. 

When increasing or decreasing quantities are made the 
subject of mathematical investigation, it frequently becomes 
necessary to estimate their rates of growth. The primary 
object of the Differential Calculus is to describe an instrument 
for the measurement of such rates and to frame rules for its 
formation and use. 

2. The whole machinery of the Differential Calculu.s will 
be completed in the first six chapters, and the student should 
make himself as proficient a.s possible in its manipulation. 
The remaining chaptei*s simply consist j)f various applications 
of the methods and formulae here established. 

3. We commence with an explanation of several technical 
terms which are of frequent occurrence in this subject, and 
with the ine<iuin(rs of which the student should be familiar 
from the outset. 

4. Constants and Variables. 

A CONSTANT is a quantity -which, during any set of mathe¬ 
matical operations, retains the same value. 

A VARIABLE is a quantity which, during any set of mathe¬ 
matical operations, does not retain the same value, but is 
capable of assuming di^erent values. 

Ex. The area of an/ triangle on a given base and between given 
parallels is a conKtant quantity ; ho also the base, the distance beiwecit 
the parallel lines, the sum of the angles of the triangle are constant 
quantities. But the separate angles, the sides, the prKitiun of the vertex 
are variables. 
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CHAPTEE I. 


It has become conventional to make use of the letters 
a, b. c,a, y..... from the beginning of the alphabet to 
denote constants; and to retain later letters, such as u, v, w, x. 
y, and the Greek letters ij, for variables. 

5. Dependent and Independent Variables. 

An INDEPENDENT VARIABLE is one wkick may take up any 

arbitrary vaXac that Tnay be assigned to it. 

A DEPENDENT VARIABLE is one wkich osBumes its value in 
consequence of some second vanable or system of va'i'Uibles 
talcing up any set of arbitrary values that may he assigned to 
them. 


6. Functions. 

When one quantity depends upon another or upon a system 
of others, so that it assumes a definite value when a system of 
definite values is given to the others, it is called a function of 
those others. 

The function itself is a dependent variable, and the variables 
to which values are given are independent variables. 

Tiie usual notation to express that one variable y is a func¬ 
tion of another x is 


y or y = F{x), or y = «^(x) ; 

the letters/( ), F{ ), <^( ), x( ). ••• being generally retained to 
represent functions of arhiiiary or unknown form. Occasion¬ 
ally tho brackets are dispensed with when no confusion can 
thereby arl-e. 'i’lms fx will soinetinies be written for f{x). 
If u be an arbitrary or unknown function of several variables 
x, y, z, we may expr?»s the fact by tlio equation 


P. =f{.r. y, 

Ex. In any tv'o of v.-hosi? sides are x and y and the 

included angl. 9, v.\' In.ve A—.’.'J/smd io expres-s the area. 
Her? is t-.ie t/ / /ctL/n' varic.bie. and is i\ function of known 
iori)!—oi 7, :\!ul {?. wldcu rie tin* imiependent variables. 


’< 1' will Vc .vcen that wo \vri:e tlio same equation in 

oihcr I'orms. 

sin 0 = - - 

.III 

V, !dc!i luo v L'o ri grivded as an o.vprossion for sin 0 in terms of 
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the area and two sides; so tliat now sin 0 may be regarded as 
the dependent variable, while A, x, y, are independent variables. 

And it is clear that if there be one equation between four 
variables, as above, it is sufficient to determine one in terms of 
the other three, so that any one variable may be regarded as 
dependent and the others as independent. 

This may be extended. For, if there be one equation between 
n variables, it will suffice to find one of them in terms of the 
remaining (n —1), so that any one variable can he considered 
dependent and the remaining (n — 1) independent. 

And, further, if there be r equations connecting n variables 
{n being greater than r) they will be enough to determine r of 
the variables in terms of the other n — r variables, so that <iny 
r of the variables can be considered dependent, while the re¬ 
maining (n — r) are independent. 

8. Explicit and Implicit Functions. 

A function is said to be explicit ivhen expressed directly 
in terms of the independent variable or variables. 

For example, if r=jr*, or 2 = rsiii 0, or r = j"y, 
or s = «•'«;* log X + (u + .«•)’■; 

z is expressed directly in terms of tlie iiiiU‘pen<leiit vari.'ibles, and is there¬ 
fore ill each of the above cases said to be an explicit fuiu-tiuii of tliose 
variables. 

But, if the f auction be not expressed directly in terms of the 
independent variable {or variables) the function is said to be 
IMPLICIT. 

If, for example, ar’+yx-6 = 0 ; 

y in each case is said to he an implicit function of x. 

Sometimes, however, we can solve the equation for y : e.y., the fiiot 

equation we can write as y = and in this foiiii y is said to be an 

explicit function of x. 

It appears then that if the equation connecting the variables be solved 
for the dependent variable, that variable is reduced from being an implicit 
to being an explicit function of the reinaiiiing variable or variublea. 
Such solution is not, however, always jiossible or convenient. 

d. Species of Known Functions. 

Functions wliich are made up of powers of variables and 
constaata connected by tlie signs q— x -i- are classed as 
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CHAPTER I. 


algebraic functions. If radical signs or fractional indices 
occur in the function, it is said to be ii'rational; if not, rational. 

All other functions are classed as transcendental functions. 

Of transcendental functions, sines, cosines, tangents, etc., are 
called trigonometrical or circidar functions. 

Functions such as sin"^a;, tan-*.r, etc., are called inverse 
irigoncnnetrical functions. 

Functions such as c* a*’, in which the variable occui'S in the 
index, are called exponential functions. 

While if logarithms are involved, as for instance in log^ic or 
logi/d + tx), etc., the function is called logarithmic. 

Besides the above we have the hyperbolic functions, sinh x, 
cosh X, etc., of whicli a short description follows in Art. 23. 


10. Limit of a Function. 

Def. When « function can be made to approach continu¬ 
ally to equality with some fixed value so as to differ from it by 
less than any assignable qyiantity, however small, by making 
the independent variable (or variables) approach some assigned 
value (or values), that fixed value is called the LI.MIT of the 
function for the value (or values) of the variable (or variables) 
referred to. 


n. Illustrations. 

Ex. 1. If iui oqinlateral polv<rf»n be* inj^cribofl in any closed curve, and 
the nidcH fif t)ie polygon he ducrea^ed indeiinitely and at the siiine time 
iiKT*Ms» d ill number iiulrfinitvly, the pulyrrcm continually approximates 
to tlui f^*rni of the curvi‘, u/i^/ ulth/ia^eh/ diners from it in arett f*// less than 
ai}j/ the curve is said to be the limit of the poly¬ 

gon iiisoribed in it. 


fv\. 2. The limit, of 


2.r+3 

.- 4-1 


whc'ij X is ixulc'finitelv diminished is 3. Fur 


tlie (H)TereiK-t b»*t\v. -i .1:-and 13 is- : and bv diiinui.<liin" .v imle* 

.!• + 1 * ” 


+i 


X 


6iiitviy —- am be lifs than any assignable quantity hoirever smalt. 

.r T I 

2j*4“ 3 

iiui- »• it is N-dd lliat tin* limit i»f -1 wluMi .r is inde6intelv diiuitiished 

1 

is :i. 3 

'* 'll- cxiiri-ssiuii can aisn be written -, which shows that if x be 


• \ 


1 + 


I 


X 


iiiciease«i imietnulily it can be made tuoonHnually ajiproach and to differ 
hfj tlinn o/iv ussiij7iabU' ifuandtu from 2, whicli is therefore its limit iu 
that case. 
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Ex. 3. The limtU of some quantities are zero, e.q., 

sin X, Uvhen x is zero, 

1 -cosxj 

1 -sin.r,) , TT 

>whenx = -. 
cos.r,j 2 

When tlie limit of a quantity is zero for any value or values of the inde¬ 
pendent variable or variables, the quantity is said to be a vanishing 
quantity for those values. 


It is useful to adopt the notatiou to denote the words 

“ the limit when x — a of." 

Ex. 4. The sum of a G.P. of which tlie firet term is a, common ratio r, 

and n the number of terms, is . 

r-\ 

If r< 1, the sum to in 6 nitv is — . For the difference is ; and 

1 -r r-r 

since Lt„^m - —j- = 0 (when r< 1 ), this difference is a vtuiishing quantiti/. 

Ex. We say 6 = 5 , by which we mean that by takiny enough si.\es 
we can make ’ 666 ... differ by as little as ice please from 3 . 

Ex. G. The DEFINITION OF A TANGENT is another example. 
Dep. Let PQ he a chord joiniug P, Q, two adjacent 2 )oint$ 
on a curve. Let Q travel alontj the carve towards P and come 
so close as ultimately to coincide with P. Then the limiting 
■position of PQ, viz. PT, is called the tangent at P. 



The angle QPT is a vanishing quantity; for it can be made 
less than any as-signable quantity by making Q move along the 
curve sufficiently close to P. 

12. We proceed to state several important principles with 
regard to limits which are of frequent ii.se :— 

(1) The limit of the sum of a finite number of quantities is 
equal to the sum of their limits. 
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(2) The limit of the prodvbct of a finite numiwr of quantities 
is in general equal to the product of their limits. 

(3) The limit of the ratio of two quantities {whose limits 
arc not zero or infinite) is equal to the ratio of their limits. 

(4) The limits of tivo quantities {whose limits are finite) 
are equal when the limit of their differenoe is zero. 

These sUtenieiits are almost self-evident, and their formal proofs may 
be left as an elementary exercise for the student. 


Examplbs. 


1. If ... be the varying quantities, prove 

/,/(«! + H.j + J'n+ ...) = h(Ui + L(U-s+... . 

[Lot J’l, l)e the respective limits of ki, etc., and let = 

r.. + a.j, etc., where a„ a...,... become less than any assignable quantities 
when the variables Mi, if-j ,... approach their limits. 

Then m,-|-m,,-«- ... =(vi + ra+ ...) + (ai + “j+ •. )> 

atwl if a be the greatest of the quantities oi, oq... and n their number, 


rij + rf.j + . ^ 7f<U 

lUit In liVpothesU = ; ami thf^reforo if /f l)e linite 

whence = i*i + ... 

2 . Prov<? — LtUi . IAxi* 

... ^ • • • \ 

yiointinj^ out any c*xoP|il*<»iis. 

;b I’rov.' = 1 ( 11 "^{/.U>y'i ■. AMog » = lr.g; 

11-2 Ltu-J 

jtointing »)Ut a’ly exceptions. 


13. Indeterminate or iUiisor/ Forms. 

^VlK a :i functicii the itnlepenilont variable (or 

variables) in .'^uch a no. laer -liJit, I-*r a coitain assigned value 
a!' that N’ariah’i*, its vahn:* (■/!/,••.' /»■ fou h<l hg simply substiilit- 
iaif that value of t)if vavljM •, the function i.s usually said to 
take an ivdetermivaic ft. m o. u> assume an indeterminate 
V'lliie. 

14. The naino indefcrivival’' though sanctioned by common 
UM’, is (»p('n to objcetic'ii, inasniuch as it will l>e found that the 
Ituo ^allies of such forms cria in grntral be arrived at by 
; .‘.ins of certain proce-^ses wliioh we shall hereafter discuss at 
i.'nijlh in a special chapter ; whereas it would seem to be 
implied in the name inc/ffeiovu'jitM'e that it would he impossible 
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to obtain the value of a function to which that name was 
applied. “Undetermined" or “Illusory Forms’’ appear to be 
better designations for such cases. 

15. One of the commonest cases occurring is when the 
function takes the form of a fraction whose Xuvicrutor and 
Denominator both vanish fur the assigned value of the variable. 

The limit of the ratio of tivo vanishing quantifies may be 
zero, finite or injinite. 

Several other indeterminate foi*insare treated fully in Chapter 

XIII. 

16. Two functions of the same independent variable are Siiid 
to be ultimately equal when, as tlie independent variable 
approaches indetinitely near its a.ssigned value, the limit of 
their ratio is unity. 

Thus ; 

and therefore, when an angle i-s imlefuiitely dimiiiishctl, its sine .ind its 
circular nien.sure are ultimately eq\ia). 

E.xamples. 

1. Find the limit when .r=0 of 

(i.) When y~mx. 

(ii.) WI.eii 

(iii ) When _»/ = oj~ + 6. 

2. Find (i.) 'vhcri jr = 0 ; (ii.) when J=». 

3. Find when y- - Sax • jr. 

X 

4. Find wlien 

X il o* 

5. Find Zr,,o ^. 

X 

6. Find LUmi-t when = + + 

X 

7. Find 

X -a 

P. Find when fi.) r = 0 ; (ii.)r=5 x. 

6jr + ax 

y. Find ^fx{ 1 - s^r). 

10. Prove that p-qx and q-px tend to equality aa x diminishes to 
^ero, but yet that their limits are not equal. 
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11. The opposite angles of a quadrilateral inscribed m a circle are 
together equal to two right angles. What does this become when m the 

limit two angular i>ointe coincide? . ^ v j- 

12. Find the ultimate position of the point of intersection of the dia¬ 
gonals of a rhombus, when one of the angles diminishes indefinitely. 

17. We now proceed to consider the limits of four very 
important undetermined forms. 

18 I. The proofs of the well-known results 

Lte. fios 6 = 1, 

can be found in any standard book on Plane Trigonometry. 


19. II. 


j. a-’* —1 




Let a:=l+ 5 . Then when x approaches the value unity 
approaclu-s iJero, and we can therefore consider c to be less 
than 1, and therefore can apply the Binomial Theorem to 
expand (1 -f c)", whatever n may be. 

Hence = 

J/ ~ 1 z 


, —I') o , 

nc-1-—— Z-+... 








‘iO. Til. =<', where e is the base of the Napier¬ 

ian sY.-itcm of lu;^urrcluii.'>. This miuiber c is defined as the 
value ( f ihe soil-s ! 1 + to ^ . and it may easily 

be • hd-vx n In be 2'7 1 S 281 S.... 

Since X is to be ultimately infinite, we may throughout 
consider - to bo less than unity, and may therefore apply the 

Binomial Theorem to the expansion of (l-f-j . We thus 


DEFINITIONS. LIMITS. 


9 


obtain (l+-) = 1 

\ X/ X l. s 


I , ic(a; —1) 1 , x(x —l)(x —2) 1 




1.2.3 


- '.' 




= 1 + 1+-^+ 

= l + l+.7-i + ^i + --- 

M • o • 


31 


in the limit, when x is indefinitely increased. 


Coa 


21. IV. 



X 


= loff,a. 


Assume the expansion for a* viz,: 

a* = 1 + X logeU H- 2 \~^ ■ 

OC (f 

This is a convergent series, for the test fraction is —. 

and can be made less than any assignable quantity by making 
n sufficiently large. 

We have therefore 

a*-l , x(log««)* 

-= log,a+ +••• 


X 


9 1 


and the limit of the right-hand side, when x is indefinitely 
diminished, is clearly log,a. 

22. The limit IV. can be deduced from III. thus: 


Let 

then 


y 


1 


a*=l+-, 

y 

and therefore when x becomes zeroy becomes infinite, and 

x«log.,(l+-), 

<3^ 

1 




y 


Iob.(!+1) 

= Lty.y, -^ ■=Ll,.r, -?-^ 

ylog„(l + *) 

*=log,a. 


[Art, 20]. 
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1. Prove 


2. Prove 


3. Prove 

4. Prove 


5. Prove 


Examples. 
s -1 

[Put x=l+^,] 


“x"-a" n 

I 

YM sinmx^m 
JUlgmO- - 

am fix n 




6. Prove -L=7t without assuming the Binomial theorem ; con- 

jr- 1 

sidering the several cases, (i.) n a positive integer, (ii.) n a positive fraction, 
(iii.) n negative, (iv.) 71 incommensurable. 


23. Hyperbolic Functions. 

By analogy with the exponential values of the sine, cosine, 
tangent, etc., the exponential functions 

e^—e~^ , 

”2~ ■ 2 ’ Ff'TF®’ ’ 

are respectively written 

.sinh 0. cosh S, tanh 0, etc., 

and culled tlic hypfrhvllc sine, cosine, tangent, etc., of 0, and as 
a class arc styled hyperbolic functions. 

Sinco SID 0=—~—, and cos$ = —^, 

where i = I, it will be clear that 

sin t0 = tsinh 0, 
cos 40— cosh 0, 

a'jd hencr- or from the definition 

(1) tun i0 = i^-'-!’-? = (taiih 0 ; 

CO^)ll 0 ’ 

(2; roblrd —;5inli-0= 1 ; 

(3, sin (0 + /^,) = sirj 0 cosh (j> + i cos 0sinh <p ; 
with many other formulae analogous to, and easily deducible 
from, tlie common funnulae of Trigonometry. 

If a'=:sinh0. 


\V(; Imve 


0 = sinh"'.r. 


an inverse hypcrholic function of u* analogous to the inverse 
trigonometrical function .sin'^r. 
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This species of function however is merely logarithmic; for, 


since 


X — 


we have e® = a; + ■v/l+x^ 

and 6 = log,(x + %/! + x-). 

while correspondiug results hold for cosh"*x, tanh"'x, etc. 


Examples. 

1. Prove the following formulae— 

(а) cosecli*d = coth*d - 1 ; 

(б) 8iiih(0 + </>)=siiili dcosh <^ + cosh dsinh </>; 

(r) taiih {$+ 4>)=—-——^-Z ; 

1 +tanh 6 tauh 

(rf) siiih 6 + siiih ^ = 2siiili cosh 

2. Show that the co-onliuates of any point on the reetangiilar hyperbola 

may be denoted by ocosh 0, <• sinh 6. 

x 

_ ♦ 

V 1 +-r* ’ 

1 


3. Prove 


(a) f 


(/') 


2 taTd»“'j: = log 

1 - .r 


4. If x+iy = aitL\\iu + tv), show that the curves u = constant and r = con- 
staiit are circles whose ra<lii are respectively «cosee2H and ocosecliit- 
cutting each other orthogonally. 

6. Show that sinh rand cokIij: have an imaginary })criod 2(r, ami that 
tanlix has an imaginary period ‘jt. 


Infinitesimals. 

24. All measurable quantities are estimated by the ratios 
which they bear to certain fixed but arbitrary units of their 
own kind. The whole inea.sure of a quantity thus consists of 
two factors—the unit itself and an abstract number which re¬ 
presents the ratio of the measured quantity to the unit. The 
magnitude of the unit should be chosen as soinetliing com¬ 
parable with the quantity to be measured, otherwise the 
abstract number wliich measures the ratio of the quantity 
to the unit will be too large or too .small to lie within the 
limits of comprehension. For instance, the radius of the earth 
is conveniently e.stimated in miles (roughly 4,000); the moon’s 
distance in earth's radii (about 60); the sun’s distance in 
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'moons distances (about 400) ; the distance of Sirius in sii/ns 
distances (at least 200,000). Again, for such relatively small 
quantities as the wave-length of a particular kind of light, one 
ten-millionth of an inch is found to be a sufficiently large 
unit: the wave-length for light from the red end of the 
spectrum being about 2G6, that from the violet end 167 such 
units (Lloyd, " Wave Theory of Light,” p. 18). 

25. Any comparison of two quantities is equivalent to an 
estimate of how many times the one is contained in or contains 
the other; that is, the one quantity is estimated in terms of 
the other as a unit, and according as the number expressing 
their ratio is very large compared with unity or a very small 
fraction, the one is said to be very large or very small in 
comparison with the other. The terms great and small are 
therefore }>urclij relative. 

The standard of smallness is vague and arbitrary. An 
error of measurement which, centuries ago, would have been 
reckoned small would now bo considered enormous. The 
accuracy of observation, and therefore the smallness of allow¬ 
able eiTors of observation, increases with the continual im¬ 
provement in tlie construction of instruments and methods 
of measurement. 


•-’6. Orders of Smallness. 

It we conceive any magnitude A divided up into any large 

ntimber ofcnial parts, say a billion (10’=). then each part 

is extremely small, and for all practical purpo.ses negligible, in 
comparison with A. If this part 1-e again subdivided into a 

billion f'jual parts, eaeh = ^-^, each of these last is extremely 
small in comi^arison with -A, ^nd so on. We thus obtain a 


series of magnitudes, ^-1, 


A A A 
10 >-’ 10 -*’ . 


each of which is 


cxcossivelv .small 
it, but verv laiQ-e 
This furni^hcM us 
f’lmdhi ess. 


ill comparison with the one which precedes 
compared with the one which follows it. 
with what wo may designate a scale of 
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More generally, if we agree to consider any given fraction / 
as being small in comparison with unity, then fA ^\ill be 
small in comparison with A, and we may term the expressions 
fA,pA,pA, .... small quantities of the first, second, third, etc., 
orders; and the numerical quantities/,/-,/'^, may be called 


small fractions of the first, second, third, etc., ordei's. 

Thus, supposing A to be any given finite magnitude, any 
given fraction of A is at our choice to designate a small 
quantity of the first order in comparison with A. When this 
is chosen, any quantity which has to this small quantity of the 
first order a ratio which is a small fraction of the first oidei', is 


itself a small quantity of the second order. Similarly, any 
quantity whose ratio to a small quantity of the second order is a 
small fraction of the first order is a small quantity of the third 


order, and so on. So that generally, it a .small quantity be such 
that its ratio to a small quantity’ of the order be a small 
fraction of the order, it is itself termed a small quantity ot 


the order. 


27. Infinitesimals. 

If these small quantities Af Af-, Af, .... be all quantities 
whose limits are zero, then supposing/ made smaller tfain amf 
aasignahle quantity by sufficiently increasing its denominator, 
these small quantities of the first, second, third, etc., orders are 
termed infinitesimals of the first, sccon/l, th ird, etc., urdei's. 

From the nature of au infinitesimal it is clear tliat, 1 / any 
equation contain finite quantities and infiyiitesimals, the in¬ 
finitesimals may be rejected. 

28. PUOF. In any equation between infinitesimals of difi'er- 
ent orders, none hut those of the lowest order need be retained. 

Suppose, for instance the equation to be 

^j+7i^+c',+/>2+A:,+/';+...=o.(i.) 

each letter denoting an infinitesimal ol the order indicated by 
the suffix. 


Then, dividing by .^1,. 

1 + -Bj + ^'> + + ... = 0. 

A^ Ai Ay Ai Ai 

the limiting ratios ^ and arc finite, while j=. 

" A, A, 


are in- 





14 


CHAPTER L 


F 

finitesimals of the first order, is an infinitesimal of the 

•“1 

second order, and so on. Heoce, by Art. 27, equation (ii.) may 
be replaced by 

l + f4 + ^=0, 

and therefore equation (i.) by 

A.j+5| + (7j=0, 
which proves the statement 


29. Prop. In any equation connecting infinitesimals we 
may substitute for any one of the quantities involved any 
other ivhich differs from it by a quantity of higher ovdei\ 

For if + = 0 

be the equation, and if 

/a denoting an infinitesimal of higher order than we have 

-Fi + Sj + Cj +/2+Dg +... = 0, 

i.e., by the last proposition we may write 

F^ + Jj^ + C^ = 0, 

which may therefore, if desirable, replace the equation 

A j + + 6'j = 0. 

30. Illustrations. 


Sifico 


and 


o ! o! 

CO.S fi —1 — —-p 


ain 0, 1 — cos 0, 0 —sin 0 are respectively of the first, second, and 
thii’d orders of small quantities, when 0 is of the first order; 
also, 1 may he v.-ritten instead of cos 0 if second order quantities 
iiro to bo rejected, and 0 for sin 0 when cubes and higher 
powers are rejected. 


31. Again, suppose AP the arc of a circle of centre 0 and 

radios 0 . Suppose the angle AOP ( = 0) to be a .small quantity 

oi tile in-st order. Let Pa be the perpendicular from P upon 

OA and AQ the tangent at A, meeting OP produced in Q 
Join P. A. 
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Then arc ylP = a0 and is of the first order, 


iVP = a sin B 

do. 

do., 

ylQ = atan Q 

do. 

do., 

Q 

chord y4P=2asin^ 

do. 

do., 

iVyl =n(l — cos 

0) and 

is of the second order 


So that OP — OiV is a small quantity of the second order. 


Q 



= ff0-2a 


e (P 


2 H . 3 ! 


+ 




«0’ 


4.:n 


— etc., 


and i.s of the third order. 

PQ-iV^l=.y^(sec0-l) 


■^NA . 


2 sm- 


and similarly for others. 


cos $ 

(second order)(second order) 
fourth order of small quantities, 


32. Such results may also he established without the use of 
the series for sin 0 and cos Q. 



L-:_ 

H O N A 


Fig. 3. 

For example, let APlt be a semicircle, P any point very near to .1, so 
tliat the arc yl/' niay be consiilcred a small qiiautity of the first order. 
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Join AP, BP, and let BP produced cut the tangent at A in B, and let the 
tangent ’at P cut AR in T, and draw the perpendicular PN upon AB. T 
will be the middle point of AR, and AT~TR—TI. 

(1) We may take it as axiomatic that the leTigtk of the arc APu xnt^- 
mcdiatc hctxceen the chord AP and the ium of the tangents AT, TP\ t.e., 
between chord AP and tangent AR. Hence chord AP, arc AP, tangent 

AR are in ascending order of magnitude, and therefore 1, 


tangent AR •, 

~^rdAP 

Now, 


ascending order of magnitude. 

AR 


It 


chord AJ 


^^BP 


whence 


f. arc AP 
cliordA/> ’ 


ami therefore, if arc .-IP be reckoned a small quantity of the first order, 
the choid AP and the tangent AR are also of the first order of smallness. 

(2) Again, since and since .dP is of the first order of smallness, 

^*1 1 ^ aa 

A .V is of the second order. 


(3) Also which is ultimately a ratio of equality, and therefore 

A .-I By 

PR is also of the second order. 


(4) SiniiliirK', since AR - AP—^^.—. n* since PR? is 
*’ ARaAP .IP+/IP 


n .‘»raall quantity of the fourth order, and AR + AP is a small quantity ot 
the fir.-^t older, wo see that AR-AP is of the third order of small 
({iiant itius. 

-\ud siiiiilarly foi other quantitie-s tlie order of smallnes-s may be 
geometrically investigated. 


33. The ho<e iiiuihsoj <1 helnfj (jiven to be small 

ifii'iHtitles of fhc neat order, to find the order of the diference 
brtfcen the bus'' and the earn of th^ sides. 



i’.s* whiit has {jono hcfiuv, ( Art. 311 if APB be the triangle 
and /M/tlio perpendicular en AJk and ifP-jSA/are 

both sniad. (piantdics t>t the second mdei" as couinared with 
AB 
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Hence AP+PB-AB is of the second order compared with 

AB. 

If AB itself be of the first order of small quantities, then 
AP+PB — AB is of the third order. 

34. Degree of aiiproximation i»i tahing a srtuill chord for a 
arrudl arc in ang curve. 

p 



Fig. S. 

Let AB be an arc of a curve supposed continuous between 
A and B, and so small as to be concave at each point through¬ 
out its length to the foot of the perpendicular from that point 
upon the chord. Let AP, BP be the tangents at A and B. 
Then, when A and B are taken sufficiently near together, the 
chord AB and the angles at A and B may each be considered 
small quantities of at least the first order, and therefore, by 
what has gone before, AP-^PB-AB will be at least of the 
third order. Now we may take as an axiom that the length 
of the arc AB is intermediate between the length of the chord 
AB and the sum of the tangents AP, BP. Hence the differ¬ 
ence of the arc AB and the chord AB, whicli is less than that 
between AP + PB and the chord AB. must be at least of the 

third order. 


EXAMPLES. 

1. Show that, in the figure of Art. 31, the area of the segment 
bounded by the chord AP and the arc AP is of the third order of 

small quantities. 

2. In the same figure, if PM be drawn peri>endicular to AQ, sliow 
that the triangle PMQ is of the fifth order of smallness. 

3. A straight line of constant length slides between two straight 
lines at right angles, viz., CAa, COB ; AB and ab are two positions 
of the line and P their point of intersection. Show that, in the limit, 
when the two positions coincide, we have 

Tib ~ CA PJi ~ CA-^’ 

4. From a point T in a radius OA of a circle, pioduce<l, a tangent 
TP is drawn to the circle, touching it in P; 7'-V is drawn perpen- 

E.D.C. B 
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dicular to the radius OA. Show that, in the limit, when P moves 
up to A, NA =AT. 

5. Tangents are drawn to a circular arc at its middle point and at 
its extremities. Show that the area of the triangle formed by the 
chord of the arc and the two tangents at the extremities is ultimately 

four times that of the triangle formed by the three tangents. 

[Frost’s Ne>vton.3 


6. If, in the equation 8in(w — 0) = sin cd cos a, $ be very small, show 
that its approximate value is 

2 tan w sin2“^l - tan^w sin^^^ [I. C. S.] 

7. If G be the centre of gravity of the arc PQ of any uniform 

curve, and if PT be the tangent at P, prove that, when PQ is in¬ 
definitely diminished, the angles GPT and QPT vanish in the ratio 
of 2 to 3. [I* C. S.] 


8. If a side of a regular polygon be a small quantity of the first 
order in comparison with the radius of its inscribed circle, prove that 
tile diftereuco between the perimeter of the polygon and the circum¬ 
ference of the circle is a small quantity of the second order. 

[I. C. S.] 


9. Assuming tlie radius of the earth to be 4000 miles show that 
the difference betNvecn its circumference and the perimeter of a reg¬ 
ular inscribed polygou of ten thousand sides is less than a yard. 

10. Show that the curved surface of any belt of a spliere contained 
between jiaralkl planes is equal to the surface of the corresponding 
belt of the circumscribing cylinder whoso axis is perpendicular to the 
planes. 

11. The sides of a triangle arc 5 and G feet, and the included 
angle e.xceeds GO* by 10". Calculating the third side for an angle of 
GO* find the correction to be applied for tlie extra 10". 

12. If a triangle be inscribed in a given circle prove that the 
algebraic sum of the small variations of its sides, cacli divided by the 
cosino of the angle opposite to it, is equal to zero. [Math. Tripos.] 

13. If ;/. z oe the diagonals atid the join of their mid-points in 
a quudriliiteral v/hose sides arc given, and 7/, ^ their respective 
incionients Mhen the quadnhitoral receives a slight deformation, 
then will 

Also if the quadrilateral be a parallelogrtim 

+ PI = 0 , 

+ xt} = 0 . 


and if cyclic 
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U. A person at a distance q from a tower of lieiglit;), observes 
that a dagpole upon the top of it subtends an angle at his eye. 
Neglecting his height show that if the observed angle be subject to 
a small error a, the corresponding error in the length of the pole has 

to the calculated length the ratio 

qa cosec djiq co^B-p sin 6). 

15. Prove that 

_itan 20 + tanh ^ ‘ 

Un20-tanh2«^ tan 0+tanh «/> 

= tan-i(cot B coth </>). [Math. Tuipos, ISTS. ] 

16. If a: + ty = c cos(^ + *»/), tl»e curves >; = constant and ^ = constant 

are confocal ellipses and hyperbolae respective!}. 

Prove that the square of the distance between the j)oints (^, >/), 
(f, q) is the same as the square of the disUnce between the 

corresponding points »/), q ). 

{cosh(t; + »;') - cos(^ + ^)} {co8h{v ~ v) ~ ^ ■ 

Prove also that a bisector of the angle between these distances 

makes »ith the .r-axis an an^le 'SS' l 

17 If coszcoshu=l, X is called the Gudermanniaii of « ami 
written gd u. tCAVuev. Elliptic Fimctio..*,] 

Prove (u) gdu = tan"*sinh H = sitrUanli w. 


u 


{i) i gd « = tan"'tanh .. 

(c) ?i = logtan^^ + ^gdHy 

. V sin gd w + sin gd r 

( ) sing (« + i) 1 4 . sin gd )( sin gd r 

18. Prove that t gd^| gd = «. 

gd H <f jH + -i ... 

gd">H = t/jM - -1 ihu'-' - ■■■ 

19. If fix) = , prove ///(x) = /. 

I ~ 

Also if /(x) =« +prove that 


and show that if 
then will 


20. If 


r — e ti arjil 

TTX 


f(x) = '* 


3trj 




i{x) = 1\ -yrcosh^+ C^r'^coflli-^ + .yr-^cosh 

prove that 


/(x + 2«) = 


ad inf.}, 

lO^KUKl*. ] 
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FUNDAMENTAL PROPOSITIONS. 

35. Direction of the Tangent of a Curve at a given point 
Let AB be an arc of a curve traced in tho plane of the paper, 
OX a fixed straight lino iu the same plane. Let P, Q, be two 



points on the cui ve; PM, Q.V, perpendiculars on OX, and PR 
tho perpendicular fron; P cm QN. Join P, Q, and let QP be 
produced to cut QX at T. 

AVluMi Q, travelling along the curve, approaches indefinitely 
near to }\ the chord QP becomes in the limit the tangent at P. 
QR and PR hoih idtimately vanish, but tho limit of their ratio 

i.-? lit f/tnirii.l jiititc; for = tanRPQ = LttQ,u XTP 


— (ai-fjeiif of the tniyle which the tangent at P to the ciu've 
ivilh OX. 


il\. 1. f'ousiiler tho straight line whose equation 
IaI O.V, oy , he the axes, and let the co-ordinates of be x, y* Then, 
taking the genera! constructiiui of tlie preoeiling article, the intercept 
OA = r, for y = c when x= i\ 


:10 
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Draw A/i parallel to OX to meet MP in K ; then, from similar triangles, 

KQ KP MP - OA 
PR AK UM 


X X 

Hence tan XTP=i^Ti ltPQ=fn. 



Ex, 2, Cotisidcr the parabola referred to its usual axes, viz., the axi< of 
the parabola and the tangent at the vertex. With the «iiue construction 



as before, we have 


P3n=4AS. AM, 

QX^^AAS, AN, 

Q.\i - PM^ = 4A S{A N~ AM) = 4AS . PK. 

But QN^ - PM^ =( QN - PM)(QX+ PAP) = liQ. {QX + PAf), 

nQ(,QNA-PM)=^4AS.PIl, 

whence 

^‘^Pli ~ + PM iPM 

when Q comes to coincidence with P, 
and therefore the limit of tan XTP is 


3G. Equation of Tangent. 

Let us now consider the general case in which the equation 
of the curve is y~<p{x). 
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Let the co-ordinates of the points P, Q, on the curve be 
y) Qc'hSx. y-\-6y) respectively, Sx and Sy being used to 
denote increments of the variables x and y. 



Then, the construction being as before, 

Od/ = x, ON—x-\-Sx, therefore PR = MN = 6x \ 
also, MP = y, -iVQ = y + therefore RQ = 5y. 

Again, since the point x-k-8x, y + Jy, lies on the curve, 


y+^y = + ox), 

RQ = 8y = <^(.r + o.r) — tp{x). 

TT Tt^^Q T, ^y T* <t>{x+Bx) — (f>{x), 

Hence we can express ^—' — 


whence 


Hence, to draw the tangent at any point (.r, y) on the curve 
y = <f>{x), we must draw a line through that point, making with 


the axis ot x nn angle whose tangent is 


<pix -\‘ ox) — <l>{x) ^ 


Ox 


and if this limit be called m, the equation of tlie tangent at 
P(;>*. y) will he P—y —77)(A’' —.r), 

being the current co-ordinates of any jioint on the tan¬ 
gent; for the line represented by tliis equation goes through 
the point (x, y). and makes with the axis of x au angle whose 
tan:^oiit is ?)}. 

O 


Examples. 


rind the c^inr.litin of tlie tangent at the point (x, y) on each of the 


curves 


r’ ?/• 

— TT,— J. 
!/• 


4, j/ = logx. 

3. y=tan,r. 

6, y = tAii“V. 


3. y-c*. 


1 . 
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37. Def.—Differential Coefficient. 

Let 0(a:) denote any function of x, and <p(x + h) the same 

fumction of x-\~k ; then Lth=o ^^^'^ called the first 

derived function or differential coefficient of <p{x) with 
respect to x. 

The operation of finding this limit is called differentiating 
<p{x), and it i.s assumed that such limit exists. 

After reading Chap. V., it will be obvious why the above 
expression is styled a “ coefficient,” for it is shown there to be 
one of a series of coefficients occuning in the expiinsion of 
^(x-\-h) in powers of h. 

The geometrical meaning of the above limit is indicated in 
the last article, where it is shown to be the tangent of the angle 
yfe which the tangent at any definite jioint {x, y) on the carve 
y~<p{x) makes with the axis of x. 

38. We can now find the differential coefficient of any pro¬ 
posed function by investigating the value of the above limit; 
but it will be seen later on that, by means of certain rules and 
a knowledge of the differential coefficients of certain standard 
foims, we can always avoid the labour of an ah in itlo evaluation. 

When such an investigation becomes necessary, it may some¬ 
times be conducted very simply by pure geometry. It is how¬ 
ever usual to treat the more complicated functions algebraically. 
Several examples are appended. 

Ex. 1. To find grometrically the difTerential of 

Let the angle A01’ = t, AOQ = x-\-li, ami let a circle with centre and 
radius unity cut the lines OA, OPy in d, /^ Q. Draw perpendiculars 



PMy QA’y tti 0/1, and /'/f to 0-V. .loiu P(^. Then 
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Again, 

Hence 


angle POQ=avc PQ, the radius being unity. 


r. sin (.»• + //)-sin . 1 * j, 

Lh^ - ^ -chord Pil 

(for chord PQ and arc PQ are eqiial in the limit) 

= Z(cos/fQ/^=cos OPli 

(since in the limit (^PO is a right angle) 

=cos A OP = cos X. 

In treating the trigonometrical functions by this method it is convenient 
to always arrange that the denominator of the ratio considered shall be 
unitv. 

Ex. 2. To fmd (jeoinciricall^ the differential coefficient of 8in-*x. 

In Fig. Ht let .•lO/*=sm-‘a-, 

and J(}y = sin''(.r + /(). 

Tlioji, witli the 3.11110 construction as l.icforc, 

MP=.r, XQ^x + h, 

therefore 

„ A0(^~A0P 

Hence --—,— - = Lth-.o -V, 7 j- 

h 

A’rd/'f?^ . 1 _ 1 

“ Vfv cos/fvi" cos OPJt 

_ 1 _ _ 1 
cos .!(>/’ s l-sin*J0i* 

1 

Jl -str 


Examples. 

Find ill <a .-.imilar manu.-r the differential coefficients of 

1) tan X. (3) coscc x. 

2) t;in~',r. (4) cosee**T. 

jj 

I’.x. 15. Fiinl fidin the dffniitiou the differential coefficient of where 

a 

I is a ronst.iiit. 


lltUT 


A 




it 

J, + (.r + /,; 2 -*- 

A hit 

J 2j/i + /.- , --Ir + ft) 

— I^lk^o - - — - —- - 


a 
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The geometrical interpretation of tins result is that, if a tangent \>e 
drawn to the parabola ay^x^ at the point (x, y;, it will be inclined to the 


axis of X at the ancrl<^ tan*^—. 

a 


X 


Ex, 4, Find from the definition tlie differential coefticiciit of lo^rsiu* 

<i 

where a is a constant. 


Here 


.r 


<b(x) = \og sin 

it 


a.,d U.JifLt''}—^ 

A 


I • j ' 'T h \ ■ X 

log sill— - log sin 

a n 


h 


. X li . .r h 
, sin cos +COS - sin - 

LU.y log- - - 

•t 


Sin 


ti 


h>ir f 1+^-'ot- higher powers of h\ 
A '^ \ ft a ^ / 

^by substituting for sin - and cos- tlieir expansions in pc^woi's of 




cot— higher ))owers of /< 
a a 


[by expanding the logarithm] 


1 .X 
»- cot -. 

a <i 


Hence the tangent at any point on the curve '^aslog .sin’l is iiu'lined to 
the axis of x at an angle whose tangent is cot 2. ; that is at an angle " 


39. Notation. 

The result of the operation expressed by X/a=o^— 

or by Lt is generally denoted by or 

It will be well to note distinctly once fur all tliat in the 
notation tlius introduced, dx and dy, as here used, arc not 

separate small quantities as ox and oy are, but that “ is a 

symbol of operation which, when aj)plied to y, <lei»otes the 
result of taking ike limit of the ratio of the small quantities 
^y, ox. 

Sometimes d^y is used to denote the same thing ; or, it 

y^i*{x), we often meet with tlie forms 'f>'(x), d,', 

ilX tlx ' ^ 
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or Again, as the letters u, v, ^v, etc., are frequently used to 
denote functions of x, we shall consequently have the differ¬ 
ential coefficient variously expressed, as it', u*, or it, with a 
similar notation for those of v, w, etc. 


40. Aspect of the Differential Coefficient as a Rate-Measurer. 

Wljen a particle is in motion in a given manner the space 
described is a function of the time of describing it. We may 
consider the time as an independent variable, and the space 
described in that time as the dependent variable. 

The rate of change of position of the particle is called its 
velocity. 

If unifonn the velocity is mea.sured by the space described 
in one second; if variable, the velocity at any instant is 
measured by the space which would be described in one second 
if, for that .second, the velocity remained unchanged. 

Suppose a space s to have been dcscril^ed in time t with 
varying velocity, and an additional space os to be described in 
the additional time ot. Let I'j ami be the greatest and least 
valuer of the velocity during the interval oV; then the spaces 
wl)ich would have been de.scribed with uniform velocities Vj, 
r.,. in lime of are and and are respectively greater and 
li'ss tiiau the. actual space os. 


Ifonee i’,, and an* in descemling order of magnitude. 

!l‘ 6i be diminished indefinitely, we have in the limit 
r^sss = velocity at the instant considered, which is there- 



r(‘{u*c.scnte<l by Lt 





•l-I. It iij.p''ars thoii fore that we may give another interpre- 

ds 

tation t » a dilVerential coefficient, viz., that-r: means the rate 

•it 

of i'f s in of time. Similarly mean the 


rnif.i of chontje of .r and // respectively in point of time and 
7/o''/.s'u/T (In' vilofitii's, ve.solvc<l parallel to tlie axe.s, of a moving 
particle whose co-ordinates at the instant under consideration 
arc X, y. If .r and y be given functions of t, and therefore the 
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path of the particle defined, and if Sx, Sy, St, be simultaneous 
infinitesimal increments of x, y, t, then 

^ <Jjl 

ax Sx ^ 

St 


dx 


dt 


and therefore represents tlie ratio of the rate of change of y to 
that of X. The rate of change of x is arbitrary, and if wo 

choose it to be unit velocity, then = absolute rate of 

change of y. 

42. Meaning of Sign of Differential Coefficient. 

If a; be increasing with t, the a:-velocity is positive, w’hilst, 
if X be decreasing wliile t increases, that velocity is negative. 
Similarly for y. 

dy 

Moreover, since ^ = -poaitive %chen x and y 

dt 

increase or decrease together, hut negative vdten one increases 
as the other decreases. 

This is obvious also from the geometrical interpretation of 
For, if X and y are increasing together, is the tangent 
of an acute angle and therefore positive, while if, as x increases 
y decreases, ^ represents the tangent of an obtuse angle and 


w negative. 


KX AMPLFS. 


Find from the dcBiiition the differential coefficient of y with resj>cct to 
X m each of the following cases : 

1. y = 8. y * Un '‘jT*. 

2. y = 2d'^. 0. y^logcosj-. 

3. y = >Ja^ + x^. 10. y = logtanx. 


4. 

6. y = ev^‘. 


11. y = x‘. 

12. y = X‘'‘“. 


6. y = a‘‘“* 

7. y<^ 


13. y = (sinx)*. 

I 1. y=(Hin.i-)v'*. 
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15. In the cur%*e ys»ce», if ip be the angle which the tangent at any 
point makes with the axis of x, prove y=ctan xp. 

16. In the curve y^ccosh prove y=c8ec \l/. 

c 

17. In the curve h^= —ax* find the points at which the tangent is 

3 

parallel to the axis of x. 

[N.B.—This requii*cs that tan ^=0.] 

4 O 

18. Find at what jMjints of the ellipse _^+^^ = 1 the tangent cuts ofi" 

equal intercepts from the axes. 

[N.B.—Tliis requires that tan 4'— — h] 


19. Prove that if a particle move so tliat the space described is propor¬ 
tional to the square of the time of description, the velocity will be pro- 
jjortioiial to the time, aiul the mle of increase of the velocity will be 
constant. 

20. Show that if a particle move so that the 8|)ace described is given by 
s a sin where ^ is a constant, the rate of increase of the velocity is 
proportional to the distance of the ])article measured along its path from 
a fixed position. 


43. Jt will often be convenient in proving standard results 
to dejiote by a small letter the function of x considered, and by 
the corresponding capital the same function of aj-f/i, e.g., if 

then U=<p{x-\-h), or if « = «.* then i7— 

Accordingly wc .‘ihall have 

dll j. U—ii 

dv ,, V-v 

k * 

etc. 

44. ^\ e now proceed to the consideration of several im- 
]v>rtant proposition.'j. 

45. Piiop. I. The Differential Coefficient of any Constant is zero. 

This ])rop‘>sition will be obvious when we refer to the defini- 
tit)n of a constant quantity. A constant is essentially a quantity 
of which there is no variation, so that if y = c, oy = absolute 

zero, whatever inuy be the value of 5x. Hence ^^ = 0 and 

</»/ * 

- •=0 when tlie limit is taken. 

Or, geometrically; i/=o is the equation of a straight line 
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parallel to the axis of x. This makes an angle zero with that 
axis, and therefore tan \}/- or =0. 


46. Prop. II. Product of Constant and Function. 

The differential coefficient of a jn'oduct of a constant and a 
function of x is equal to the product of the constant and the 
differential coeffcicnt of the functton, or, stated algebraically, 

d . . da 


For, with the notation of Ai t. 4^1, 


d, . Ti cU — cu r. U—u 

(or) = X4^s:,0-^^ /^f;4 = 0 


dx 


= 0 


du 

dx' 


47* Prop. III. Differential Coefficient of a Sum. 

The differential coefficient of the sum of a set of functions 
of X is the sum of the differential coefficients of the seceral 
functions. 

Let u, V, w, .... be the functions of x, and y their sum. 

Let U, V, W, Y be what these expres.sioiis severally 
become when x is changed to x + h. 


Then 


and therefore 


Y^u+ r+ »r+..., 


• } 


dividing by h, 


Y—y U—u, P—y , W — w 

h /r-+ - 


and taking the limit 

dy _du _^dv ^dw ^ 
dx dx dx dx 

If some of the connecting signs had licon — instead of + a 
corresponding result would immediately follow, e.y., if 

y =u-\-v — w +... 

dy _du_^du _ dw 
dx dx dx dx 


then 
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48. Prop. IV. The Differential Coefficient of the product of 
two functions is 

{First Fu,ncti(y}i)y.{Diff. Goeff. of Second) 

-{•{Second Function) x{Diff. Goeff. of Firsts 
or, stated algebraically, 

d{uF)_ dv du 
dx ^dx ^dx' 

With the same notation as before, let 

y = uv, and therefore P’= UV ; 
whence Y— y= UV~uv 

= u{V— i’) -{-V{U — \l)', 

U-u 


therefore 


Y—y V—v 
_«/ 2 - >/_ 

k k 


+ F- 


and takin:? the limit 


du dv . du 
->-=u-T—I-V-7-* 
dx tix dx 

4h. On division by uv the above result may be written 

1 t/y _ 1 du_^ 1 dv 
y dx u dx V dx 

Hence it is clear that the rule may be extended to products of 
more functions than two. 

For example, if y= ui'W\ let vw = z, then y = uz. 

Whence 


but 


1 dji _ \ du d:^ 
y dx a dx z dx’ 
I 1^ 1 ^ 

z dx V dx le (LF 


wlu-nce bv .'substitution 

* 

1 dy _ i 1 dv_^ 1 dtv 

y dx u dx V dx tv dx 

Generally, if y = tivui... 

L - ‘^—4- ^ ^ 4, ^ 4. 

y dx u <fx V dx w dx t dx 

aiiJ if we multiply by uviut... we obtain 

!/:r 

i.e., niuhiply the differential coefficient of each separate func- 
tt')n hy the product of all the remaining functions and add 
■up all the results; the sum will be the differential coefficient 
of the product of all the functions. 
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50. Prop. V. The Differential Coefficient of a quotient of two 
functions is 

(Diff. Coeff. Coef f. of D€n\){Kumr) 

Square of Denominator 
or, stated algebraically, 

diL dv 


d / u.\ _ 

dx\v/ 


dx^ 


O 


With the same notation as before, let 


whence 


2 / = ^, and therefore l’'= y- 

U u 
^-2/ = y-- 


Uv- V 


IC 


ru 

y-y- _ 

~Ti Inl¬ 

and taking the limit 

du dv 
dy dx^ d^\ 


therefore 


r-f 


.•2 


dx I 

61. Thia proposition may also be deduced immediately from Pro]). IV., 
thus : 


Let 

I'.e., 

whence 


and therefore 


H 

^=v' 
v = vi/ •, 

* 

c/x dx dx 

-- • 

(ix V dx * 

du ^ di* 

J i/ dx V dx 
dx^ t* 


du 


dv 


dx dx 




Examples. 

1. Deduce the result of Prop. II. from propositions I. and IV. 

2. Deduce from Prop. V. that 

d f c\ 


c du 
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3. Apply proposition IV. and the reaults of Art. 38 to show that 

x)=3^co3 x+2j: sin .r. 
dx 

4. Apply proposition V. to show that 

d /sin x\ coax. x-2sinx 

dx\ x^ I x* 

52. Prop. VI. To find the Differential Coefficient of a Func¬ 
tion of a Function. 

Let u=/{v) .(1) 

and v = F{x) .(2) 

Then, by elimination of r, we have a result which may be 

expressed as u = <p{x) .(3) 

Suppose the independent variable x to change to X in (2) 
and let a value of v deduced from (2) 6e V. Let this be sub¬ 
stituted for V in (1), and let a value of u deduced from (1) be U. 
Then we have tlie following equation.s. 

.( 4 ) 

and V=F{X) .(5) 

ami the same ^^rocm 'which (3) was deduced from (1) 
and (2) we obtain from (4) and (5) 

U=i>{X) ....(6) 

This result proves that if x be changed to X in equation (3), 
then one of the v<dues thence deduced for u 'will be U, and 

therefore Lt^- when A' —a: is diminished indefinitely is a 

value of the difierential coefficient of u with respect to x, 
reckoned as a direct function of .t as expressed in equation (3). 

U—u U—u V—v 

.tow --- --- 

A — .r I — u A — a; 

and — is a value of the differential coefficient of u 

i ^ V 

with respect to v deriirJy from equation (1) and denoted by 

; also, Lfx-x-oi ^—^ is a, value of the differential coefficient 

of u with respect to x derived from equation (2) and denoted 
t? V 

hy We therefore have, when we proceed to the limit, 

d a _ d a dv 
dx dv dx' 

a formula already established in a different manner and with 
different letters in Art. 41. 
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53. It is obvious that the above result may be extended- 
For, if u = ^(y), v = \}/^(w), w=f{x), we have 


but 

and therefore 


dw_du dv 
dx d V dx' 
dv_dv div ^ 
dx div dx ’ 
diL_dii d^ fht' 
dx dv dw dx' 


and a similar result holds however many functions there may 
be. 


1 

Ex. Letu»6sinv, v=-8in~*jr, w=— that is, 

a d 

u = 68in / ' sin"*—V 
\a a / 

Then, by Ex. 1, Art. 38, ^ = 6 cos v. 

do 

1 


Ex. 2, ibid. 


Ex. 3, ibid. 


Hence 


d\o a 

dw _2x 
dx a 

^ = ^ = t cos f . 

dx do dw d.r 


“ v' 1 - 


a 


b (\ . .a-=\ 1 2a- 

= - cosl am -- ) • —, , • ', • 

a \« a' f a* « 


The, rule may he expressed thus: 


d{Ut Func.) d{l8t Func.) d{2nd Func.) d{LijM Fane.) 

». « ♦ \ jy.« j T.y. ... V dJC 


or if 


dx d^^nd Func.) d{Jrd Func.) 

u = <p,[-^[F{fx)}\ 


du 

dx 


= F{fx)}] X y}r'{F{fx) } X F{fx) xfx 


54 There is a difficulty in Prop. VI. arising from the fact that for one 
value of X in (2) there may be Meveral values of v, and for any value of y in 
(1) there may be several values of n. In fact the/(r) ami / (x) may one or 
both be many •valued functions (such, for example, as siii’^j*, whicli dciiotca 
any one of the Berios of angles whose sines are equal to s). But it is clear 
tliat the same values of u atul x ‘icill satisfy equation (3) as would siniul^ 

ianeously satisfy (i) and (2', and that when A — is indefinitely 


diminished is one value of the diflerential coefficient of 


It consideretl as a 
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function of x ; and it is equally obvious that there may be a seriet of such 

values for as also for ^ and for so that in the theorem eniinciated 
dx do dx 

and proved above, in Art. 52, a proper selection of those values is assumed 
to he made. 

55. If in the theorem ^ = (where y is written for v 

in the result of Art. 52) we suppose u — x, then 


(x + h) — x 

~h 


= 1 . 


or 


dn dx y 
'dx~ 

Hence we have 3 “ = 1. 

dx dy 

dx dx 
dy 

5C. In this application of the general theorem of Prop, VI. 
y is assumed to be a function of x and consequent!}' x is the 

inverse f miction of y. So that ^ is tlie differential coeflScient 

of y witli respect to x when y is considered us a function of a;, 
dx . 

and — is the differential coefficient of .-r witli respect to y when 
X is Considered as the inverse function of y: 


e.fj., if 


a!hl 


and 


y bin X, tlieii 

?^^=cos.r (Kx. 1, Art. 3S), 

‘^= - ^_^(F.x. 2. ibid. ' 

d't d ■■ 1 cos.e , 

dx dy \'l-y- sT^iirx 


57. T’.e same dilTiculty occurs in Arts. 55 and 56 as that 
di.scusscd in Art. 54. 

y=A^-) .( 1 ). 

and this equation be supposed solved for x, the result will be 
of tbe form x = F{y) .( 2 ). 

Kow, if X be clianged to A' in ( 1 ) and 1 " bo a value deduced for 
y, then if Y be substituted for y in (2), A” will be one of the 
values theuce deduced for x. 




FUNDAMENTAL PROPOSITIONS. 


35 


\r ^ 

Hence Lt^—— when Y—y is indefinitely diminished is a 

value of the differential coefficient of x with respect to y, as 

Y— y 

derived from equation (2), while Lt^ - when X — x is in- 

definitely diminished is a value of the differential coefficient of 
y with respect to x as derived from equation (1). And since 

Y-y X-x^^ 


X-x Y-y 


we have 


dy dx _ j 
dx dy 


when the limit is taken, the projK-r selection being made of the 

values deduced for ^ and 

dx dy 


58. This may he illustrated geometrically. 

Let the curve y=f{pc) he drawn. Let the tangent to the 



curve at the point P, {x, y), make an angle with the axis of 
'X. Then, by Art. 37, ^,^ = tand< ; and in the same way it is 
obvious that ^ = tan (90 — = cot >/«•, so that 

^ = tan . cot V' = 1 ■ 

dx ay 

Suppose however that the ordinate through P cuts the curve 
again at P^, P^, P^, ... 

Then, for a given value of x there are several values of y, 
and therefore also for a given increase in the value of x 
there may bo several values of 6y the increment of y. But if 
it be carefully noted that the 6y and ox chosen are to refer to 
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the same branch of the curve at the same point when we con- 

ilti _ .. dx .< 1 it_ -!___ 


aider 


as when we consider j—, then, under these circum- 
dx uy 


stances, these expressions are respectively the tangent and 



cotangent of the same angle, and therefore their product is 
unity. 

We say the same branch of the carve, for it may happen that 
more than one branch of the curve passes through a given point 



P, as in Fit', 13, and tlien there are two or more tangents at P 

^ / 1.*jc 

liud tlicrcf >rc two or more v alues of aud at P. But the 

j jj. dx dy 

T.roducl i't' the -/ and the y . which belong to any the same 
^ d.r dy o 

branch f’nma'jh P, is unity. 


•’'0. Differentiation of Inverse Functions. 

Wl>cn the differential coefficient of any function of x is found, 
that of the corresponding inverse function is easily deduced by 
means of tlio theorem of Art. 55. 
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For let x=f{y), and therefore y=f~\x)\ then 


But 


dx 

^ = -L; 

dx dx ’ 

dy 



therefore 


d . . 1 _ 1 


EXAMPLES. 

1. Differentiate by means of the definition and the foregoing 
rules:— 

(i.) y = 2: log sill a-. 

(iL) y = 

(iii.) 

X 

(iv.) y = yja^~x-. 

(v.) y-2jau, where u 

(vi.) y = e^'*, where u = log sin i’, and v — (sin w)'', and w = x*. 

The results of any preceding examples may be assumed. 

2. Ifwj, wj,... t>j, Vj. IV--- functions <.f x, prove that 

dx l\v^...v„\^r = iu,dx *^T=\V,dx] 
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STANDARD FORMS. 


60. It is the object of the present Chapter to investigate and 
tabulate the results of differentiating the several standard forms 
referred to in Art. .38. 

We shall always consider angles to be measured in circular 
raea-sure, aiul all logarithms to be Napierian, unless the contrary 
is exprcssl}' stated. 

It will be remcmbei'ed that if u = (f}{cc), then, by the defini¬ 
tion of a differential coefficient, 

du j X 

Gl. Differential CoefBcient of a-". 

If = 

then 0(.r+ /() = (■'■+ ^0''- 

and =JJ\-o -I- 

(i.r U 






.t* 


N'’'V. since h is to be ultimately zero, we may consider — to be 
lv;-..s than \nnty, and we can therefore apply the Binomial 
T1. 'nvi Tu to exjtand (^1 +, whatever be the value of n; hence 
OK r n(')}-~l) h- ^ — ^ \ 

= V'';c+ ‘^3! 

X (a convergent series)| 




n -1 
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62. If it be required to 6iid the differential coefficient of x" without the 
use of the Binomial Theorem we quote the result of Ex. 6 p. 10, viz. : 

/. y" -1 

- ~ = n, 

, .y- 1 

and proceed as follows : 

.. + 

. - = -[a3 before] 


as I 

— rwli.-ii:y = 

,j~\ L 


1 + 


and 


63. Differential Coefficient of 

If XI = ^(j?) = «■'. 

0(x + /O = «'+\ 

j da ,. 


t V j . 

iix 


x+A_«x 

~ h 
(d' — I 


= rt*log<a. [Art. 21 .] 


dih 


and 


Cor. Ifu=5e*, -^ = c*log,e = c*. 

iXX/ 

64. Differential Coefficient of loga^^-*- 
If tt = r/»(u;) = loga-r. 

0(a: + A)=log„(a; + /O» 

,H d\i j. log„Cx + /<) —lo^ 

= - ~h 




I'et^ = C, SO that if/t = 0 , 3 = co; therefore 


— - loga«. [Al t. 20 .] 


Con. Ifu = log^. ^^=llog,e=V 
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65. Differential Coefficient of sin or. 


If 


and 


u = ^(a;) = sina;, 

<p{x +/<) = sin(a;+/t). 

du j sin(ic+/».) —Rina; 

= - 


2 sin 


— Lt\-o 


|cos (:.+!) 


k 


. h 

sm 


= Ltx ■ 




h 

9 


lcos(x-\-^ 


— QOHX. [Art. 18.] 
66. Differential Coefficient of cos a.'. 


If 


and 


« = ^>(a:) = cosa*, 

^{x + k) = cos(a; + k), 

dll j co.<(a; + /<)“Cos.'c 

- Ti - 


g. . h . 

2 .sin 


- Lfk^Q 


|.sin(a:+^) 


. h 

sin 




Ai^O— 


h 

•> 




= — .sinx. 


07. 

If 


and 


Differential Coefficient of tana;. 

u = f/»(./-) = tan.T, 
f/)(.r + A) = ta n(.c + A 

_ (aiK.r + A) —tan.T 

-- 


_ T, «i n (.r + A.)cos x ~ cos(x + A)sin x 

— 0 t ' . i\ " 

h coa X cos(x+/0 
_ j. sin A I 


A cos .f cos(iC + A) 
—=st'cV. 


08. Differential Coefficient of cot.u. 

li V =<}»(3 ) — Ci*iX, 

</*(x + /0 = cot(x + 4), 
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(III, r. cot(X’{-h) — cotx 

^- 

eos(x + fe)sin x - co s x sin(.r + h) 
~Lth=o sinx. sin(x4-/0 

Ti si n /i 1 _ 

~ItT sinxsin(x + /0 


1 

sin-x 


— cosec^. 


69. Differential Coefftcient of secx. 


If 


and 


u = <p(x) = sec .r» 

^(x + /0 = s‘-'K^ + ^'). 

(ht r, scc(x + /i)-secx 

- ir - 

__ cosx —cos(x4-/0 

“ cos X cos(x + /i) 

sin sin(^x+.^J 

= LfK=o—f— • j. (.osi^x + A) 

2 

_ sin X 

cos^x 


70. Differential Coefficient of cosec x. 


If 


and 


u = </)(x) = cosec X, 

<p{x + A) = cc)sec(x + A), 

f/»t ri cosec(x + A) —co.sec_x 

sin X —sin(x + A) 


= Lt\^oj —• 


Asia X sin(x + A) 

( 


- A / , A\ 

sin COS(X + 2 J 




® A sinxsin(x + A) 

9 


cos X 
sin*x 


71. Inverse Trigonometrical Functions. 

For the inverse trigonometricjil functions it seems useful to 
recur to the notation of Art. 43. and to denote ^(x + A) by V. 
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72. Differential Coefficient of sin"*®. 


If 

Hence 

therefore 

and 


U 

X- 

h 

du 

4 

dx 


«^(®)s=sin‘*«, 

^(x +A) =s sin ■ \x +A), 
sinu, and ®+A = 8in 17; 
sin U “ sin u, 

n Tf 

■^tfc=0-1-— IjIv=k~1 




A “sin 77—sinu 

U — u I 

1 


f_ 

1 . 77—u 
2— 


—ui 77+11 

cos—^ 


1 _ 1 _ 1 
cos u ^-sin% 


73. Differential Coefficient of cos"*®. 


If 

Hence 

therefore 

and 


u 

77 

X 

h: 

dw 

dx 


(jiix) = cos ■ *®, 

^(a;+/() = cos ■ * (®+A), 
cos It, and ® + A = cos 77; 
cos 77—cos-u, 

77-it 77-u 

-V ““ — -TT- 

A cos L — cos It 


— —Ltv=u 


1 . 77-It . 
I^sin—^^Jsi 


77+u 


1_ 
sin «. 


n/1- 


COS-Jt 


v/l 


4. Differential Coefficient of tan" Kv. 


If 

Hcncc 

theveforo 

nnd 


it = 

r/= 

.r = 


A 

(7 It 
(7.r 


0(.r) = tan " *.r, 

0 (.r + 7) = tan -’(.»■+ /()■ 

tan u, ami a- + 7 = tan U; 
tan U — tan w, 

— Tf T, U—ll 

— J''t=o—i, — I^h’=u. 7 »—- 

/t tun 7/—tan It 

= — r— : cos L‘ cos it 

Sint 7 ' —It) 


« 1 
= COS'Jt =- 


1 


sec-it 1+tan-tt 1+®- 
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75. Differential Coefficient of cot-'x. 

If u = ^(x) = cot-^a:, 

U = (p{x 4 * h) = cot - Ka: + h). 

X = cot u, and a; + /i = cot L ; 
/t = cot U ~ cot u, 


Hence 

therefore 


and 


cZtt r . - T* 


U-IL 


cot (/—COtM 


• IT ' 

= --rsin U sin ii 


'sin( t7—u) 

1 


1 


= —.sin-u= — 


cosec“U. 1 + cot“i/. 


76. Differential 
If 


Hence 

therefore 

and 


u 

U 

X 

h 

da 

dx 


Coefficient of eec'V. 

= 0(x) = sec-*.T, 

= + /() = sec - *(.c + ^) 

= scc u, and .7,'A = see L ; 

= sec r —seen, 

U-a - U-a 


= Lfh=i< 


= Lii's.,. 


sec (I — sec i'. 


It,. _ ^^ —TfCosucosC’ 

M-COsT 

U-t! 

2 Icositcos^f- 
/«^=U|'7 UJrU 




sin — 


sin — 


COS'U 


1 


1 


sin a sec’^uVl — cos-it 


.r 


\ 


1- 

X' 


1 


77. Differential 

If 7t 

U 

X 

h 
du, 
dx 


Hence 

therefore 

and 


x-Jx?-— I 

Coefficient of cosec'‘ j*. 

= = cosec - \r, 

^^(x-\-h) = coHcc-\x + lt). 
s= cosec u, and x + /t = cosec U ; 

= cosec U — cosec u, 

r, _ 

— 1 ^ ^ “cosec f/ —cosecu 

U—a 


s= IAh 


^'’'"sin tt —sin U 


sm a sill 


U 
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1 

r U-u \ 

3 

11 

1 2 1 sin u sin U 

. lj-u\ U+u 

[sin ^ J cos 2 


sin®u._ 1 

cos u cosec^ 1 — sin% 
1 1 



78. From the importance of the results it has been thought 
preferable to deduce the differential coeflBcients of the inverse 
functions siu"^a; etc. immediately from the definition; but by 
aid of Prop. VI. of the preceding chapter we can simplify the 
proofs considerably. 


E.X. (i.) If 
we have 

wheiii'e 
and therefore 


aihI sinre 
we liave 


.r as din u ; 

iix 

. =cu8w ; 
all 

1 ^_1_ _ 1 

(lx dx COSK 
du 

^ 1 Tf* • _i 

COS ^ —sm 





Kx. (ii.) If 
wo Itave 

whent e 

and therefore 

aiul since 

we have 

Kx. (iii.) If 
we liave 

whence 
uiul therelore 


w =tan'‘x, 

.retail w; 
dx ^ 

ilK 

(/«/_!_ I _ 1 ^ 

dr yee-w l+tairw T+x^ ^ 

eot’*.r=3:^-tan“^r, 

dr i 

u = vers‘"'a\ 

X = vers w = 1 — cos u ; 
dr 

T- = sin u ; 

du 

da^ l_^_1 ^ 1 

dx ^inu s'l~co^c 7±c - ’ 

if covers"\r 1 

dr 


wlience also 


k''2x - 
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79. The Integral Calculns. 

Suppose any expression in terms of x given ; can we Jind a 
function of which that expression is the differential coefficient? 
The problem here suggested is inverse to that considered in tlie 
Differential Calculus. The discovery of such functions is the 
fundamental aim of tlie Integral Calculus. The function whose 
differential coefficient is the given expression is said to be the 
“ integral ” of that expression. For exam])le, if ^'(x) be the 
differential coefficient of tp(x). tp(x) is said to be the integral of 
ff>\x'). Moreover, since <p'{x) is also the differential coefficient 
of ^(a:)+(7, Cbeing any arbitrary constant disappearing upon 
differentiation, it is customary to state that the integral of 
is <f>{x)-^C, C being any arbitrary constant. 

The notation by which this is expressed is 

J'(p,'{x)dx = tp{x ) + C, 

/<l>{x)dx being read “integral of (p'(x) with respect to x.” 

Thus we have seen 

4^ (sin X*) = cos X, 
dx 

etc., 

whence it follows immediately that 

^•os xdx = sin x, 

1 


A 


l+X" 


,<Zx —tan"*x, 


etc., 


where the arbitrary constant may be added in each case if 
desired. 


80. We do not propose to enter upon any description of the 
various operations of the Integral Calculus, but it will be found 
that for integration we shall reqiiire to remember the same list 
of standard forms that is established in the present chapter and 
tabulated below, and it is advantageous to learn each forimda 
here in its double aspect. We have therefore tabulated the 
standard forms for Differentiation and Integration together. 
Moreover, we shall find it convenient to be able to xi.se the 
standard forms of integration in several of our subsequent 
articles. 
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Table of Results to be committed to memory. 


u = 


u= 






du _ , 
dx 

du -1 
= a*lojj«a. 

dx 


fx^dx 

JaJ^dx 


X 


n+l 


11+1 

\ogtd 


u = e*. 


U = loga®. 


u = log^ar. 


u = amx. 


du 

dx 

du 

dx 

du 

dx 

du 

dx 





~ cos a*. 


fd^dix 

= e*. 

/? 

= log^. 

or 



logae 

ycos xdx 

— sin X. 


16 = cos X. 


du 

= —sina;. 
dx 



— — cos X 


'll = tiin U'. 

■a = cot.r. 

•u — sec.c. 

11 = COSCC 

u = .sin"V. 

qi = COS" *.<•. 

n = tjin 
u = cot"*.r. 

u = SC*C' ’.c. 

II = COSCC "’.z*. 


II 

sec-.f. 

ykec-xdx 

=.tan X. 

cZl6_ 

dx 

— cosec*.r. 

yconec-xdx 

= —cot a:. 

dit_ 

dx 

sin X 

cosv; 

/'"’"Au- 

y cos-a: 

= sec X. 

da_ 

tlx 

cos U' 

/*cos X J 

/ .,-t 7a’ 

*/ siu“.r 

— — cosec X. 

du_ 

1 ^ 



dx 

du 

^A-V [ 
1 1 

f dx 

J J\~a^ 

= sin"*a!, 

A 

dx 



or — cos"‘x. 

du _ 

1 



du 

i+y- 1 

1 1 

fdx 

y 1 +.I- 

= 11111"*^, 

dx 

J+a-‘J 


or — cot"‘a’. 

du 

1 

'i 


'[ 

w 

rV:y-i' 

1 

1 /Ij'-'L _ 

= sec" U-, 


xjyr~i 

] 

or — cosec "U*. 


'll = vet's ■ Kr. 
u = covei's ■ *.r. 


du 

dx 

du 

dx 


1 


2.r — X- 

- _ 
-’a- ^ 


[ = 

I J J‘2x-x^- 


vers ^a*, 


or — covei’s *'j. 
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81. The Fonn u*. 

In functions of the form n®, where both u and v are functions 
of X, it is generally advisable to take logamthms before proceed¬ 
ing to differentiate. 

Let y = u'’, 

then log« 2 / = v iog,u; 

therefore ^ ^ ^ ^ log,« + Arts. 4H, 52, 04. 

y dx ilx ® n dx 

dv /, dv V da\ 

" S = “\‘°S-“-7&+i3x) 

Three cases of this proposition present themselves. 

L 1{ V be a constant and u a function of — 0 and the 


= 0 and the 


'■ above reduces to ^ — v .u”’ *. 

dx dx 

as might be expected from Arts. 52, Gl. 


da 


II. If u 6e a constant and v a function of =0 and tlie 

dx 

general form proved above reduces to 

dy dv 

dx ® dx 

as might bo expected from Arts. 52, 03. 

III. If u and V be both functions of x, it appears tliat the 
general formula 

dy , cZy , , 

= u’’lo2.M. ’-j— 


dxx 


dx 


dx 


is the sum of the two special forms in I. and II., and tliereforc 
we may, instead of taking logarithms in any particular example, 
<i07ioider first u constant and then v constant an<l add the 
Tesulta obtained o^i these sajpjwsitions. 

82. We shall presently (Art. 1C2) see further that if y be any 
complex function of x, then, in whatever way the various 
simple functions of which y is composed be connected together, 
the complete differential coefficient of y is the alyehraic sum 
of the differential coeffeients obtained severally by considerimj 
all the fwnetions but one to be constant. 


83. Hyperbolic Functions. 

The differential coefficients of the direct and inverse hyper¬ 
bolic functions are now appended as additional formulaj. Their 
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verification is very simple and is left as an exercise. They 
will be found useful by the more advanced student by reason 
of their close analogy of form with the results tabulated above 
for the direct and inverse trigonometrical functions. 


Results for Hyperbolic Functions. 


u ® sinh X ss . 

rftt_ 

dx 

cosh X. 

ybosh xdx 

s sinh X. 

ti scosh — - —. 

du 

di^ 

sinh X. 

ysinhxdx 

s; cosh X. 

u »tanh z = —^—, 
cosh a? 

du_ 

dz 

sech^x. 

^ech^dx 

= tanh X, 

coshr 

M = cothar= - —,—, 
smli X 

dn ^ 
dx 

- cosech^x. 

ycosech^dx 

s-cothx* 

n = sech x = —\—, 
cosh X 

dn 

dx" 

siuh X 
cosh'^x* 

xsxuhx^^ 
J C08h*x 

= - sech X. 

ii = cosGch X Si ___ 

d«^ 

cosh X 

/-cosh 

s - cosech x» 

sinh X 

dx 

smh^' 

J sinh^x 

i( = ainh-'x^log(z + s^J -hJr). 

dn^ 

1 

f dx 

= sinh"^x. 

dx 

s^TT'x^ 


ti = cosh’^x ^ log(r + - 1). 

ihi_ 

1 

r dx 

= C08h*^X. 

dx 

\'x^- r 

u s tanh" *x = Uog * 

I - X 

du 

dx 


f dx 

Jr^ 


u - cotli ’ ^x = J log ^ . 

dn 

dx"" 


/• dx 

Jx^-\ 

s-COth**X(,>y 

u = sech "'x = cosh" 

Uu^ 

1 

f dx 

= ^ sech^^x* 

X 

dx 

Xs'l - 

J 

n • cubccli' 'x = Binh" ^ 

dn_ 

1 

r dx 

a-coscch**x. 

X 

dx 


J xs'i^ -r 1 


84. Transformations. 

Algebraic or trigonometrical transformations are frequently 
useful to the work of differentiation. 

For sM}>puse 

Wf ob‘'Crve that 

V.'llrllcU 

Again, nuppose 
Here 

anj thereft#re 


\ V T* 

?/ = taii"'-. 

l-.r^ 

(7!r“rr>- 

J — .r 

if-x 14-.r“* 
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As another example suppose 

^ = tAn - 

\ 


Here 


therefore 


'l+a-^ + v'l 


•> 

J'* 


— 


TT , , /nrp 

= - tan ' 




= - - A cos-'j- : 

4 ■ 




di/ _x_ 

2x _ .1* 


85. Examples of Differentiation. 

Ex. 1. Let y= s!^> where 2 is a known function of r. 
Here y = ^*» 

and 


whence 


= (Art. b'Z) 

dx dz dx 


\ dz 

2 s'- ' 

Tills form occura ao often that it mil he fonml conveuient to commit 1 / to 
viemory, 

y = s, 

.^tx = z aixi cot.v^j>f 
y = e', where z= s'/'- 


Ex. 2. Let 
Let 
so that 


Now 


(Art. G:}.) 
dz 


dz 


E\. 1 ulxive.) 


dp 2 s'/> 

cosecV, 

ax 

and (Art. 53) = -c-osecV . 

' dx dz dp dx - N cot .<• 

With a little practice these actual substitutions ran be avoided and the 

following is what passes in the mind :— 

(/(gy/cut^) c/(cv''^ ) . d{\'eo\ x) *f{cotj) 

dx d{s.'cotx; deutx) 


t/. 


= <iv'c«4^ . i. .(-cosecV). 

2s^ ul X 

Ex. 3. Let y = ^8iiia-)'‘^^eot't''(« + f'.c)]- 

Taking logarithms 

log y ss|f>" X . h'g sin a' + log cot!<’'(« + ix){. 
The ditferential coefficient of logy is * 




o 
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Again, logvrMogBinx is a product, and when differentiated becomes 
(Art. 48) 


- log sin x'+ log X . ^ . cos x. 

s ■ sm X 


Also, logcot[e*(a+6x)} becom'es when differentiated 

* » 

.*. ^ = (8111 x)*"*' . cot{e*(a + /:ix)} ®i'' .r + cot X . logx 

- 2e\a + 6 +■ bx) cosec 2{e*a + 6x) J. 


When, as in the above example, logarithms are taken before 
differentiating, the compound j)rocess is called Logarithmic 
Bifferentiation. It is useful to adopt this method when vari¬ 
ables occur in the index, or when the function to be differen¬ 
tiated consists of a product of severfil involved factors. 


Kx, 4. Let 

y —- i'cos'-^iog x). 

ily - 6^ cos»(log ■ig) dW - fc^cos^log x)} rf{cos(logx)} c?(logx) 

'.lx ti?{«'‘-6-cus^lug.c)) ii^{co3(logx)} ^ tlOogx) ^ dr 

= ^ - ^Voa^iog x))-*}( { - 26=co3(logx)} X { - sin (log x)j x i 

_ _^>-sin 2(lngx) 

2x*/n* - 6\'os'-(log x) 


Kx. fj. I'iirLTv'nti.itr with rcg;ii<l to x*. 

Lfct .r-sssj. 


Then 


fLd' 

t/x_rfx_5x* 
d: ~ iLr ' 2x 

dx 



K". (liven tliat + ,,3= dy 

dx 

d>, 


.T 


•r--av 


Jlcrv 
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EXAMPLE 


Find 

1. y = 


2. y = 


3. y = 

4. y = 

5. y = 


^ in the following cases : 
ax 

•Jx. 

1 

sfx 

a + bx 


X 

X 

X + — + - + •. 

3! 


5! 


X2 


6. y = i+^ + '^+... 


7. y 

8. y 

9. y 

10. y 

11. y 

12. y 

13 y 

14. y 

15. y 

16. y 

17. y 

18. 

19. 

20 . 
21 . 
22 . 


y 

y 

y 

y 

y 


23. ,/« 


24. 

25. 

26. 
27 
28. 

29. 

30. 

31. 


y 

y 

y 

y 

y 

y 

y 

y 

y 


2! 4! 

(a + bx^)fcif^. 
sin(a + bx). 

8in(« + ix”). 

sjfixn X. 

JsxTi-Jx. 

sin^x*. 

sin“*x2. 

(sin^'x)®- (cos"U)-, 
tan“^(Iog x). 
sin X*. 

X log X. 
c*log X. 

8in(€')log X. 
tan ■ *(<?*)log cot X. 

(x + a)'"(x + i)’*. 

2 + X-2 


1+x' 


- "/ 

S A. ' I 


Va + X. 

VcosTTx. 

log cosh X. 

tan"*(tanh x). 

vers'^x’ 

ver8”Uog(cotx). 

cot~^(cosecx). 



33. yr= 


34. y = 

35. y = 

36. y = 

37. y = 

38. y = 

39. y = 


/x - - 1 


tan'^'' 




X 


1 

sin'Vcos’V, 
(sln"*.r)'"(cos~^x)''. 
sin(»''log.r). ^^1 - (logx)'-. 

JTH 

\ 1 + X- 
1 -x2 


42. y = 


J\ +x- 

Xs' x2~-4 »- 
yjx’ — n-' 

r 1 

\ 1 + X + X- 

l„g“-±;':+ ' 

X* - X + J 


40. y = 


41. y = 


l"K 


43. y 

44. y — cos "*( 1 - 2.4-2^. 

45. y 


1 + log 


40, y = 5 tuir 



xcos he 


1 9 


48. y 

49. y 

50. y 

51. y 

52. y 

53. y 

54. y 


cos^« sill"* 

. _,« + 5cosx 

sin '-. 

6 + a cos X 

e‘“'''log(sec2x^). 

€"cos( 6 tan"'x). 

tan"*(a", x^). 

8ec(log„^/u2 + ■j.-iy 

tan'*x + tauh'‘x. 
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55. y = tanh ‘,- 3 ^, +tan 

56. y = log(loga;). 

57. y *= Jog"(i‘'')» where log" means log log log... 

(repeated n times). 

Jb-\- a + Jb-a tan ^ 


58. y = 


1 




log 


X 


Jb^ a - Jb — a tan ^ 
59. y = sin~^(a\/l -x - Jxj\ - x-). 

60. y = tan“* 4^/x 


9\h€ 


A 

X“ 


1 -• 4x 

61. y^\o^J^eJ±^ 


62. y = 

63. y = 

04. y 

65. y = 

66. y = 

07. y = 

68. y = 

69. y- 

7 0. // = 

71. y- 

72. y- 

73. V 


= e 


t \a: + 

X* 




/ ( 


x-'. 




.r * + X’i. 

tsin 4 (rosx/ 

+ (coth .• 7 '”“", 


1 4 a-5 


a sin'’■‘). 

= .Yi+c.., 

1 \ •' / 

/ 


tti \;\ . 1U 

> — u1 -sm 




ysstaii W N .<■ 4 ^.f. 


-, / 1 + s^x \' 

' '•"= (ra) 

75. y = (cos x)"**'. 

1 

70. y = (cot*^x)». 

l)Va.W 

78. y =/> + tan~*^^, 

79. tauy =. e^^'^sinx. 

80. ax- 4 '2/ixy + by- = 1. 

81 

(bxy 

82. (cosx)’'= (.silly)'. 

A 

83. • 

S4. x = ylogxy. 

85. 

86. v = .i< 


87. y = ;. l<,g._- . 

it + //.#• 

8 S. n.r - -f 2/r<*y f oy* + 2i/x + 2/y + c = 0. 


.♦n ♦ rs 


80. x'V=(-'-4-//)’ 

90. y = e^" ’'logSfcV". 

91. Diffcrfiuiate log,y.c with regard to x-. 

92. Dilloi'ijiitiate (.j -4 <i.r 4 k-/' log cot with regard 

w 

tan''(<i cos bx). 
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a + 6 t-an - 


93. Differentiate log. 


a-b tan 

1 


I] 


!• with regard to 


A t A * 

a-cos-- - 6-sin*-, 
0 •> 


94. Differentiate af'" with regard to sin ”x. 

O 


95. Differentiate tan -? with reganl to tan ^r. 

.V 

96. Differentiate ^ +«/! - g with reganl to x*. 

97. Differentiate sec"i„“..^^—; with regard to J 1 - x-. 


98. Differentiate tan"*— 


X 




with regard to sec"* 


- 1 


99. Differentiate tan"* with retrurd to sin * 


1 + 

.«in 


\ - a? 

100. Differentiate x"logtan"*x with regard to 

lAt re , *«• t/y J/- 

101. Ifyasx*^ prove X-,-= , ' , 

'' ‘ t/x 1 - y log X 

102. Ify = *- X prove I- 

l+r+...tooo. * 1 + 1.4.!!: 

‘■^1 + ... 


103. Ify = x+^ 1 , 

« + — ^ 

X+ ... to QO, 


f/y 1 

prove . j; 


(/x 2 — ,1 1 

X+ ... 


104. Ify« 


sm X 

- cos X 

1 ^_- sinx 


I + 


1 + 


CO.S .X 


1 + ... to cc, 


prove 


dy _ (1 + ;/)cos x + // sin x 
dx I + 2y + cos X — sin X 


105. If y=-\J sin x + ^sin x + s4in x + Vetc. to oc, 
prove 

dx 2y-l' 

106. If .S'„»the sum of a O. P. to 7i terms of which r is the 
common ratio, prove that 




(Cull. Ex... 
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107. If£=rt + - \ 1 


Q 


1 


prove 




rtg + . . . + -» 


[Coll. Ex.] 


/T i-» 1 a r*cos2^ r®cos 30 , 

108. Given C «= 1 + r cos 0 + ——— h-+ 


2 ! 


3 ! 


and 

show that 


„ . Q r-sin 20 i'*sin 30 , 

6; = r8in 0 + —r-:— + —— + ••.} 


•7 I 


3 ! 


C^\d^={Cr~ + S^) COS0; 

dr dr 

c^'l - (C® + S^) sin 0. 

J** W** ' ' 


[Coll. Ex.] 


(Coll. Ex.] 


dr ~ dr 

109. If y = sec ix, prove that 

rfy where t = tan a:. 

Jt (1 - 6<2 + 

110. If y = «~“sec“*(a: ^/c) and s* +x^z = a:r’t find ^ in terms of 

X and c. [Trinity Schol.J 

111. Prove that if x be less than unity 


I 


2.r 




8x~ 1 • r 1 

-i-+•?- -0 + -,—-i + T—-5+ ••• >nf. = -- 

l+x l+. 7 r- l+a^ l+a:® l-ar 

112. Prove that if .t he less than unity 


[Coll. Ex.] 


I - 2.'* 2a; - 4ar 4.f^ - 8x~ j • r 1 + 2* 

r,+ ,-r.-. + -.-:--..+ ••• ad inf. = 


1 - a- + .r- 1 — . 7 ;- + aH 1 — ** + *® 

113. Given Kuler'.s Tlieorem that 


1 + * + ** 


prove 


r. XXX X Sin* 

/>^.-.COS ^ cos - cos -g... cos - = —, 

M M ^ W 

i fan + i tan .^ + tan ^3 + ... ad inf. = 1 - cot *, 


and +^,sec=5+ ... ad inf. = cosec^*-i. 

11!. Given the identity 
(2 CO.S 20 - 1 )(2 cos 2-0 - 1)...(2 cos 2’’0 - 1) = 

2 cos 20 4 1 

,, , 2 'sin 2’'0 2 "*Vdn 2 "*i 0 2 sin 20 

prov p ni ^ ^ 2 cos 20 + 1 ■ 

Ilf). Given 

sin '/‘sin(2<i t c/))sin (4a+ <^)... sin {2(n - l)a + </>] = 
where 27ia = tt 
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prove that 

cot <f> + cot(2aH- <^) + cot(4a + ^) + ... + cot{ 2(n — l)a + 

= n cot n<^, 

and that cosec^^ + cosec-(2a + <f>) + cosec-(4a + (f>)+ ... 

+ cosec2{2(n - 1 )a + <^} = H-cosec-zi^. 

116. From the expression for sin 6 in factors prove 

^cot^=l + 2^V""* -, 


and hence that v coth jt = 1 + ^ - ad inf., 

and that ^ coth 5 . , . ^ , _1_ + .., ad inf. 

117. Prove ^_ 

8ff (2n- l)V-’-4r 

and deduce ^ tanh ,r = - ^ + ... ad inf. 


and 


^ tanh 7 = .H ^_ + ... ad inf 


118. Prove ? coth a; = A + r—p-.. 


119. Prove that 


2;-s- 


X — a cos — 


x"—a" a*-a x + a 2rn- „ 

X- - 2ax cos-+ a 

71 


if n be even, 


but 


1 •*“ 
= — + 2X17 

x-a 


X - a COS 


2r7r ^ 

- 2ax cos-+ n- 

n 


if n he od<i. 

120. Provo that 

2r7r + 

. , > ^ X - f/ cos-- - 

^ a"cos ff) n 

35^ - 2x"a"c08 0 H- T irrr + 


l* VUO V 1 * lA ^ ^ X V a 

X- - 2ax COS-+ 

71 

121. Determine the coefficients yi^, A.^ .. A„ so that 
m being a positive integer. [Univ. I.osim).v, 1800.] 
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122. 'Writing sg« for singdu, etc., establish the following results- 

H ^gd.T = cgx. 

ip) 


cgx 


123. Tl»e functions x,, x... ...x„ being defined by the equations 

X, ^x^x, xv^, = 4^ 

find the differential coefficient of the function towards which x„ tends 
when n increases indefinitely. [Frenot.] 

124 If denote the sum of the r“* powers of the roots of the 
equation x" + p^x ”~^... +;>„ = 0, 

prove that if the coefficients be expressed in terras of ... 


then will 


di. 




t/S 


Jh 

r 


[Brioscdi.] 


125. Definiu" the Bessel’s function of the order as 


■ “ Tn'.X “ 2('2nT2) 2.4(2>i +'2)(2^+'4) ' 


d 


( 1 ) . 


(2) 2 ’I Jjx) = 
t/x 


(3) + Jj - •/„ - ^ 


prove 



CHAPTEB IV. 

SUCCESSIVE DIFFERENTIATION. 


86. Repeated Operations. 

The operation denoted by ^ is defined in Art. 37 without 

any reference to the form of the function operated upon, the 
only assumption made being that the function is a function 
of the same independent variable as that referred to in the 
operative symbol, viz. x. It is moreover clear that tlio result 
of the operation is also a function of x, and as such is itselt 
capable of being operated upon by the same symbol Tliat is 

to say, if y be a function of x, is also a function of x. and 
therefore we can have ^ ^rue mathematical quantity 

And further, it will be tlius seen that the operation ^ may be 
performed upon any given function of x any number of times. 


87. Notation. 


</ 

The expression is generally abbreviated into (y 

and is called the "second derived function ” or '-second 

(IX® 

differential coefficient " of y with respect to x. And, geneiallj , 
if the operator be applied -n times, the result is denoted by 

(JiJO 

(-rTv or and is called the derived function or 
\dxJ dx^' 

differential coefficient of y with respect to x. 
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A 

dx 

by Dy which, in addition to being simpler to write, makes no 
assumption that the independent variable is denoted hy x ; 
and in many problems the independent variable is more con¬ 
veniently denoted by some other letter. For example, in 
dynamical problems the time which has elapsed since a given 
epoch is frequently taken as the independent variable and is 
denoted by t, while the letters x, y, z, are reserved to denote 
the co-ordinates at that time of the point whose motion is 
considered. 

It appears then that if we use indices to denote the number 
of times an operation has been performed, we may write 




It will be convenient to denote the operative symbol 




J) .D^-'^y^D^y 


dx^' 


88. Analogy between the operator 


~ and symbols of quantity. 

Cl'i£ 


The index notation employed above to denote the number 
of times an operation is repeated is exactly analogous to the 
index notation used in algebra to denote powers of symbols of 
quantity. 

Jf a li“ an algebraic quantity, the algebraical notation for 
a . a U (I-, and for a . o ,. a is and so on; the index here 

denoting iho number of factors each equal to a which are 
nniltipUed together. But, as defined above, there is no idea 
of iiinltiplieation in D . J> or D-, but a simple repetition of an 
operaiion. In the same way /)” has no quantitative meaning 
in itself, but represents an operation consisting of employing 
the process of ditiorentiation n times. For example, the 
ditierenco between such quantities as J)-y, {Dy)\ and D-y^ 
should bo carefully noted. The index in the li»*st case has 
reference only to the syrnbol of operation “ D," which is there¬ 
fore to be applied twice to y. 
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In {Dyy the index is a purely quantitative one used in the 
algebraical sense to denote the product Dy x Dy. 

While in D-y"^ we are to understand that the square of y is 
to he differentiated tunce. 

That the ultimate results are different may be easily seen 


by taking any 

simple case. 


e.g., if 

y = x\ 


then 

Dy = 2x. 


and 

Dhj-2 . 

.(1^ 

Again 

(Dyy-ix\ . 

.(2) 

whilst 

2/2 = 


and 

Dy- = -ix^, 


giving 

Dhff-l'2x- . 

.(3) 


A comparison of the results (1), (2), (3), will at once satisfy 
the student of the truth of the above remarks. 


89. The operator D satisfies the elementary rules of Algebra. 
We will next consider how far the analogy goes between 
symbols of quantity and the symbol of operation which we 
have denoted by D. 

The fundamental rules of algebra are three in number and 

are known as 

(1) The “ Distributive Law," 

(2) The “ Commutative Law," and 

(3) The “ Index Law” 

These three laws form the basis of all subsequent algebraical 
formulae and investigations. 

(1) The Distributive Law is that denoted by 

m(tt4'6 + c+...) = ma + m6 + mc+ ... 

Now, in Chap. IL, Prop, iii., it is proved that 

D{u-\-v-\-w -\~...) = Du-^- Dv-\- Diu+ .... 

60 that the symbol D is distributive in its openition. 

(2) The Commutative Law in algebra is that expressed by 

ab =» ba. 

Now, in Chap. II., Prop, ii., it is proved that 

Dcy =» cDy, 

so that the symbol D is commutative with regard to constants. 

But it is clear that the positions of the D and the y cannot 
be interchanged ; such an error would be similar to writing 
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6 sin instead of sin 6. So that, while D is commutative with 
regard to constants, it is not so with regard to variables. 

(3) The Index Law in algebra is denoted by, 

m and n being supposed to be positive integers. 

Now, to differentiate a result m times which has already been 
operated upon n times is clearly the same as differentiating 

m + n times, i.e., D”* - 

So the operator J5”*. Z)" is equivalent to the operator D'"+“ 
where m and n are positive integers. 

Hence the symbol D obeys the Index Law for a positive 

integral exponent. 

To sum up then, the operative symbol D satisjies all the 
elementary indes of combination of algebraical quantities, 
with the exception that it is not commutative with regard 
to variables. 

90. It follows from the above remarks that any rational 
algebraical identity has a corresponding symbolical operative 
analogue. 

For example, (m+a)(m + ?;) —m®+(a+6)m + a6, 
so also the operation {D + a){D-\-h} is exactly equivalent to 
the operation + (a + ?>)D + 

Similarly, to the identity 

{m + a)- = m- + 2 a m + a- 

corresponds the equivalence of the operations (D + a)^ and 
l)--{- 2 aD + a'. 

01. It is clear that in cases like the above au ah initio proof 
may be given of the identity of the operations represented. 
For instance, suppose it be rec^uired to show that 

(Z) + o)(/> + ?>)y = [lJ-+{a + h)D-hab]y. 
wo have (Z> + b}y = Dy + by, 

and {D-\-a){fj-i-b)y = (D-\-a){Dy-\'by) 

= iH Dy + by) + a{Dy + by) 

= I)-y + bDy + aDy + aby 
= iJ'ff + + b)Dy + aby 

= [l)- + {a + h)D-\-ab]y, 

the result to be prove>l; and the ]»rocess of proof is exactly 
the same as that oin[)loyed in proving that 

(m + «Xm + t) = vu“-f (a + 6)ni + a6. 
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However, such proofs are unnecessary after the remarks of 
Art. 89, for they simply repeat in form the proof of the cor 

responding algebraical theorem. 

It will now be obvious, for instance, without further proof, 

that since 


(yri + = 'oV' + nam" "' H— 


n{n — 1) 




we shall also have 


(7) + a)'*y = + ■■■ + 

= + naZ)'*' V +—V’iJ" '->/+■■■ + 't"'/■ 


92. Notation. 

The first derived function of y with respect to the indepeiul- 
ent variable is often denoted by y^, y', or y. This notation can 
be conveniently extended, and we shall often find it convenient 

to denote 
by 

or by 
or by 
or by 

It is clear however that the notation of dashes or doU as used 
in the last two systems is inconvenient for liigher difiercntial 
coefficients tl.an tl.e fonitl, or fifth by reason of tl.e nu.nher ol 
dashes or dots which it would be necessary to use. Ihe 
bracketed index notation Is a somewhat dangerous one. Irom 
the liability of confusion with an algebraical index. Ihe 
suffix notation appears to he free from ohjectnm in cases 
where there can be no misunderstamiing as to which is the 
independent variable. 



ZZ'.v, 

D^l/, 

... 

Vv 



■ ■ ■ 2/'** 

y0\ 

yi-^\ 



y. 

2/"' 

in 

V » 

etc., 

'i/> 

y. 

2/- 

etc. 


93. Standard Results and Processes. 

The differential coefficients of some functions are easy 
find. 


Kx. 1. If 3 / 2 /, * df" ; y.> = aV“ 

Cou. (i.) If a = 1 






= yi’=e^,...y 
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CJOR. (ii.) ^ = = 

= (log^ay =(log*a)a*; 

2/2 = (logea)V*®*f«'' = (log<a)®a*; 
etc. = etc., 

2/n = (log^)"e*>‘>*.“ = (log^)"a* 

Ex. 2. If ^ = log((x+CE); 

1 .. 1 .. (-1X-2) 


Cor. If 
Ex. 3. If 


; 3 / 2 = - 


(a: + a)2’ (x + a)^ 

(-lX- 2)(-3)...(-n + I) 
■ (x + a)" 

(-I)»-H^i-1)! 

(x+a)” 

1 _ (-l)«7l! 

^“x + a' ^"“(x+ «)”+*■ 

y = sin(ax + t); 

1/j = ttcos(ftx + ?J) = « sin(a.r + 6 + ^^ ; 

yg = a-.sin(«x + 6+^J^); 

« . / , 37r\ 


;i/3 = a3sin(((.r + 6+^) ; 


= o"sin^a.7; 


Similarly, if •//= co.s(f(X + ii), 


< \jit. If 


and, whcMi 
IIn. 4. If 


Let 

SC) that 


= ft''cos^ax + ■ 

= i and h = 0 : 


th' n, when y = sin x, 7/„= ; 


= cos.r, }/„ = cos\x+ 

= «'’*sin{6.?’-{-<■■) i * 

= « f"'si n' h.c 4- f) + '’■'cos(6x 4* c), 
= rco'i <p and Z» = a sin <p, 

= a- 4* and tan ^ ; 


and therefore y^= rc’^^:iui(bx + c+(p). 

*Murpby, Omt. Tran.^. vol. V. 


• «\ 
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Similarly 2/.2 = ?*'€‘'*sin(6x + c + 2^). 


and finally = >‘"e®*sin(6x + c*f«0) 

= (u^ + 6®)^e“3in^fcj; + c' +n 
Similarly, if y = e"cos(6.r + c), 

Vn = («“ + b^)^e‘’^cos^bx -\-c + n tan - . 

As the above results are frequently wanted, it will be well 
for the student to be able to obtain them immediately. 


Examplhs. 

1. Find the ji*** differential coefficient of co.s^xsiii^j. 

We must first transform this expression trigonometricalb*. 

Let cos jr+isin.p=y. 

Then by Trigonometry 2 cos +1, 2 cos Lr=^* + ^ 

m/ J' 

2t8ii> j- = w-L 2isin ^•.r=y* - .. 

1/ .V 

Thus 2^.2’t\-os’xsin3j: = ^y + ^^ 

- -;.)+V -i.) -?) p) 

*2t sin 10jr+ 8t sin 8x + 6t sin - ICt sin 4x- 28t sin 2x. 

Thus 2®cosVsinV 

= - sin lOr- 4 sin Sj'-S sin Gx + rt sin 4-i + 14 sin 2x, 

^}n 

aud therefore 2® —(cos’o: ) 

= - 10"3in(l0x + ^) - 4.8"sin(8-r + ^^)-a. 6"8in(Gr + ””'^ 

+ 8.4'*Hiii(4.i + -^)+ 14.2"sin(iV + ”jy 
Find t/n in the following ca^es :— 

2. ^seinV. V. ^ = einx* bin eiit 3.'» 

3. y^biiiV. 7. y^e^cos^x, 

4. y = bin^x cos^sT. R. y^sze^^aiu^bx. 

&- y =« biii^-r cos^x, y. y = n*x co.h^j*. 

94-. Fractional expressions of the form (both functions 

being algebraic and rational) can be diHerentiated n times by 
first putting them into partial fractions. (See p. 72.) 
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Ex. 1. 




«• 


(:r - ~ ~ ^) (<* “ ^X® — c) X—o 

1 c* 1 

(6 —c)(6-a) x-i>^(c—a)(c-6) x—c* 
(see note on partial fractions) j 


therefore y„ = 


(-!)"»! 


+ 


6* 


C*®*®)"** ' (6--c)(6 —a) (x-6)'*'*’^ 
c2 (-l)"n! 


+ 


Ex, 2. 


(c-aX<^~^) (x-c)"*’ 


(x-l)2(x+2} 

To put this into Partial Fractions letxs=l+j; 


then 


_1 1+2J + 22 

^ 2=** 3+i 

1/1 53 4 s= 


= -f- + —bv di%-ision 
.<3^9 ya+r^ ' 


^15 4 _1_ 

3.-*‘*’93'''9 3 4-3 


whence 


3(x - l)^9(x + 2) 

_(« + l)!(-l)" 5n‘(-l)" 

■ 3(.c- 1)"*- ■'■9(x- l)"*‘ 

4«J^(^1)" 

|i(r4-2;"+‘' 


Examplf-s. 


Fiml the «Utfereiuial coefficients of t/ a-ith re"ar<l to x in the 
followine cases:— 


'• y = ; 


2. //“ 


(x - tfX-r - *)' 

1 

(3.r - 2Xx -Yy 


3. 


1 


X- - a* 


4. t/ = ; 


(x-I}X.v-2y 


9'). When quadratic factors (which are not resolvable into 
real linear factors) occur in tlie denominator, it is often con¬ 
venient to make use of Deinoivre s Theorem.* 


Ex. Let 
Then 



1 

(.r +a )- + ?/■: 

1 r_1_ 

'2ib\x + a — th 


1 _ 

{(.c-b«)+t6}{(.T-H«)-<6}‘ 


_ 1_ 

:f + « + lb 



♦Liouville, .Journal de I'Ecolt PolyKchnique. 
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and 


Let 


Vn 


- ^ ^‘{(X + a - (X + tt + <(<)"+■} 


x + a — r cos 0, 


and 


(x + 

i> = r sin Q ; 


whence = (a: + a)^ + 6^ and ^ — 

Hence = 0-.sin e)-'‘-^-(c«9 0 + . sin 0 ^ 

= 2t sin(?i +1)0 

2i6j*’*+^ 

= (::_^)^Um(n + l)0sin-'+^0, 

^n+2 


where 0 = tan 


(a;d-a) 


Cor. liy = tan - y, = 


and therefore yn 


6" 

h 

where tan 0 = — - = <-‘‘’t y, 

x + a 


t.e.. 


s=l-y 


Exampi-ks. 


Find the n"* differential coefficients of y witli respect to .c in the fol 
lowing cases. 


1. y» 


•• I 

X' + a- 




2. y = tan 


a 


3. y=-r-., 

x‘+u- 

4. v = tanh“'~. 

^ a 


5. y« 


I 


x*~a 


8. y=,- 




7. ys=8in'' 


2j- 


i +a* 

-i.. 


8 . y^xUiu’h 

^ , , r sill a 

9. y = tan" 

10. y = 


1 — X cos a 




11. y= 




x* + «V'' + u« 


2j^ + -*+2 

^ .i'* + j-^ + 2a--4 x-i 1 
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96. Leibnitz’s Theorem * 

To find the differential coefficient of a product of two 
functions of x in terms of the differential coefficients of the 
separate functions. 

It was proved in Chap. 11., Prop, iv., that 

d, , du . dv 


d 


It appears from this formula that the operative symbol ^ 


or D may be considered as the sum of two operative symbols 
Dy and such that Dy only operates on u and differential 
coeflBcients of w, while operates solely upon v and differential 
coefficients ofu For with such symbols 




and 

whence 


Dfux^ - 


= {Dy + D^uv. 

We may therefore write fur D tl)e compound symbol 

A+-D2- 

Now, since Dy and D^ are symbols which indicate differentia¬ 
tions, tiicy each, like tl^e original symbol D, obey the dis- 
trihuth'c and index laws and are commutative with regard 
to constants and each other. It therefore follows by formal 
analogy with the Binomial Tlieorem that the operations 

and D,''+nI){‘-'D.,+ '2k!^_^D,''--D^-+... + D.;' 

L * 4m * 

arc identical. 


Now 


etc. 


dx'dx"-'^' 


* CoHunfrniun EpixtuUcum, vol. i. 
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Hence 

= D^uv) = (i)i + D^^(uv) 

dx*^ 

= {d-+ nD,’' - 1 --Pi" - +.. • + i>*”} uy 

cZ"u , dv , «(■» — !) d-v d^'^u, 

~'^d^‘^'^dx’~d^'^ 1.2 dx^'dx'*'-^- 


+... + u 


d'^v . 


a result which may be written 

{Uv)n = UnV + nC\Un-\Vi + nCaU,, _ 2^2 + • • • + W^^'n- 
It appears therefore from this foriuiila that if all the differ¬ 
ential coefficients of u and v be known up to the inclusive, 
the differential coefficient of the product may at once be 
written down. 


97. Extension. 

It will be also clear that this result admits of extension to 
the case of a product of several functions. 

For instance, if y = uvw, 


d d . d 

~^'U = VW , u + wu^ 
dx^ dx dx 


v + uv^., 


which, agreeably with the above notation, may be written 

Dy = (Dj + Da+ D^) uvw ; 
so that ^jL-J^uvw) = (D^ + D^+ D^y'uvw. 

This may be expanded by formal analogy with the Multi¬ 
nomial Theorem, giving a result which may be written 

n\ d'u d'u d‘w 
'dx’‘‘dx*'dx‘’ 

the summation being extended to all positive integral values of 
r, 8, t inclusive of zero, which satisfy 


r + 8+t = n. 


98. Inductive Proof of Leibnitz’s Theorem. 

From the importance of this theorem it is considered useful to add here 
an inductive proof. 

[Lemma. If „C, denote the number of combinations of n things rat a 
time, then will «C', + nCr+i=n+iCr»i. 

This will form an easy exercise for the student.] 
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Let y=«i’, and let sulBxes denote difiPerentiations with regard to x. 
Then 

y2=UjV+2ujVx+«V2, by differentiation. 

AssuDie generally that 

y„ = a„V + nC\Uy^-iVl + „C'»«„_ 2 ra + ... + „C«ii-rVr + nCV+l«»-r-lVr+J 

+ ...+aiV .(®) 

Tlierefore, differentiating, 


/-cn / \ 

yn + l=*«n + lV+ j J + “""‘^H + nCl/ 

+ u„_,.tV+i| ^ ^ j- + ...+«v„+i 



= «„.tir + „ + jCl«„t’j + n + jC2Mn-l*'j + « + 1^^3Wii-ai’3+-*- 
+«+iC'r+iK«-riV+i + ...+tti'„+j, by the Lemma; 
therefore if the law (a) hold for n differentiations it holds for n-f 1. 

Blit it was j>roved to hold for two differentiations, and therefore it 
holds for thiee ; therefore for four ; and so on ; and therefore it is gener¬ 
ally true, t.t’., 

( ««’)„ = UnV + „Ci Wn-ll’l -1-„C2»<7,-2V3 . 4- „6Vu,-r»V + ... + «r,. 


00. Applications. 

Ex. 1. y=ur“8in ax. 

y„ = a'^«"8in^(tx + + n3,irtt"“'siii^ax + ^-^7r^ 

«(n —Ortfi . 71 — 2\ 

+ -- — -^ 3 . 5 U*a" *am(ojr-f - tt) 

21 \ -1 } 

Ex, 2. Differentiate n times the equation 

.xr^.-'.-rX^-K -r v = 0. 


ix^ dx 




n(n - 1). 


, 7 ,.n(-^:'/i)= *yr.+i+ «yn, 


9 


<h/ 

rfa" 

therefore bv addition 

•r=y«+a + (-H + i)jyn+i+(«* + l)y„«o, 

Ex. 3. "Wlieii the general value of y„ cannot l>e obtained we may some¬ 
times find its value for x = 0 as follows. 

Suppose j/ = (siiih"*x)-. 

Here yis*2sinh-V/ .( 1 ) 

thenfore (I+4“)’/»* = -ly, 

whence differentiating and tlivitling by 2yx 

(1 + x=)ya + .iyi = 2.(2) 
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Differentiating n times by Leibnitz’s Theorem 

(I + J^)y„+ 2 + 2 >u:y„ + i4-n(n - l)y„ 

or (l+x=)y „+2 + ( 2 n+ l).^„ + i + w'yn = 0 . 

Putting x = 0 we hav’e (^^+ 2 ) 0 = «*(y»)o... 

indicating by suffix zero tlie value attained upon the vanishing of t. 

No-w, when x = 0 we have from the value of y and equations (1) and (2) 

(y)o = 0. (yi)o = 0, Cy2)„ = 2. 

Hence equation (3) gives 

(f/3\=(l/6^o=iVi)o~ .=(.'/2**l)o = 0 

and (^ 4)0 = - S’'*. 2 , 

(yc>o= 4^.2’. 2 . 

etc 

.22. 42 .62 .(2^-- 2)2 


Examples. 

1. If y = find y„. 3. If y = r"a' find y„. 

2. If y = .r=sin<ur find y... 4. If y = x"c^'sin hnd y,. 

5. Prove that the differential equation 

is satisfied by ^ = siiih(w4 sinli x). 

Prove also that 

(1 + x2)i/..+2+ (2« + 1 {n- - ni2)y.. = 0, 

ajid find the value of y„ when x = 0. 

100. Some Important Symbolic Operations. 

It has been proved, Art. 93. that if r he a positive integer. 

Let us define the operation i)-’’ to be such that 

DrD-r^-U. 

Thus D-^ represents an integration (Art. 79). We shall sup¬ 
pose moreover that no arbitrary consUnts are added. 

VT • T\r^ - r -ax ^ a^oz ^ ])r T\ - 

Now, ttioce ^ ^ —x/x/ t , 

it follows that /)“’■£“ = a 

Hence it is now clear that 

D'e^ = a’’e“ 

for all integral values of t ■positive or negative. 

101. Let f{z) be any function of z capable of expansion in 
integer powers of 2 , positive or negative ( = say, A, being 

independent of 2 ). 
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Then f(D)^=:(ZArD^)e^ 

= 2(^^e«*) 

=f{a)e^. 

102. Next let y = e“*X, where X is any function of a. 

Then since 

we have by Leibnitz’s Theorem 

=e<“(a"X+ -^DX++... + D^X), 
which by analogy with the Binomial Theorem (Art. 91) may 
be written D"e*“X = e‘“(i) + a^X, 

71 being a positive integer. 

103. Now let X = {i) + a)"F, 

so that we may write F=(Z)4-a)~'‘X. 

Then D"e^^Y=e^=‘{D + arY (Art. 102), 

or D^e^{D + a) - "A" = 

and therefore il“"c‘“X = e“(D + a)"*X. 

Hence in oil cases for integral values of u fositive or negative 

X)»e^X= e“(i)+ ayX, 


104. As in Art. 301 we shall have 

/(i))e‘“X = 2:(.‘Ui)'-)e“X 
= '^iArD'e^X) 

= e^^ZAr{D + ayX 

= e''^/{D+a)X. 


105. Again 
and therefuie 


ir- 


em 

cos 

sin 


»iQ 


= (— m-y _ 7nx. 


cos 


Hence, as before (Arts. 101 and 104), it will follow that 


fm-)m.v = f{ - 771=) mT. 

%' \ / COS • ' ^ cos 


am 


Ex. 


/V’^sin hx dx 

= Z^'V’^sin ?»j'=e^Z> + a)“’sin bx (Art. 103) 


= 0 “-*’ ^\s\TihT 
a’ - Ir 




-(a - /^sin bx (Art. 105). 


a^ + b- 

sin hx - b cos hx 

_c~ 

=c"(a- + 6-)“*3in^ft.r~tan“'-j (compare Ex. 4, Art. 93). 
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106. Successive Differentiation of Fix'). 

[Lemma. If = elementary 

exercise to show that 

„ + 2(71. — 2fc + 2)«.4 2t _ 2 = n+l.42t- 

This is left to the student.] 

We shall establish inductively that 




dx 


-F(x^) = S»4a(2x)”- - V). 

' 1=0 


the series continuing until a zero coefficient occurs; being 
supposed unity, and indices of F denoting differentiations with 

regard to a^. 

For differentiating this, the coefficient of 

(2x)"-2*'+*F"“*+'(x*) 

is nd 2 i.+ 2(7l —2/: + 2 )nd 2 t_ 2 . i-6- n + ld 2 i, 

by the lemma. 

Hence we obtain 

80 that if the law holds for ti differentiations it holds for 7i +1. 
Moreover, the law is obvious for one and for two differentia¬ 
tions. Hence it is true for any positive integral value of 7i. 
Ex. If then since 

we obtain 


( 




107. Successive Differentiation of Fi»Jx). 

[Lemma. If then will 

71^21 +n^2k-2-(‘^ + ^~ 1 ) =n + lii2k- 

The verification is left to the student.] 

We shall establish inductively that 

the summation continuing until a zero coefficient occuns; „.5o 
being supposed unity, and indices of F denoting differentiations 
with regard to ^x. 
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For differentiating, the coefficient of 

/ 1 \n+*+l 

is ,i52* + 2(‘)l. + A:— l)n^ 2 *- 2 . 

i.e. n+ 1 ^ 2 * hy the lemma. 

Hence we obtain 

/7h+I / 1 \n+l+i- 

=5 

ao that if the law holds for n differentiations it holds for 
^[oreover the law is obvious for one or two differentiations. 
Hence it is proved true for any positive integral value of n. 

Ei. Prove that 

\2^>x)^r^o V •^r!(n~r-l)! (SaVa-r/ 

[Math. Tripos, 1886.] 

108. runction of a Function. 

A general expression for the differential coefficient of a 
function of a function will be found in Chapter V. 

109. Ni>te on Partial Fractions. 

Siiu;c a number uf examples on successive diiTerentiatiou and on inte* 
gratioii <U-|«-nd on the ability of the student to put certain fractional 
forms into jmrtial fractions, we give the methods to be pursued in a short 
note. 

Let b<‘ the fraction which is to be resolved into its partial fmctioiis. 
r/, .r) 

1. If /’s.i ) be not already of lower ilegree than the <lenoiuiiiator, ice can 
diviiic ou( until the numerator of the remaining fraction is ofloicer degree: 

.t-2 3.r -2 

(.V - I X-r - 2) (.r - I Xj’ - 2)' 

IToiice we .^liall consider only the ca.se iii which f(.r) is of lower ilegree 
than ‘/j’.r'i. 

2. If </-( (')contain a single factor (.c - a), not repeated, we proceed thus: 

sui-pose </*(.r)*{.r- a}VXj'), 

and let ^(-*1 


A. 4. 

(r-t7)>/'(.r) .r-« y{f{.r)' 


A bcih" of j\ 

Hi.Mioo 


wr ^ ‘Wy 


This is an idt'ntiry and therefore true for all values of the variable x; 
put X it. Then, since \/'(.r)doe3 not vanish when x — a (for by hypothesia 
>^.r) floi-s not contain .r- a as a factorh wc have 

\jr(a) 
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Hence the mle to find A is, -Pot x = o in every portion of the fraction 
except in the factor x — a itself.’ 


Ex. (i.) 


. 1 - - c _ o — I ^ 

(x - a)(x-h)~ a ~ b ' h-a' x-h 


r-\-px + q 


tr-^pa^q _I , b'-^pb-yq 1 

V - ” 


^b%x-~C)~ {a ~ by^a - c) X ~ a (b-c)(b-a) x-b 


. < r+p c+q _1 
(c~a){c-b) x-c 


Ex. (iii.) - 


I 


3 


(7:TXx-2Xx- 3) 2(.r-l) .r-2 2(x-3) 

Ex. (iv.) .--Tv- 

Here the nutnerator not being of lower degree than the denomrnator, we 
divide the numerator by the denominator, llie result will then be 

expressible in the form 1+^-+^, ^vhere A and li are found as 

a* , 6’ 

before and are respectively b~a 

3. Suppose the factor (x-o) in the denominator to l.e repeated r times 
SO that <f)(x)=^ix—ay\fr(,x). 

Put x~a=!/. 

TK ± 

i^x) y^>‘(«+y)’ 

or expanding each function by any means in a.scending powers of y, 

Aa+Ax} t + A zV^+-- 

~y'{ +^i//+ 

Divide out thus: — 

etc., 

and let the division be continued until ,f is a factor of the remainder 
T./et the remaiinler be y'XCy)- 

C„ Cl Cr. . C,_, XC^) 

Hencethe fraction =+ + 

C. ^ _ 4 . 

Cr-X.X\^-») 

VK-r) ■ 

Hence the partial fractions corresponding to tlie factor (x-a)' are deter 
iniucil })y a long diviiiioii Ruin. 

Ex. Take 


Put 


X- l-y. 
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Hence the fraction = 


(I+.V)* 


2+y + 2y+.7=^^ H 



Therefore the fraction 



+1. 

2/^4y^^8y 8(2+y) 


1 


+ 


:»+ 


1 


1 


2(x-iy 4(.f- 1)* ■ 8(x-l) 8(x+l) 

4. If a factor, such as .r^ + nx+b, which is not resolvable into real 
linear factors occur in the denominator, the form of the corresponding 

partial fiaction is ^^or instance, if the expression be 


(x — a)(_x - A)2(x*+a’X-®* + 

the priiptT a-ssuTiiptirm for the form in ])artial fractions would l>€ 


A £ C Dx+IC fx+a . I/x+A' 
x-a'^x-l>(x -bf + «• x3 + 6* (x3 + b^-)’ 

where .t, £, :>ii<l ('can be found according to the preceding methods, and 
on rc hi •ricii to a comimm denominator we can, by equating coefficients 
of lihi* piiwci's in tlie two numerators, find the remaining letters D, JS, Z', 
t/, //, K. Variations upon those methods will suggest themselves to the 
stu(icnt. 


EXAMPLES. 


1. If v = tan"V-, find y„. 

' 2 . If y=:.r2)oga*, find 
;h If find 

4. If 7/ -=.?:", find 2/ri distinguishing the cases in which r < , = 
or > u ; supposing 7i to be a positive integer. 

ri. If y = A sin vu- + £ cos mx, prove that y„ + m~y = 0. 

0. If y = A c’"* + In prove that y„ - ni-y = 0. 

7. If y = ax sin .r, prove t hat x^y.^ - 2xy, + {x- + 2)y = 0. 

8. If y = a cos(log x). prove that x-y., + xy^ + y = 0. 

0. If y = nx''*‘+ ix-", prove that = «{?»+l)y. 

10. If 1 + 2 J'l cos 2x, prove that y» = y{Zy- + l)(7y* - 1). 

[Oxford, 1889.] 
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11. If V = ar log prove that = (y - xy^)-. 

^ ® a + 6x 

12. Ify = 6ma: prove 4 ^-^p-^ = sin 4 .t. 

13. Find the n*" differential coefficient of 

- 2nax + 7t(n + 1)}. 

14. If u = sin nx + cos nx, show that 

w^ = n'-{l + (- l)'sin 2nx}‘. 


[Oxford, 1890.) 


(I. C. S.) 


[1. C. S.) 


15. Ify = sin->x, prove that (1 - x=)y.. - xy, = 0 ; also that 

{1 - 3:2)y„,a - (2u + l)xy„,, - «-y-. = Q- 

16. Ify = ^(3:+ Vx2 +“(*2“)" + B(x + 

then will (x- + fl^)y „+3 + (2»i + l)xym*i + ~ 

i -i 

17. If + y ^ = 2x, prove that 

(x-- l)y„+i+(2»+ l).Ty„,, + (u-- m2)y„ = 0. 

18. If y = e"* cos x, prove that y 4 + 4y = 0. 


19. Ify = . 


X2 


(x —a)(x —5) 
1 


, find y„. 

, find y... 


{x-l)“(x-2) 

21. If y = (x'"-n'")-', find y„, m being a positive integer. 

22. If y =:x"logx, find y„. 

23. If y = (l +x + x2+x‘)-' and ^ = cot->x, show that y„ i.s 

I( - l)"n !sin"*‘0(sin(n+ l)d- cos(» + 1)(9 + (sin d + co.s d)"-'!. 

• fxri'Tii 


24. Ify = e*“ ' = + «,.x + «2*" ■*■ ■ ■' 

(i.) (l+x2)y2+(2x-l)y,-0 ; 

(ii.) (1 + x2)y„,, + {2(n + l)x - 1 }y„*. + «(« + l).'/„ - 

(iii.) (n+2)a„.,+ »«»„ = ■ *• 

The last equation is to be found by substituting the scn.-s tor y m 
equation (i.) and equating the coefficient of x" to zero. 

25. If y = 8in(m sin'^x) = «© + «iX + + ... , sliow tliai 

(i.) (1-x%.2 = xyj - m2y ; 

(ii.) (I - x2)y„*, - (2n + l)xy„., - («' - 
and (iii.) (n + 1 )(n + 2)a„^, = (n^ - nr-)a„. 


26. If e-’'“'‘‘=a<, + aix + a2a:2+ .... prove 

(n + l)(n + 2)o„^, ^ (n2 + a*)o„. 

27. If («iii-*x)2=ao + a,x + a2x2 + a3.x>+ ..., show that 

(n+ l)(K + 2)a„^j = «'^o„. 
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28. If u, V, «j be functions of t, and if suffixes denote differentia¬ 
tions with regard to prove that 

dt 


Hj, ID, 

II 

«j, Pj, 

«2- «£. ^2 


V.,, v.^ to„ 

^3» *^*3 


; «4. ^'4* *"4 


1 


[Coll. Exam.] 

29. If - be differentiated t time.s, the denominator of the 

e*- 1 

rcstilt will be (^—and the sum of the coefficients of the 
several powers of e* in the numerator will be ( - 1)*! . 2.3 ... t. 

[Caics Coll.] 

30. Prove that 

d''u t/"«y / dv\ n(w-l) ^ dhA , 

•’rfx” = -r-a 

31. Show that if x=t cot y 

^-n- , - “= u ! sin.v{siny - „C,cosy sin 2y-h ..Cocos^y sin 3y- ...}. 

uX 1 + X" 

(Oxford^ 1890.] 


32. l^rove that if nc > 6- 

b + 

i / j :” <t ^ 2bx + cx'^ 




n + '2bjc -h caS 

d 




.33. SIkiw that tau^ V ' Vin »<.c = tanh my. cos t/jx : 

‘ </.»•/ 


[London, 1890.] 


[Oxford, 1888.] 


aino tan '^y j/tx= tanh b)jy . cos ulc ; 

and gd^y ^^siii ?^^.r = gd"l(^;^1/)cos77^x. 

■!-i. rrove ^ 

[Grkcory’s Examples.] 


3.". P:ove that if .r + y s= 1 

~„UV) = ”! (.V- - 7y"-‘.r + „Ci,rV -...) 

i(X 

[MrBPUY, ELKCTRiriTV.] 

3G. Trove that 


X 


log.r + x{log.r)-+ ^'^y!.f-{logx)3} + 


+ ... 


to n + 1 terms. 

[Math. Tripos, 1889.] 
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37. Find the differential coefficients of sin x- and cos x'-. 

38. Establish Rodrigues’ Theorem* that if 71 be a positive integer 

___ (. L- ^^V'Vsinxr-*. 

\ .3.5 ...{-271- \ )Vsin X dx) 

39. Prove that 

d’' . 1 . 3.5 ... 2/1-3 fi iX'”'/-!/ .r,?’."! 


dx" 

where 


■(l-xr-^l 

7 ._ 1 . 3 . 5 . . .C 2 <:- 1 ) _ 

‘“( 274 - 3 )(' 2 n- 5 ) ... ( 2 / 1 - 2 A-- l)Vl +-'7 


1 - X' ‘ 

cr . •• • \ __i 

(274- 3)(2n -5) ... ( 2 / 1 - 2A-- 1 )V 

' '' {FUESKT.) 

40 . lf/{x)=a^ + a^x + a^-^ + ...+0^7'+ prov.- that 

1"„, + 2V,+ ... + rV,+ ...» [(-^,)/I ")],„• 

41. If <^( 7 i) be a rational algebraic function of u, j.rove that 

<f.(l)i: + «2)x2+ ... +.#.(rO-l-" = ‘/'(^X)''T7;^’ 

42. If/(x) can be expanded in positive integral powers of .v, prove 


that 


^f{D){uv) = uJ{D)v + Du/'{D)v+-^^''j"(f^)v i- .... 

43. Show that the Bessel’s Function d„{••:) (Ex. 12;/, Chap. III.) 
satisfies the differential equation 

dx^ X dx \ X-} 

44. Prove that Legendre’s function of the 7i“‘ oi’der, ^iz., 

P{x\= "^"(x-^-ir 

' 2"./.!dx"' 




..n 1 . 
y 


satisfies the equation 

d 
d. 

and may bo expressed as 

(“) - ‘"1 

where m = x+1 and v = .x-l ; 

id) X" + - 1) + ^ 


• M. Prenet has pointed out {lUcueil d'Kjrtrcirfs) tl.at tlu» result which ih 
uiu-lly Mcribcd to Jacobi and known by liU name (being given by him in CrclU g 
Jourrutl) had Uoeu i»ri*vic.»UHly puhiinhcHl by IU>iIritfuci». 
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EXPANSIONS. 


110. The student will have already met with several 
expansions of given explicit functions in ascending integral 
powers of the independent variable; for example, those for 
(x+a)”, e*, log(l+x), tan“*x, sinx, cosx, which occur in 
ordinary Algebra and Trigonometry. 

The principal methods of development in common use may 
be briefly classified as follows: 

1. By purely Algebraical or Trigonometrical processes. 

II. liy Taylor’s or Maclaurin’s Theorems. 

111. By Ditferentiation or Integration of a known series, or 

equivalent process, 

IV. By the use of a differential equation. 

These methods proceed to explain and exemplify. 


HI. Method I. Algebraic and Trigonometrical Methods. 

Ks. 1. Find the first three terms of the expansion of lug sec j- in a.scend- 
iug pu^Vi'is fif j*. 


By '7’ri;^'onometry 

cos .r= I 


21 ^ 4 ! 6 ! 


+ 


• • • 






iev .r = - log cosx= “log(l—r), 
■“ 2 “; 


anti t i.j'antiing logarithmic theoreui we obtain 

lug 8ee.r=- + ^ + -+... 


a* j* -r* 

U: 4’.'^6: ••■J‘^2L2! 4:‘'‘ 
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2 24 720 


72< 


■*■8 48'*‘"‘ 


+ 24 ■■■’ 


hence 


log»ecx=- + j-2 + ^ 


Ex. 2. Expand cos’x in jwwers of x. 


Since 


4 cos^.f = cos 3x + 3 cos x 


we obtain cos^ar = i-^(H-3) - (3’+ 3)^ +(3*+ 3)^, - ... 




Similarly 


+(-1A3- + 3)^-^+...| 

BinV = i {(3^ - 3)^ - O'- - 3)^ + (3' - 3)1; - 

I 


O’JH- I _ O 


(2/1-1)!" ■■■)■ 

Ex. 3. Expand tanx in powers of x as far as the term involving 


Since 


3!'^5! ■■■ 

tun X = , — 

l-^+- - 
‘ 2!^4! 


we may by actual division sli(*w that 


...a 2 


U«.r=x+-^ + -j7a^+... 

Ex. 4. £x])and i{log(l +a-)}® in powers <if x. 

Since (1 +xy = 

We liave, by expanding each side of this i<leiitity, 

1 +yx+2!i2^V + yCv - - 1 to ; 2X.V - 3)^ ^ 

= H-ylog(H-a) + -^,{log(l +x)}*+ ... 

Hence, equating coefficients of 

illog(l +x),. = ^ ^ - etc.. 


3! 


4! 


a series which may be written in the form 


/ « .1 


• / I . 1 . 1 .* 


t t 


or' 
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Examples. 

1. Prove 

TUT ^ 

2. Prove cos)»"a:=l +-57 + «(3”~2)r,.. 

4^ 1 • 


3. Prove 

4. Prove 

5. Prove 

6 . Prove 


. sin X 

X2 


log ^ - 

6 


, sinh X 

X* 


log- ^ - 

6 

180“ 

log xcotx^ 

3 

-9h^- 

, tan“’x 


. 13 , 

log - - 

3 

+ 9b' 


251 


5. 7.9 




7. Exiiand sijjh^x and cusliV, giving the general term in each case. 

^ 0 ^ jA ^ 

8. Prove l.)g(l-x + x^)=-x+ 2 +=^+^ ” 6 " 3*" 7 8 

9. Expand log(l 4-a'^^) ‘as far as the term containing a^. 

10. K.xpand in powers of x. 


(t/) tan"'^—^• 

' ^ <j-¥px 

( 0 ) tan -. 

^ ' .r 

I). Prove that 


(d) cos 


-1 




-1 


x+x 




[log(l+.r)P X' . 1 '“ ^ , 


wliere ,/'* denotes tiie sun> of all pro^lucts/’ at a time of the first r natural 
muuliCTs. 


112. Method 11. Taylor’s and Maclaurin’s Theorems. 

It lias been discovered tlmt the Binoinial, E-Xponential, and 
other well-knotvii expansions are all particular cases of one 
geneuil tlifirem known as Taylor’s Tlieorem, which has fur its 
ohject the exjmnsion of fix-\-h) in ascending integral jiositive 
poivt rs of h, f{x) heiiig a function of x of any form whatever. 
It will he found that such an expansion is not always possible, 
but we reserve fur later articles a rigorous discussion of the 
limitations of the tlieorein. 


113. The theorem referred to is that under certain circum¬ 
stances f(j: + /() =/(x) + hf\ .(•) + ^,f 'f.r J + • • - 

In 

^ ... to iiiHnity, 

n! 

au expansion of /'(.r+Zi) in (>owers ol h. 
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This result was first published by Taylor in 1715, 

“ Methodus Incrementoruin Directa et Inversa. In 171 < 
Stirling pointed out another form of Taylors Iheorem, viz., 

m +f/"(0)+... 


_|_^/>‘(0)+... to infinity, 

which is easily deducible from Taylors iSeries by wilting 
0 for X and x for h ; the meaning of /^(O) being that f{x) is to 
be differentiated r times with respect to x, and then x is to be 


put equal to zero in the result. 

The latter series gives a method of expanding any function 
of X in positive integral powers of x. Being a form of laylors 
Theorem it is subject to the same limitations. It is geneially 
known as jV/ac^au 7 'in '8 Theorem, though its publication by 
Maclaurin was not made until twenty-five years after its fiist 
discovery by Stirling. 


114. Taylor's Theorem also deducihle from Maclaurin s. 

It has been shown that Maclaurin’s series is deducible from 
Taylor’s form. Taylor’s series is also deducible from Maclaurin s. 

For, let /(x) = F(x + y), 

then f{x)=F'(x + y), etc.. 

Bo that /(O) = Fiy), /'(O) = F'iy). /'(0) - F"(y). etc. 

Hence Maclaurin’s Theorem 


/(x) =/(0) + x/'(0»+ . • ■ 


becomes F{y + x) = F(y)-^xF'(}j) + ^^,F''(y)+ . 

4 

which is Taylor's form. 


Taylor’s Theorem. 

115. Prop. To prove that, if fix + h) can be expanded in a 
convergent series of jyositive integral jiowers of h, tliat c.k- 
pansion is 

f(x + h) =/(x) + ;./'(x) + + ...to ■X.. 

Put x-\-h = X ; then since x and h are independent 

dX 

dh 



82 


CHAPTER V. 


Hence 


Similarly 


dh ~ dX ' dh 
=f(X). etc. 


Now, assuming the ’possibility of such an expansion, let 

/i* /^3 

/(d:+A.) = Xo + ^i/i + ^2^"h'^33j"h•••» . 

where Aq, A^, ... a»‘e functions of x alone, not containi'ng 
h, and are to be determined. 

Differentiating with regard to h we have, by the preceding 

work, k) ~ = .d 1 4- 2/t+.4 3^+^ 4^ +.(2 ) 

Differentiating again 

f\x-\'h)=: ^ = -d 2 +.d 3 /t + .d47y^i + .A5g, 4-.(3) 

etc. 

Put /< = 0, and we have at once from (1), (2), (3),... 

A^=f{x), A^=fXx). A^=f {x), etc. 

Substituting the.se values in (1) 

t\x + h) =/(.C) + /< r(x) + |■/'(X) +■••+*; .r(x)+ ... 

11G. This theorem may be written 

''■'■+'') = (i+^fx+2;(s) +l!(sx) 

and by analogy of form with the exponential theorem the 
operator Uiay be represented shortly by 


I'luis 


or 

f{xA-h) = e’'‘‘fix). 


Stirling'.s or Maclaurin’s Theorem. 

117 . Prop. To prove that if /\a') ca?i. he expanded in a 
convergent semes of positive integral poivers of x, that ex¬ 
pansion is 

/(x)=A0)+x/P)4-V;A0}4-^r'(0)4-... to 
Assuming the possibility of such an expansion, let 


X- 




/(x) — .a‘1 ^ + A jX + .*i j + ^4^^ j + 


( 1 ) 
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■where Af,, A^, A^,..., are constants to be determined, not 
containing x. 

Then ditferentiating we have 

in 3 

f{x)=A^ + A^-\-A^^, + A^+ .( 2 ) 

/"(x) = ^ 2 + -- 13 X + + -4 5 ;^, +.(3) 

etc. 

Hence putting a: = 0 in ( 1 ), ( 2 ), (3). .... we have 

^o=/( 0 ). ^i=/'( 0 ). ^ 42 =/"( 0 ). etc. 

and substituting these values in ( 1 ) 

/W=/{0)+x/X0)+^^/'(0)+3 j-\0)+ ...+^A0)+ ... 


118. It will be noticed that in the above proofs there i.s 
nothing to indicate in what cases the expansions assumed in 
the equations numbered (1) in Arts. 115, 11/ are illegitiTnate, 
and we shall have to refer the student ti> Arts. 130 to 142 tor 
a fuller and inoi’e rigorous discussion. 

119. It is important before proceeding further, tliat the 

student should satisfy himself that the well-known expaitsloiiH 
of such functions as (x-t-A)", > '■“•dudeil 

in the general results of Arts. 115, 117. 

For example, if f(x) = x^, /{■v + f()~{j' + ti)", J {w = nx” *, 

/”(x) = n(7i- etc. Heiu-c Taylor's 'rhcorcio, 

f{x + /.) =/(.»•) + ///(.*■) + + .... 

giveA the hinomial ex[)anHion 

i.V + /ir = X" + H/iX-' + A V'--‘+ ... 

Again, BUpiKjse = then /Xx)^e*, — ^, etc., 

therefore /(t>)*h/'{ 0 )= l,/''(u)= 1, etc. 

Hence Maclaurin’s Theorem, 

/W=/(0) + ^/'(0)-|-J/"(0)+... , 

gives +j:+|:+^+..., 

the result known aa the Kx|ionential Thooretn. 

120* We append a few examples wliicb adinit of exj>Jin.sion, 
and to which therefore the results of Arts. 115, 117 apply. 
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Examples 

Prove the following results :— 

1. 8inx=.r— . 

o! o • 

2. log(l+.r)=J-- 2+--.... 

3. ®• — .... 

3 5 

4. e'cog.r= 1 +2’eos^ ■ .r+2^cos^ ^ + 2’cos?^ ^ j + 

+ 2"cos^-r + .... 

•i 7»: 

^ , , 2244 2«.i-s 200^2 

5. cos.r. coahx* 1 — 

G. log(H-e') = log2 + ij-+ij^-^2—* 

I •> ^3 

8. Hin^.r+/<) = Bin.r+/i rosx- *, sinx - — cos.r+... 


[Oxford, 1888.J 


h 


3: 

X . 1 +2x2 }^^ ^ 

• 

• & .X . * 


10. logRin(x + A) = Iog sill .r + /j cot x --g-cosec^x +g|^ 3 ^+ 

h 2x*-l A2 


• • • • 


Method III. 

121 . iCxpvmsum hy Differentiation or Integration of a 

knoo'ii series or eqaivahmt j)roc€S8. 

IIjo M\L-fliod of treatment is iiulicated in the following example.s ; 

K.v. 1. 7b expund in poicem of x, assuming x to be numerically 

Ie..s th ui unity. (Jregorie’a Series.* 

bu I>1X'Si- f{x) ~ t.au"'.<• = Uo + ‘0-»’ + + • • -, 

ili.n /(4-)=^.^^ = aj + 2«,x + 3u3.r2 + 4<v^=+... ; 

uU. (1 +.r2)-'= I -.r* + .H-.i«+ ... . 

Ikn- e, comparing these e.xpansions, we have 

a.j = =a0==a5 = ... —0, 

an J <^i ~ 1— 1, = 1, etc. 

Also a^^=stan’H)*«n-; 

Ji ^ 1*^ 

therefore taii"‘x= «r' + ./-+ — 

•> «> t 

* Ouumierciuui KpistuUcuin, |>, 98* 
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for 


This result may be obtained immediately by integration of tlie ^erie.s 
1 


1+x* 


,* VIZ., 


1 —J^ + .r*-jr«4-.... 


the constant Oq being determined as before. 

Ex. 2. To expand 8in~^x. 

Suppose /(x) = 8in“*j- = a9 + «iJ- + rtoJ-- + f/j.i-^+... : 

therefore /’(•i’) = — ^ = o i + 2a.a- + 3a yi- + 4a^.l■^ + .... 

\'l — .1' 

Bnt ^ ■ - = 1 4-4-■ ■ ■ ■ 

vnrr* - ^2.4 

Hence, comparing these series, we liave 



a..v = = (/i; = ... = 0, 


and 

1 •> 1 r 1.3 

>1, 3</3 = i, OtI* = .^ 4 ’ * 


AIbo 

a0 = sin’^O = «7r. 


Hence 

, , , 1 1 . 3 1 

sin-^x^uTT + x+h. + + ^ 

. 3. •*> .»'• 

A C * - + 

. 4 . (> $ 


and, as before, this might have been obtained immediately by integration 
of the expansion of 

VI -X- 


Ex, 3. Again, if a known scries be given, we can obtain others from it 
by differentiation. 

For example, borrowing the series for (8in**.r)^ establislied in Kx. 2 of 
the next Art., viz.— 


.r^ 


2+.•> 4+3717 6+3.5.7 8+ ■ 


we obtain at once by diflerentiation 


7'-^ 7-+:7‘-A=+.... 

—o,*- 3 3 . «> d . o . / 


Examples. 


I .r** 1.3 


1. Prove log(ar + \^l +x^) = sinh + ^ iL . - 

fjt 

2. Prove tanh“^x —./;+ ..+\. H—. 

fj o 

Expand examples 3 to 9 in asceiuling integnil pt>wcrs u{ j\ 

3. tan‘*jr+tanh‘’.r. 


4. Un-‘-i-f. +Binh-‘ ^ 


1 -r^ 


5 . un-.^4.a,.„-.— 


I -X* 

_,:Jx+x^ 
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<. sec 


-I 


1 


1-2x2’ 


8. 8inh“*(.‘lx+4x2). 

9. 


Vl +x2 + \''l —.r2 

10. Deduce from Ex. 3, Art. 121, 

x2 2x'2 2.4 . 

3 3 5 3.6*’/ 

And hence by putting x= 6 i« prove 


/, 1M • -1 x* 2 2.4 .r" 


6 cot 0 = 1 — 


siu20 2 sin*^ 2.4 sin*^ 


3.5 7 

[Quarterly Journal, vol. vi.] 


3 3 5 

11. Given that 

..in iog(i+./o= 4 ;-*-+ 4 ?-^+ 4 ?^+"-+;l:-^‘‘+"- 

/•(.,. log(l+x)= I + — + +■•■* 

calculate the first eiglit coefficients of each expansion. 

[Math. Tbipo.s, 1887.] 

12. Prove that when r is between and 4 -^, 

■ - 4 b,c— ... to infinity — x 2 ^ 

[M.ath. Tripos, 1875.] 


I 

P 


cos J 


Mkthod IV.—By the Formation of a Differential 

Equation.* 

1-2. This inetliod may often be employed with advantage. 
A‘>inne a series for tlie expansion 

(say 4- a yT + rtyT® +.). 

Tiien form a differential equation in the way indicated in 
several of the examples in the preceding chapter. Substitute 
tlie .series in the ditierential equation and equate the coefficients 
of like powers of x on each side of the ctjuation. We shall 
thus obtain sufficient equations to find all the coefficients 
except one or two of the first which may be ca.sily obtained 
from tlie values of /{0) aiid /'(0). 

* I'rofvasQr Williamson has ])ointe<i out that .some historical iut^rrest attaches to 
this nu'thofl. as having iirohably boon employed hy Newton in his ei^pansion of 
6iu(m sin'^x) and other expressions. 
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Ex. 1. To apply this method to the expansion of (I +x)". 

Let y = (l+x)" = ao + «iJ‘ + « 2 ^'’ + a3-i^+.U) 

Tlien yi =*«(! -f-.r)""’ or (I +x)y, .(2) 

But y,=5a, + 2a^r-f-3a3r*+.(3) 

Therefore substituting for (1) and (3) in the differential equation (2) 

(1 +xXai + 2o2X + 3a3x2+ ...)= «(»7g + a,x + a2T*+ ....) 

Hence, comparing coefficients 

(/, = «Oo. 

2a-j + ai = Mai, 

3<73 + 200 = Wft.j, etc., 

and by putting x = 0 in equation (1), 

«, = «, 


giving 


«2 = 


ti -1 


.«.= 




OI 


whence 


n-2.. «(«-lX«-2) 

^.1 — ■ ^ ^3- 

« — r+ 1 n(n - - r-4-1) 

17 as-<^r-l= -- f ^ ‘ ’ 

r r! 

(1 +x)" = 1 + . 

^ « 


Ex. 2. Let y =/(r) = (sin“\r)*. 

y, = 2 8iii-'.i-. - ’ 

\'l -X- 

(I-x®V/,* = 4v. 

Differentiating, and dividing by 2^i, we have 

(l-x2)y^ = x^i + 2..(1) 

Now, let t/ = aff + aix + a.^-+ ... +«„x"+a„tix”*' +f7„.5.r’'** + .... 

therefore y, =ai 4-2ayr + ... +7ia,.x"-’+ (« + l)a„»,.r" +(« + 2,'</„4.x’'*' + . . 
and 

.V 2 = 2aj + ... + n'n- I ,a„T''-^ + (n+ !)»«„♦ ix" ' + («+ 2/« 4- 1 >i,.,^yr"+ .. . 
Picking out the coefficient of x" in the erpialion {irhirh nim/ he Jurir 
wthout actual tabatitution) wc have 

(n + 2)(n+l)a„ + j-7i(« - l)a„ = na„ ; 


therefore 


u 




( 2 ) 


Now, o„=/(0) = (.sin-'0)^ 

and if we consider ftin^'.r to be the smalleat jiuaidve anylc whose .nine i.s x, 

sin“*0 = 0. 

Hence 
Again, 


c/u=u. 


and 


«, s f\0) = 2 sill - as 0 

s'l-0 

«3 = ir(0) = i(j-^-^ + 0) = l. 
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Hence, from equation (2), Oj, a^, a-, ..., are each—0, 

, 2* ^ 2* 2*0 
ami "'“sTi -“3^ = 4! ’ 

4* 22.4* 22.4* o 

"*“3.4.5.6" 6! ' 

therefore = + + ’ 

A different method of proceeding ia indicated in the following example 

Ex. 3. Let y=8in(m sin"*x) = «o+aiX+a.—+ 03 ^ , +.U/ 

Then yi=*co9(m sm-lr)^— 

s' I — J"" 

whence (1 -.c2)y|2 = m2(l -y*). 

Dirtcrcjitiating again, ami dividing by 2j/i, we have 

(1 -.i-*)y2-a;v,+7n2y = 0.(2) 

Differentiating this n times by Leibnitz’s Theorem 

(1 - -(2« + lK'/„+i + {in- - n-)y„ = (».(3) 

Now. sin-‘0)*=0, 

(assuming tliat sin~*.r i.s the smallest positive angle whose sine is .r) 

'^3 ® 0 * 

etc. 

^*1 “ (y«)x-'0* 

Honre, putting .#* 5= 0 in rejuation (►i), 

as 

each=Oj 

an<l <t^ = — (n/-— 1 l^i 

a^= — (//r — 3*>^3=»— 

etc. 

Whence 

sm(?« 9iii“^r)« --.r 4-- 

m<m"-- l2 )(»|2-32)(»i2-52) ^ 

7! 

'Plip corre.sponding series for cos(ni sin"Vr; is 

.«.2|-2 nr-(m^---2-) . 

ccis(»i sin '.i’} = 1 - H---y,-•* +.... 

If we write .r = sin 0 tiiese series become 

.in mO = ,„ .in + ^ »in>tf-etc., 

cn, -It .in<«- nU., 

5! 4. t>. 
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Ex. 4. Expressions of the form "‘‘V easil.'’ expamleil as 

follows : 


Taking tan“'x to lie between ami - J we have 


jj a* 

tan“‘.r = x-g -.... 

We may therefore evidently assume expansions of the form 

Then yi = ^l+ 

or pOpa'"’ -(/> + 2 )ay+sr'”*'' + (/> + 4)a,.+4J^**- ... 

= (1 + + ...), 

whence, equating coefficients, 

pa,=bp-x, 

( ^ + 2>Zp+j = -1 + ♦ n 

{p + 4)ap+4 = 6p_ 1 + 6p+1 + 

etc., 

and the law which connects the se^’cral c<>efficients is obvious. 

Thus starting with Gregorie’s Series we successively deduce 

etc. 

These results have been communicated to me by Professor Ati'rliii of 
Queen’s College, Cork. 

Examples. 

1. Apply this method to find the known expansions of 

a‘, log(I+x), sin.r, tan"*.'-. 

2. If y = sin■‘xs=aod'"i-^ + “r*-“ + °>^■*•... , 


prove that ''"•==(;rir|j(^) 

and in this manner deduce the ex|>ansic>u given in Kx. 2, Art. 121 


3. Ife**^**" ** 


+ prove 




(2) «•••■>’*• = 


= !+„ + !!!-% t' ),o + + ?-)a. 

. a(a»+l) (u- + 30^^ 
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(3) Deduce from (2), by expanding the left side according to the 
exponential theorem and equating the coefficients of a, a*,... the 
aeries for Bin"*x, (sin”‘x)-,..., and show that if in the development of 


(sin“‘.r)i . 

-j-1 ' 


1 ■'■2' ■3'^2.4' " 


every’ number whif'h occurs be increased by unity, the result, viz., 

.T^ 2 x* 2.4 x« 

2'*’3 4 *^3.5* 6***“' 

, . (sin'^x)- 
is equal to ' - . 

4. Prove that if log,y = tan“'.r 

(l+x=)y„= {1 - 2 i 7 i-l)x}y,._,-(it-l)(n- 2 ),y„_:, 
a!ul hence find the coeflicient of x' in the ex]).ansion of y by Maclanrin’s 

Theorem. [I. C. S. Exam.] 

_ (tan“'x)' a.X' a,.r* . (/^r* 

»>. It -:rT-— —\ + -;r^ . m 


pnA’O tliat 




:!n - 1 


Ck If f/ satisfy tlie equatinu and if the first and soconcl 

terms <*f its o.xpanaion ho rospectivoly A+B ami (.Im— /?w)Lr, show that 

tho p‘*iJoral tonu is {.!+(- Hence show tliat 

7. If // s;vtisfy tlic <lilVcrontial efjnation 

?/: -f- S/v/a + (/•• + fr f/ = < >. 
a!id the fiiat toriirs of tlie expansion of t/ are 

- /i- 

+ ^ !L.r2+... 

•r 

r'#ntinm> tin* ex))an>ion. 

,r • ‘f',.'- , (sin 'x? 

>. If Sin \r—^ —p-ami -—r-;-*-,-1 




II •MIA ^ I ' 

rtwl 71 « *' • »* **1 * 

^}lM^v tliat ^*“'^ 1 4 " 

lit iii-c c.staMish (he expansitm 

(sin-'.r)* 1 .,-' 1 . 3/11 \.r- 1 . 3 . :»/ 1 . I ,1 \.r* 


sin-'.r)’_ 1 I • \ 1 I . 1.3. V 1 . I 1 \r 

:V. '2' 3'^2.4U-'*'3-/5'*'2.4.l>U' 3' 


„ „ / \ siiili-*x 2 , , 2.4. 

n. Prove (a) = -.r»+ — x--.... 

Vl+.r- J 0.0 


,,, (sinh-M- 2 2.4 

(/>) ' 2 : "2 " 3 ' 4‘^375 TT" -- 

(,) l"S'l+v'2>-l-l. 3 + i^- J-..-- 

, M 2 , /]+v'3\ , 11.21.2.3, - 

(-/) -,3 log ^ ) = ’ - a + :i . .5 - 3 . r.. 7 + ■ ■ ■ ■ 

10. Establish the expansion 

I 1 1 1.2 1 1.2.3 

O ^ * T * O X 4 ’ 4*0”*^ " • • • • 

o > «i »3 < 9.0 4 o.n.tf 


[A.VOLI 5 .] 



EXPANSIONS. 


91 


Continuity. 

123. Def. a function <px is said to be continuous between 
any two values a, h of the independent variable involved if, as 
that variable is made to assume successively all intermediate 
values from a to 6 the function does not suddenly change its 
value, but is such tliat its Cartesian graph [»/ = </>x] can be 
described by the motion of a particle travelling along it from 
the point (a, ^a) to the point {b, <pb) without moving oft the 
curve. 

124. Trace the curve y ~ between the ordinates ..-1 L{x — a ) 
and BM{x = h). Then if we find that as x increases tlirough 
some value, as OiV (Fig. 14), the ordinate <l>.t suddenly changes 
from NP to JS’Q without going through the intermediate 
values, the function is said to be discontinuous for the value 
x = ON of the independent variable. 



'i'./' 



rig. 15. 

125. Similarly, wo may represent geometrically the dis 
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coatiniiity of a differeutial coefficient. ^ represents the 

tangent of the angle which the tangent line to the curve makes 
with the axis of x. If, therefore, as the point P travels along 
the curve the tangent suddenly changes its ■position (as, for 
example, from PT to PT in Fig. 15), without going through 
the intei'niediate positions, there is a discontinuity in the 

value of 

dx 


126. Prop. If any function of x, say tpx, vanish xvhen x — a 
and when x~h and is finite and continuous, as also its first 
(llferential coefivient (fx between those values, then will <p'x 
vanish for at least one intei'niediate value. 

Foi- if (fiX were always po.sitive or always negative between 
x — a and x = b,y>.c would be continually increasing or con¬ 
tinually decreasing between those values (Art. 42) and there¬ 
fore could not vanish for both x = a and x = b, which would be 
contrary to the hypothesis. Hence yt'x must change sign and 
therefore vanish for some value of x intermediate between 
x = a and x = b. 



1:J7. The same thing is obvious at once from a figure. For, 
suppose the curve y = <f>x cuts the axis at A (x = a, y = 0) and 
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B{x^h,y = 0), then it is obvious (Fig. IG) that if the curve 
y = <f>x and the inclination of its tangent he continuous between 
A and B, the tangent line must be parallel to the axis of x 
at some intermediate point P. 

It is also clear that the tangent may be parallel to the axis 
of X at other points between A and B be.side.s P us in Fig. 17, 
so that it does not follow that <p'x vanishes only once between 
two contiguous roots of ^x = 0. 

128. The same proposition is thus enunciated in bt>oks on 
Theory of Equations: “A real root of the equation <px = 0 hi'n 
between every adjacent two of the real roots of the equation 
—0”; and is known as Rolle'.s Theorem. 


EXAMn.F.^. 

1. Show that if a rational intejrral fiiiu tion of x vanish for n valuva 
between given liuiit.s, its firet ami secoiul ilifTfreutial co«'tKvit*nts will 
vanish for at least (n - 1) and (h - 2) values of x respectivt-lv between tl.e 
same limits. Illustrate these results geoinetricallv. 

(I. C. .s. 

2. Prove that no more than one root of an ei|Uiitioii f{.r) — 0 van lie 
between any adjacent two of the roots of the e<juution/ 

3. Show that the f<illowing cxj»re.<isioii3 are jMjsitive for all positive 
values of x: 

(i.) (x- \y+\-, 

(ii.) (X-2K+J+2 : 

(iii.) (a-3K + '2+‘^-^' + ^’ 

(iv.) a - log(l +x). 

[N.B.—By Art. 42, if be jwsitivc, y is increasing when x is mcieas- 


dx 


ill/ 


iug. Hence, if y be positive when x = o, an*l if also^^'^ be po>ili\e x 

increases from 0 to «, it follows that;/ will be j.ositive for all j.ositive 
values of X.] 

129. There is much difficulty in giving a rigurous direct 
proof of Taylor’s Series, a.s might be expected from the highly 
general character of the result to be established. It is found 
easier to consider what is left after n terms of Taylors Series 
have been taken from f{x + h). If the form of this reraaindcr 
be 8uch that it can he made smaller than any ussiijiuihle 
quantity when sufficient terms of the series are taken, the 
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difference between /(x+Ji) and Taylor's Series for f{x-\-Ki 
will he indejinii^y small, and under these circumstances we 
shall be able to assert the truth of the theorem. 


130. Lagrange Formnla for the remainder after the first n 
terms have been taken from Taylor’s Series. 

Theorem.—I f /( 5 ) and all its difierential coefficients up to 
the Tith inclusive be finite and continuous between the values 
z = x and z = x-\‘h oi the variable z then will 

f{x + h) ==f{x) + hf (x) + (x) +... 

where 0 is some positive proper fraction. 

Let f(x-\-h)=f{x) + kfXx)+ (j, f'(x )+... 


2 ! 


■ «!"' . 

li being some function of x and h, whose form remains to be 
discovered. 

Consider the function 


n-1 


■n 


say; then differentiuting with regard to z (keeping x constant), 




“ s 




S »-2 


etc., 


etc., etc. 


/"•'>+<» - ff'Kx)- zR~t}i^\z), 

4-:j ^ - R=<{>^{z). 

All the functions ^(s), are finite and con¬ 

tinuous between tlie values 0 and h of the variable z, and 
evidently ^'(0), ^"(0)... , are all zero. Also from 

equation (I) ^{/0=0. Therefore by Art. 126, 

tp' (c) =r0 for some value (/q) of z between 0 and h, 

<p" (c) = 0 for some value (h.,) of c between 0 and /q, 

= 0 for some value {h^) of s between 0 and /q, 
and so on : and finally 

(?) =0 for some value of z between 0 and h^.i. 
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Thus /^(x-^hn) — R = 0. 

Now since /i„ < //„_i < /<„_ 2 ... <h„<h^<h. 
we may put kn = 6h where 6 is some positive proper fraction. 
Thus 

Hence substituting in equation (1) 

({x + /i) =f(x) + hf(x) + 2 */'{^) + ■ • ■ 

.(2- 

This method of establishing the result is a modification of one 
due to Mr. Homersham Cox (Camb. and Dublin Matli. Journal). 


131. If then the form of the function /(.r) he such that by 

h'^ 

making n sufficiently great tlie ex|)ression ,/'\x + 6ft) can be 

made less than any assignable quantity however small, we can 
make the true series for /(x-f-/t) differhy u-s little as we please 
from Taylor 8 form 

f{x) + hf\x)-{~^^^f(x) + ... to X . 

The above form of the remainder is due to Lagrange,* am) 
the investigation is spoken of as Layrnoyes Tlteoeeni on the 
Limits of Taylor's Theorem. 


132. The corresponding Lagrange formula for the lotnainder 
after n terms of Maclaurin’s Series is obtained by writing 0 for 


X and X for h and becomes 
thus giving 

/(^) =/(0)+ a:/(())+|-V'(0) + ... 4-^ 


.n -1 


133. The following iiiveetigations of an expression for the 
are taken, with but few changes, from lierliuinrs “'rraitO «ic (altul 
Uiffcrentiel et InU‘gral,*’t 

We shall assume tliat f{z) an<l all its difTereiitial cueflicientH up to (Im* 
^th inclusive are finite ainJ continuous between the values x ami r + Z* of 
the variable z. 

Let It denote the remainder after n terms of Taylor’s series have been 
taken from »o that 

+ + + + .d) 


* Cslcul ilv« Kotictioai» p. 88, 


t ragts 
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Let x + A=:X, hence 

f{X) -m - -r=o...(2) 

Put R — a form suggested by the remaining terms of 

n! 

Taylor’s series. Consider the function formed by writing t instead of x 
throughout the left hand member of equation (2) except in P. 

Let 

-/«- ^-/w - w - • -<3) 

From equation (2) <^x)=0, and it is evident that ^(X)=0. 

Also t^{z) and <f>(e) are finite anil continuous between these values of the 
variable z. Hence •p’'(z) vanishes for some value of « intermediate 
between z=x and z=X=x-i-h, say for z=x+0k where ^ is a positive 
proper fraction. 

Differentiating equation (3) with respect to z 

...;. 

whence P = f"{z) for that value of t which makes ^'(r) vanish, i.e. 

z=x-\-Qh.. 

Hence P=f"(T-vQh) 

Ax + 0/0. 

*« I ' 


and 


( 5 ) 


n\ 


134. A different fom\ of the remainder is due to Cauchy. 

Ill equiitioii (2) jmt /f = (.V- J*)/* and proceed as before, then, instead of 
eiHuition (4). we shall have 

/ r _ 

whU-h vanishes as bofiu e for some value of ; between r=x and 
sav for J =a‘+; whence 


ami therefore 




135, Another form ia ohtaineil by SchlOinileb and Eoche by assuming 
a slightly ditTerent (win for vItl, 

/>+! 

'J'his givtM, instead t>f equation (4), 

•I-'-) - 

yn - 1)! 


whence 


and 




13(5. The last form includes those of Arts. 133, 134 as particular cases ; 
fur putting /> + ! = « it reduces to Lagrange’s result, and putting p^O 
it reduces to ('aucli)'s. 
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137 Tlie corresponding forms of remainder for Maclanrins Theorem 
are obtained by writing 0 for x and .r for A, w!,e.i the tliree expressions 
investigated above bccoTne respectively 

a„a 

138. The student should notice the special cases of equation 


(2), Art. 130, when 7i= 1. 2, 3. etc., viz., 

fix-\-k) = fix) + hf(x + dJO- 

fix -irk)= f{x) + hf'{x) +1. f{x + QJi ). 


etc.; 

all that is known with respect to the 6 in each case being that 
it is a -positive proper fraction. 


139. Geometrical Illuetration. 

It is easy to give a geometrical illustration of the equation 

fix -h A) =f{x) + hfix + 0/0- 

For let X, /(x), be the co-ordinates of a point P on the curve 
3/=*/(x),and let x + k, /(x + A) be the co-ordinates of another 
point Q. also on the curve. And suppose the curve an<l the 
inclination of the tangent to the curve to the a.vis of x to be 
continuous and finite between P and Q ; drau I M, Q2s per¬ 


pendicular to OX and PL perpemlicular to QX. tlieii 

fix + h) ~f X) _ XQ - M_P ^ L PO. 

- fi - MX PL 



Also, x-\‘Qh is the ab.scissa of some point R on the cnive 
between P and Q. and /'(x + OA) is the tangent of the angle 
which the tan"ent line to the curve at R makes with tlie a.xis 
of X. Hence the assertion that 

h 


E.D.C. 
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is equivalent to the obvious geometrical fact that there ruust 
he a point R somewhere hHween P and Q at which the tangent 
to the curve is parallel to the chord PQ. 

140. Failure of Taylor’s Theorem. 

The cases in which Taylors Theorem is said to fail are those 
in which it happens 

(1) That f{x), or one of its differential coefficients, becomes 

infinite between the values of the variable considered; 

(2) Or that f{x), or one of its differential coefficients, becomes 
discontinuous between the same values; 

/^n 

(3; Or tliat the remainder, -,p(x + Qh), cannot he made to 

?i!‘ ' 

vanish in the limit when n is taken sufficiently large, 
so that tlie series does not approach a finite limit. 


Ex. If /(^)=N'-r, 

+ ''')=- '''•+ 1,, f {.r)= etc. 

Ileiicc '] aylur s T)u‘oreiu gives 

;V + A) * s'.r + A = +,... 

If, liijsvcver, \t\it ^=0, luHomeH iiitinite, while be- 

X 

COIIX-S 


'J lui.-;, its \ve uiiylit e.sjK-ct, \vi- f;ii| at the secoiul term to expand in a 
s-i i-s i.f iut*'^n-a! puwers of /«. 


141. In Alt. 115 the pioof of Taylors I'lieorein is not general, 
the a'‘<iiinj)iinn being ina'lo that a convergent e.xpansion in 
asccinliiig jio.-itivo int'‘gral powers of . 1 ; h possible. The above 
Uiii -le .shows whe-n this assumption is legitimate. 

For any continuuiH finicti<.n in which the (/i + l)‘^ differ¬ 
ential co'diioieiit is tlio fii'st to bfcoine infinite or discontinuous 
for the ^‘aluo a* of the variable, the theorem 

, M + h 1 =/>■) -i- hf;,f -h... + -\-eh), 

vhicli involves no differential coefficients of higher order than 
tie’ is rigijroiisly true, although Taylor’s Theorem, 

/,.r +/O =/{.r)-h///hr) + ... 4-J/J’(.r) 

fails to furnish us with an intelliL'ible result. 
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Ex. If 
we have 


f{x) = (x-af, 
fXx) = \ix-a)K 

f\x) = ^^{x-a)^. 


and Taylor’s Theorem gives 

{x + h-a)^ = {x- a)5 +|(j: - a)H +~{x~ a)i|-. +1| + ... , 

which fails at the fourth term when x»n. 

But Equation 2 of Art. 130 gives the res»>lt 

(x + A -a)^ = (x- a)5 + |u “ + 

which, in the case when x=o, reduces to 

8 


or 


O G4 
^ 225* 


and this obeys the only limitation nece.ssary, viz., that 6 slmuld be a 
positive proper fraction. 

142. The remarks made with respect to the failure of Tay¬ 
lor’s Theorem obviously also apply to the particular form of it, 
Maclaurin's Theorem, so that Maclaurins Iheorem is .said to 
fail when any of the expressions/(O), /'(0)> / (,0).... become 
infinite, or if there be a diacontinaity in the function or an> 
of its differential coefficients as x pa-sses tlirough the value 

zero, or if the remainder does 7iot become infinitely 

small when n becomes infinitely large, for in tliis case the 
series is divergent and does not tend to any finite limit. 

Examixes. 

1. Show fur what value.s of .r and at what dilTerential covllident 
Taylor’s Theorem will fail if 

.. . (x-a)*(x-t)*(-'--0^ 

(.f-</)'* 

2. Can logX or tan-'\/-be expanded by Maelaurin’s Tlu-nn-m in a 

Beries of ascending positive inWgral powers of x t 

3. If how does Maclaurins Theon-ni fail for an expaiiHimi in 

aacendiiig powet'S of x ? Ik continuous a« x i)as»c8 lliniuglt zero f 

4. If /(x)= hIiow that there in a iliscoiitirmity in 

1 + 

passes through zero. 
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143. Examples of Expansions by Maclanrin’s Theorem, with 
investigation of Remainder after n terms. 

1. Let /(x)=a*, 

then /'(x)=a'{Iog^)". and A0)=(log^)". 

Hence the formula 

/W -/(«) + -rAO) +1; /-(O) +... + /■ - ‘(0) + /"(fe) 

gives 

«*= 1 +x log,a + J^(log,ay'+... (log/i)"-‘ +^a‘’'(log,a)". 

ii! 1;1 n! 

Now ->—h —L can be made smaller than any assignable quantity by 

sufficiently increasing n ; hence the remainder, after n terms of Maclaurin’s 
Theorem have been taken, ultimately vanishes when n is takeu very 
large, and tlierefore Maclaurin’s Theorem is applicable and gives 

1 +^log«a+^,(Iog.cr)-+;^(log^)3+ ... to 00 . 

. •>« 




2. Let /(x) = log(l+x), 

=1^^, AW A - ..../^.)=( - 

Hence /((») = 0,/(O) = 1,/-(O) = - l,/"'(0)-2..., 

;-"(0) = (-1)!. 

And the Lagninge-formula for the remainder, after n terms of Maclaurin’s 
Series have been subtracted from /(x), viz. becomes 

7X • 

u 

and if .r be not greater than 1, aiui positive, » ^ is a proper fraction^ 

V+Bx 

and therefore bv making n suflioiently large the al>ove remainder ulti- 
jiiately vanislici=, and therefi»re Muclaurin^s Tlicorcm ia applicable and 

givc.s log(l+-^J =•*■-- + 2 - ^ to «, 

where lies lietweeJi 0 and 1 imdnsive. 

It af^pcars that if we consider ^*Cr)=log(l — 4*) the remainder is 

In lliij form it is imt clear that the limit of the romaiiider is zero. But 
if we choose for tliis example Cauchy’s form of remainder, Art. 134, it 
reduces to 

_L 

\-d\\-e.r)' 

X Bx 

•and if .r be positive and less than unity, —— is also less than unity, and 

X ^ fjX 

1 / r — Ox' " 

therefore •- q j be maile as small as we like by sufficiently 
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increasing Hence Maclaurin's series is a|)j)lic-able aii<l gives 


3. Prove sin aa-=ajr- 1 . sm ^ +... 

3 5 «I 


2 


remainder after r terms may be e.Kpressed as 

a'jf ./ a , 


. „ , a-r a^.r* oV" er. 

4. Prove cos a*r = 1-+ - .. - ... + —r- cos ^ + 


•>« 


4! 


n\ 


remainder after r terms may bo expvfssoit as 


aiiil that the 


and tliat the 


5. Prove (l-y*)“”®l + nr + y—+ ... 

»(« + l)..-(/4 + r- 2_)j.,_ , 

«(n + 1 • -('» + r - 1) .r' 

r! ( 1 - 0^0 


6. Expand and find the remainder after n terms <if tlie i xpaiisii^n of 
e"co3 bx. 

Rksu 


:</'•) ,.n. 

tsui-Ts. 1+rt.rH-- ./-H-' T.... 

2 ! •». 

^ M I 

Remaihder = ^‘^f*^V"«^*^fi.s(^t?j +« tan ' 


144. The Rule of Proportional Parts. Interpolation. 

Let us suppose that /(x) is one of those functions fsuch as 
lo^sina;) whose values have been calculateil and tabulated at 
small int<^rvals h of tlie variable x, so that the values of }, 
/(,x + h),f(^x-{-2h)... may be taken when wanteil from tlie table.s 
to a certain number of decimal places. It is leiiuired to 
make an ea.sy rule to obtain a close approximation l'>r the 
hitherto uncalculated value of /(x + k) where k lies lietween 
0 and k. 

We shall assume that h, and therefore k, is so small that its 
square may be rejected. 

Then since 

fix+h) =/ix) + hfix)+'~rix) ++fl,/o.(I) 


and 


fix + k) = f{x) + kf'ix) +i,/"(j‘) + .' 
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we have on rejection of squares of h and k 

f(x-\-k)-fix )_h _ 

h . 

which gives in terms of the known quantities, A, k, f{x\ 

f{x^li). This rule is known as the rule of Proportional Parts. 

145. Insensibility and Irre^larity. 

It will be seen that if at any point of the tables/'(a:) is very 
small, the term kf{x) may be so small that the difference between 
the tabulated values of/(a;) and f{x-\-h) is not perceptible within 
the number of decimal places to which the tables are calculated. 
In this case the difference/(aj+A)—/(a;) is said to be insensible 
and the rule of proportional parts cannot be applied. 

f”(x) 

Again if, although h is small,--y— is large at any point of 

the tables, the term bears to the term hf{x) a ratio 

which is not necessarily .small. In this case the term in A.® 
cannot be rejected. There is then said to be irregularity in 
the table.s and the rule of proportional parts does not hold. 

Ex. Sapp'jsc sin x. 

Tlir-n lng8in(r+/0='loSsin.T+Acot.r-|jj-i*osec*.r,... 

A# ^ 

Ni>w n X ia very iioar cut x is very siimll, 

oosoc 

aiul %vlicn .7* is near (i'" oy 90% , i.e. cosec 2x is verv large. 

2 cot j* 

Ilein-t* at llu* 9'^* eiitl of the tables for logsin.r there is insensibilityi 
Nsliilst at either eiul of the tables there is irregularitv. 
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The accompanying graph of log sin for values of .v lying between 
x = 0 and will illustiate the smallness of the diflerences when the 

angle is nearly a right angle, and the very rapidly increasing inagnitude 
of the differences as the angle decreases to zero. 

It will be seen that the geometrical meaning of Equation 3 of Art. 144, 
viz., “The Rule of Proportional Paits,” is, that the portion of tlie curve 
between the two very adjacent points whose absci.ssae are .r and j' + A, 
may in general be regarded as straight in interpolation for the value of 

f{x-\-k). 

14C. On the Value of 0 in the Equation 

f{x-^h)=f{j:) + hfX^ + Bh). 

Hitherto all that is known of B is that it is some function 


of X and h, less than unity, and positive. 

Let its expansion in powers of A he 

Aq, A^, .dg... being functions of x, to be determined. 
Then expanding both sides of tlio equation 

f(x + A) = f(x) + h/'(x + $h ) 


A2 


A-‘ ..A 


we have /r: + A/V + " + r> + ^.-/''V+ .. 

- fx + hfx + ehY'x ++• • 


a '" 

=fx + hfx + AJ,Y'x + {AJ~.r + ^ 

+ (.1 J".r. + .1I J-x + '' 

upon substituting for 0 it.s equivalent series and c<<llectinu' the 
several powers of A. 

Hence equating coefficients 

A r ■ 

\ '2 - 

A ^ f"" r f "'j' 

AJ-'x + A,AJ"'xAr^^^-- =1,^ ; etc. 

These equations give 

_ . _ / 

— /V 

J;:^x-(/yf 

n 1., .r:r , ,,./vrv-(.rv)^ 


whence 
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It appears therefore that the limiting value of Q, when h is 
indefinitely diminished is i ; that is t-o say, the point R in 
Fig. 18 is in the limit half way between the ordinates of 
P and Q. 

It should be noticed that if f(x) be a rational quadratic 
function oi x,f'"x and all higher differential coefficients vanish. 
Hence for such a function 6 = ^, and we have the equation 

f(x + h) =f{x) + hf(x + 1 ) 
as may at once be verified. 


147. The 7;th Bifi'erential Coefficient of a function of a function. 
Let 2 /=/{a) where « = 0(x*). 

Then will n r » = 

where ’*7v% = the coefficient of A” in + 

suiniuation extends to ail po.sitive integral values of 7* from 

r=l to 7* = 71. 

To prove this, suppose x increases to ; then <f>(x) becomes 
^{x4-/0 i.C; ^{x) + z where c: is written for 0(x-f /i) —^(.x) or 

.( 1 ) 

Hence/(?0 becoines/(it + s). 

Thus /■,fp{x + h))=f{u + z). 

Expanding each side by Taylor’s Theorem 

<h/. 




=/( w) + '(«) + +... + —,/"(h) + ... 

^ • 7 j • 


( 2 ) 


Substituting the series (1) fer z in the right hand member of 
equatiun fii) we obtain on e(|u:iting coefficients of/i" 

+ coefr. /i" in + 

+ coeff. /-« in + 

+ etc., 

«•. ^ TH ,75* = Ir: 

the result stated. 
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Ex. 1. Suppose and therefore 

Here —= 

We thus have to pick out the coefficie«»t of A" from the Ferii-s 

^(2x + A)7^(x2) + J^,(2.r + Ar-y"-*(.r2)+-^.(2r + /0"-V"-^<-'^) 

thus obtaining 

1 ! • • 
as inductively proved in Art. 106. 

Ex. 2. 1( u = a+bx + cjr diud Ui=b + '2cx, prove that 


djc^ 


s?i(7i — !)...(« — r + 1)«” 


{ 


, <*« , r(r- 

‘ + 1."I 

[La4;h.vs<ve.] 

Behnoulh’s Numheks. 

148. To expa7id us f \ pofccrs o f x. 

Let u=/(.iO and u'«/(0)> 

Ui«y^(.r) and ?#',«/'((>). 

It., = ' and ( 0 \ 

with a similar notation for higher dilFcrential cc^efhcients. I hen Mac* 
laurin’s Theorem gives 

X e* + 1 * , 

« = 2 = « + '-«i + 2.»:;+ - ■ ■ 

Clianging the sign of x we see that the left hand memher of this e.|iiatioii 

remains unaltered : Iience we have 

' •• 

and by subtraction 

0 — 2xu'| + 2 U3+2p,«6 + *- > 

! O. 

whence, by equating to zero the coellicients of the several powers c.f j-, 
We infer tliat v\ = ^' 3 = = ... — O, 

80 that the expansiuii contains no odd powei-s of x. 

Agaiii^ since 

We have, by ilifferentiating, 


X ^ 


+ 7/) = Wi + A + (x+ 1 )^> 

^(u-^ + 2uj + u)= 7«'2 + (x+ 2)-, 

e*(u 3 + 3W|.-f-3«/| + «/= 7 / 3 + +3) 

i'tV., 

•Thl® artifice may ofUn bo advaDtageouily ©mplojcd. 
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and putting x=:0 in these equations we obtain from the first, third, 
fifth, etc., 

Su'j + 

5u\ + \Ou'3+u'~v, 

IM g+35u j + 21u2+ti^=A, 

etc., 

giving m' = 1, U 3 =h “'4= -7V’ ««= “irV* etc. 

Hence f ^=l+i ^-1 

2r*-l ^^6 2! 3041^42 6! 3(»8!^ 

This series introduces a set of coefficients which are found of great 
importance in the higher branches of analysis. The series is frequently 
written in tlie form 

X + \ f .r . n-^ . 

2 “"I Vc'*oy ^ ^*2* ~ ^^4! ^ ~ ^ ‘ * 

and the numbers Bu By, By, ..., which are calculated above are called 
Bernoulli’s numbers, having been first discovered and used by James 
Bernoulli.* 

The coffficient.s of this expansion were investigate<l as far as the term 
rrmtaining by Rothe, aiul published in Crell^a Journal. Professor 
Adams has n-contly calculated thirty-one niore.t 

IT.). .Many important exi)ausion8 can be deiluccd from that of 

2 <f— 1 

For exampl'", -....* 1 . - r* + e -p 1 


.rcoth a- = .r——— ss.r 






rithig 1.7' fur x, i.r becomes .rcot.r, ni)d we have 

oiM 

A tan .r = cot x - 2 cot ir 

=^ - n:-'' - /} ^ R p 2v ^ 


• "T . 


EXAMPLES. 

1. }‘iih! tlio tlirce terms of expansion in powers of x of 

log(l + tan.c’). Result, x-^x^+ §x3 +... 

2. E.'Lpaiid as far .a.j ilm term containing x* (1) log(l + cosx) and 
(2) log(l + r .siiix). 

Results, '“® “ ' T ' 

[(2) x^-jx* + ... 

• Ar$ ConjccUin<fi^ p. 97. 

t Encpclopadia BriU .: In6iiitc«inial Calc. Proceedings of the British Assoc , 1877. 
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3. Prove log coa x = - - 2- - 16- - - * -- 

. .r. , x2 x-"* 11.T* x5 

4. Prove e*“''=l + ^ + T " 

1 ’^x* 

5. Prove c*“*'= 1 + x + -x^'+-- ••• 


5 


x^ 


G. Prove log^j =1-1-;. 

( Mr 5x' 25 la*^ 

7. Prove log-,log(l + xp, = "oj " g ' ' 

.r* 4x 


X- .r' .r* 4x’ J"*' 

8. Prove log(l + x + x® + x-® + ar^) * ^ j ^ ' 

9. Prove (1 +x)'= 1 + 

10. If a„ be the coefficient of x" in the expansion of ^Sin .r. sho« 

n 

that 


sin 


7i7r 


»i 


_ •» 


" 1! J! 




3! 




II. C. S, Knam ] 

11. From y = (x+^r+'i^T obtain a linear aitfermtia] e<inatioii 
with rational algebraic coefficients, anil by means of it tin.l tlir 
expansion of y in ascending powens of x. 

12. From the relation w = obtain a linear differential eipia- 

tion with rational algebraic coefficients, ami by ineuns t)f it lind tin 
expansion of y in ascending powers of j‘. IT. (. I n"i ) 

13. If tan t/ = 1 + «x + b.v\ expaiiil y in powei s of x as far as .e . 

[I. S. lAVM] 

14. If vIp, A^, etc., be the successive coefficients in tlie e.xpansion 

of y = prove 


ffl 


n + 




(1, C, .s. IaaM.J 

15. If lie three consecuti%-e terms of tl.e 

expansion of (1 - x2)*sin-‘x in powers of x, prove tliat 


7t - \ 




74 + 2 


a 


n f 


/t T w 

^so that all even terms vanish, and that the ex[)an.sion is 


1 9 2 4- 

_ t ^ __ x' — ... 

® 3 3.5 ' 


3 . .5 . 7 


fQrARTERi-Y JovhsalJ. 
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16. If 
and 

show that 


ari + 2a: = 21og(c-^ 


cfa\ 


a. 


y = + •••» 

^ • 

a,^2 + o„^i + «a„ = 0. [Oxford, 1888.] 


17. Prove /(-^ + 1') - >>) + ^/-(x) + . ■. 

18. If i9 = loga:, 

.1 . flu XT dhi . , f. Ju (log 2 )- 

prove that “ + - 5 , + 5 ^^ ^ + • • • = “ + log 2 • jg + -jg, * - 

19. Deduce from Taylor’s Theorem, by putting h = ~x^ the series 

M .m + ./■(.) - ^/-(o:) . p-(.) - etc. J 

20. Prove 

tan*^(a; + k) - tan''.c + {h sin 0) sin $ - sin 2$ 


+ 


(hsindy . (/tsin^P • ja *. 

\—_—'-sin 30- '-:—^sin 40 +etc. 


wlicre x = cot0. 

21. Verify the following deductions from Kx. 20:— 


■o 

COS-0 . 


(1) ~ 0 4- cos 0 . sin 0 +" sin 20 + sin 30 4 S2^sin 40 + ... 


- 0 


by potting A = - X = - cot 0. 

(2) ]' + sin 0 - A .sin 20+ J^sin 30 + ^sin 40 + ... 

by putting h = - J1 + x=-’ = 

Sill V 




T7 sin 0 . 1 sin 2^ 1 sin 1 sin 4^ 


+ 


. • — _ - + 


2 cos 0 2 cns-0 3 cos’0 4 cos^0 


• • • 


22. If 


.A-'') 


I • , 1 1 

l»V puttini' A - ^ x — - -_. 

“ ^ ^ sin . cos ff 


X 


[Euler*] 


/■(.c) 


he a rational fraction in which the denominator has ti 


factors, eacli ci|Ua! to r-n, and the remaining factors are x~h, 
:r - A, etc., so that F[.r) ~ (.c - n;'’</>(.r) where 

>f>{x) = {x - li){x ~ k)..., 

prove that 

-A») + 1 Zl-Ml 

F(r) (j-- ff )" (.r - 0rt^</>(rt)J 

^._A _Zi/.A«)\. . ^ 

2-’(.c-«f)" '«/<«' x-h 
(»-l)!(/«'’ ' [q[*(a){x - a)J x-A 
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23. Establish the following approximations to the length of a 
circular arc:— 

Let C be the chord of the whole arc, 

H do. half the arc, 

Q do. quarter the arc. 


(1) Arc = 


3 


nearly. 


[HfYCHKN.S. ] 


Arc = nearly. 


( 2 ) 

Examine the closeness of the approximation in each case. 

24. Find by division the first six of neriJO\illi s coefticients. 

They are 

25. Prove by continuing the differentiations in Ai t. 146 tliat 

J_+l + ... = 1, 

«+l 2 2 ! ‘ r. 

a formula from which the values of the coefticients B^... can he 
successively deduced by putting « — 2, 4, 6, etc. ( 1 >k Moivhk, ] 

26. Expand ^ in powers of 0. 

(Differeutiate expansion of cotf*. Art. 149.) 

27. Prove-^=1 +2(2- + 2(2^ - - ■ 

e 


(Use cosec 0 = cot — - cot 0 and A rt. 140,) 

28, Prove tanh . = ?!(2J^);r_, _ .... 

29. By taking the logarithmic differential of tlie expression fot 
fiin^ ill factors and comparison of the expansion of llie lesnlt with 
that of ^cot 6 (Art. 149), show that 

Jt =2(M'/l + i . -L+.- l 

(27r)-" ( 2'^ .‘f-'* I 

2(2nV 1 

wliero denotes the continued inoduct of sucli factors as 

1 ^ for all integral prime value.s of r fi om 2 to oc . 


t** 

30. Show that 


rfe«> •> 


1 8if)h a? tt ^ ^ 

® X * 2 . 2 : '* 4 . 4 ! 


n 2'*x^ 
4 /A 


"G. 0! 
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31. Expand log . and log tanx by means of Bernoulli’s num¬ 
bers. [Catalan.] 

32. Show that 

, cosh X-cos«. „a 


log 


[Math. Tripos, 1890.] 

sin(m tan''*x)(l +s^)l 

[Bertrand.] 


33. Expand sin(m tan'^xX!+ap -)2 

in powers of x. [Bertrand.] 

34. Being given the two convergent series 

y-aQ + OjX + + ... + o„af' + ... 

log y = 6o -I-... + 6„x" + ... 

prove na„ - -I- + ... + nb„a^ 

35. Prove tan-»»: = + ...| 

]+x^( Zl+x- 3.5\]-l-x-/ J 

[Frenet.] 

30. In the equation 

^x -I- h) =J\x) + hj''{x + $h), 

if 0 be expanded in powers of h, tlie first four terms will be 

sutKxes being used to denote differentiations. 

37. In tlje equation 


/(.r + A) =/(a) + A/'(x) + ... +^' /-'(X + eh) 

(n-1). 


. 1 


show that the limiting value of 0 as h is indefinitely diminished is 

38. If in a j)lane curve y =./Tx), V be the midpoint of a chord J B 
drau II parallel to the tangent at any point P (x, y), prove that when 
.Hi .approaclu's indefinitely near to tl>c tangent at P, the angle which 

/'V makes with the axis of x ai)proximates to tan"^^ 7 > - where 

7 and r are respectively the first, second and third differential 
coetheients of y wit'.i regard to x. [Oxtord, 1890.) 

Show also that the angle which PV makes with the normal is 


ultimately 




tan"*- 


r 3o 




[Oxford, ]886.] 


* lu a circle /’T’coiiicitlos with the normal Tlu6 angle therefore measures the 
<leviation of the curve from the circular K)ia]»c. Trannofi (LiouviUe, voL VI.) calls the 
angle the “tleviation.** Dr. .^almon naiiie* it the Aberrancy of Curvature” Isee 
Hiffhtr Phin€ Curves, jk SfiG), 
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Ill 


[Gregory’s Examples.] 


39. If « = «•' = 

prove that o.„ + o,., + + ^ 

40. Show that 

i ^M'og =:)’] = 1 + S;logX + |^(logaf + ... + f-"(loga)“ 

where iS’^sthe sum of the products r at a time of the first « natural 
numbers. (Mubi-ky.] 

41. If F(z) andy];z) be two functions which are continuous and 
finite, as also their differential coefficients, between the values x and 
x+h of the variable z, and if /"(z) does not vanish between these 

limits, prove that 

F(x 4 h) - F(x) _ F'(x + eh) 

,f(x + h)-J{x) /-(x+t'/O 

where $ is some positive proper fraction. (Caccuy.j 
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PARTIAL DIFFERENTIATION. 


150. Functions of several Independent Variables. 

Our attention has hitherto been confined to methods for the 
differentiation of functions of a single independent variable. 
In the present chapter we propose to discuss the case in which 
several such variables occur. Such functions are common, 
for iii.sUince, tlie area of a triangle depends upon two variables, 
viz., the base and tlie altitude; while the volume of a rec¬ 
tangular box dei)etul8 upf>n three, viz., its length, breadth, and 
depth; and it is plain that each of these variables may vary 
independently of the others. 

l.jl. Partial Differentiation. 

If a differentiation of a function of several independent 
variables be performed witli regard to any one of them just as 
if tlie others were constants, it is said to be a 'partial differen¬ 
tiation. 


The symbols . etc., are used to denote such differentia- 

tions, and the expres.sions called partial 

* CX 01/ 

dlff'ercntiid coepicienta with regard to x, y, etc., respectively, 
'I'hus if. for instance. 

n = t^y sin z. 


c^t( . 

= '?/<-*!' sin 
j.r 


_sss.re*J'sin c. 


\s e have 
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152. Analytical Meaning. 

The meanings of the differential coefficients thus formed are 
clear ; for if we denote u by /(x, y, z) the operation denoted by 

^ may be expressed as 

r. Ax + h, y. y. z) 

- 

and similarly for ^ or —■ 

These partial differential coefficients are often conveniently 
written u*, Uy, u,. 

153. Geometrical Illustration. 

It will throw additional light upon the subject of partial 

differentiation if we explain the geometrical meaning of the 

process for the case of two independent variables. 

Let PQRS be an elementary portion of the surface y) 

cut off by the four planes 

V=y, y^y + Sy] [Capital letters representing 

X=x. X = x + 6xl current co-ordinate.s], 

so that the co-ordinates of the corners P, Q, H, <S ai e 

for P X, yjix, y), 

for Q x-Pd.^, y,f(‘‘+o-c, y), 

for S x.y + oy, /(x, y + 6y), 

and for R .r-pdx, y + d.y,/(x + d.r. .V + d//) 



If PLil/iVbe a plane through P, parallel to the plane of j y. 
and cutting the ordinates of P, Q, R, R in P- respec¬ 

tively, we have 
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LQ^f(x+Sx,y)-f{x,y), 

NS = fix, y + Sy) -f{x. y), -.(1) 

MR=fix+Sx, y+Sy)-fix, y). J 

Hence the partial dififerential coefficient ^ obtained by con- 

sidering y a constant is 

= = it tan iPQ..(2) 

‘ = tangent of the angle which the tangent at F to the 

curved section PQ {^^arallel to the jdane xz) makes 
with a line drawn parallel to the axis of x. 

Similarly which is obtained on the supposition that x is 
constant 

= Lt tan . .;C3) 

= tangent of the angle, which the tangent at P to a section 
parallel to the plane of yz makes with a parallel to 
the axis of y. 

It furtlxer appears from tlie figure that 

9,, r, f(x:-\-Sx.yA-cy)-f{x,y + Sy) 

.v + o>/) = ite„o-- 


= ^'^.v.v=o 




■^tangent of the angle which the tangent at S 
to the curve SR makes with a parallel to 
the x-axis. 

Now when oy oi' PX is diminished without limit the plane 

^V,s7^^V approaches invleiinitoly near to the plane PQL, and the 

tajigcnt at S to the curve SR ultimately coincides with the 

tangent at P to the curve PQ. 

^ 0 

y+«'y)=5^./U’. y) 

and the order of proceeding to the limit when Sx and Sy 
vtih'i^h is immaterinl. 

l.'d. If the tangent plane at P to the surface cut LQ, MR, 
yS in (}', li'. S' respectively, 

LQ' = PL tun LPQ' = . o.r.(•!•) 

‘ c).C 


^ViS" = tan SPS' = ^ . Sy 

^y 


(5) 
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Also the section made on the tangent plane by the four bound¬ 
ing planes of the element is a parallelogram, and the height of 
its centre above the plane PLMN is given by isMR and also 
by which proves that 

MR^LQ' + NS‘ 

= —. (<)) 

dx dy ^ 

The expressions proved in (4), (5), and (6) are jirst ujf/troxi- 
viations to the lengths LQ. RS, and MH respectively, and 
differ from those lengths by small quantities of higher lU'der 
than PL and PN, an<l which are therefore negligible in the 
limit when 6x ami are Liken very small. The investigation 
of the total values of ZQ. NS, MR must bo postponed until we 
have investigated the extension of Taylor’s Theorem to func¬ 
tions of several variables. (Art. 175.) 


155. We m.ay state the rule established in the pre. e.liiij; uilicle (equa¬ 
tion 0) tlius: 

III the limit, the total variation iii ; 


= the vaiiiitioii due to the change in .r 
•fthe variation due to the change in y, 
supposing that as each variation is e.stim!ite<l the other <|uantity ia 
regarded as constant. 

This may be illustrated further. 

Let P be any point (co-ordin.ites r, d). Let a point travel from P to 
any contiguous po.sitinn 0 + ^B) along any path whatever. Lot .r 

andx+8cr be the abscis-sa? ofand V. Let/’ and V be so close tl.at &r, 
Or, 56 are infiiiite.simalsof the first order, so that in comparison with them 
their bquare.s, products, aiicl higher powci-s may be disregarded. 

Draw circular arcs whose centres are at the pole 0 and radii aiul OP 
cutting OP at R and OQ at (/ respectively. 


\ 

\ 



Then PP'=&r, PC/= rod, and to the first order 

P'Q[ = (r -I- 6r)661 = rod, 
chord y*'('<^=arc l‘'Q = rod. 




116 


CHAPTER VI. 


Also the angle QFO differs from a right angle by an infinitesimal of the 
first order. / 

Hence to this order the projection of P'Q on the initial line= — P'^ain 0 
= -rfi^sin 6. Also projection of P<?=algebraical sum of projections of 
PP\ P'Q. Thus we have the following equation among first order 
infinitesimals, viz.: 

=5r cos sin 6. .(1) 

It should be noticed that the projection of Pi^, viz. 8r cos 0, is the 
variation in x due to a change Sr in the value of r, 6 remaining constant; 
whilst the projection of P'Q or of P(/ is the variation in x due to an 
increase tO in the value of r remaining constant. 

Moreover, since x~ r cos 


we have 



"dx _ 


— rain^; 


so that equation (1) may be w’ritteu 





verifying equation 6 of Art. 1.'54 in this case. 


Exampi.es. 


1. If .1 =J 7 /, explain geometrically the equation 

5. I ^ 4*1 J 

by reference to the area of a rectangle whose sides x, y are allowed to 
increase to a'+oj‘, y + 5y : the increments being infinitesimals of the first 
order. 


2. If r=j'yr, show geometrically that 


ol Or+..,—5v+ -*-&. 

Cx Ojf OZ 


15C. Differentials. 


It is useful at this point to introduce a new notation, which 
will prove especially convenient from considerations of sym¬ 
metry. 

Let Px, Di/, Dz be quantities either finite or infinitesimally 
small whose ratios to one anotlier are the same as the limiting 
ratios of ox, Sy, 6z, wlieii the.se latter are ultimately diminished 
indefinitely. We sliall call the quantities thus defined the 
(liffcrentials of .c, y, z. Also, as we shall be merely^ concerned 
with the ratios of these quantities, and any equation into 
which they may’ enter will be homogeneou.s in them, it is 
unnecessary to define them further or to obtain absolute values 
for them. The student is warned again (see Art. 39) that the 
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differential coefficient is to be considered as the result of 

ax 

performing the operation represented by ^ upon y, an o{)era- 

tion described in Art. 37. The dy and dx of the symbol 

cannot therefore be separated, and have separately no meaning, 
and hence have no connection with the differentials Dx and Dy 
as defined in the present article; but at the same time we have 
by definition 

Dy : Z)j:= Limit of the ratio Sy : 8.r 


6x 


and therefore 




and ~ (which is a fraction) 

Dx 

(which is the result of the process 
of Art. 37). 

We have used a capital in the differentials Dx, Dy, Dz 
for the purpose of explanation, and to avoid any confusion 
between the notation for differentials and for tlifferential 
coefficients; but when once understooil tliere is no necessity 
for the continuance of the capital letter, an<l it is usual in the 
higher blanches of mathcmatic.s to denote the same quantities 
by dx, dy, dz. Hence we shall in future adopt this notation. 

3 57. Equation 6 of Art. 154 may now be written 

when Sx, 6y, 6z become infinitesimally small. This value of dz 
is termed the total differential of z with regard to r and y. 
The total differential of z is therefore equal to the suoi of the 
partial diferentials formed under the supposition that y and 
X are alternately constant. 


Ex. Contiicler the s^nrface 

z^iry 

'bi 


then 

wheiic<? 




2.1^ aiifl - = 
ox oy 

flz =» Zxy^tlx 4 - 2.\^ydy. 
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158. It is easy to pass from a form in which dilFerentials are 
used to the equivalent form in terms of differential coefficients. 
For instance, the equation 

dz = ^dx + 

OJC 

may be at once written 

ds_'dz dx dz dy 
dt~'bx m "by dt’ 

where t is some fourth variable in terms of which each of the 
variables x, y, z may be expressed ; for 

dz=f^.dl. dx = -^^.dt, dy=^^.dt (Art. 156). 

Similarly the equation ds- = dxr-\-dy^ 
may, by tlie same article, be written in the language of differ¬ 
ential coefficients as 




l.’O. Total Differential (Analytical). 

Ttvo iiidi‘prudent vnrhiblrm. We may investigate the total 
iliderontiul of the function y) analytically as follows : 

L<t u = <p{x,y), 


nml when x becomes x-\-h and y becomes y + h, let u become 
then n + Sn=tp(x-k-h, y-\-lr) 
and 8u. = il>{.r + h, y—y) 

^<l^{x^'h,y+Jc:)-J>{x,y+J^ k (A) 

/< k 

Anil in proceeding to the limit Avhen h becomes indefinitely 

<f>{x-k-h,y-^k)-(fi{x,y + k) 
small -,- 


becomes (by Art. 152) ^ <}, .r. y-^k), 

^ dC 
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and ultimately when k also diminishes indefinitely 

or ^ (Art. 133). 

Again 0 (a-. y-hk)- 4 >(x, y) 

at the same time becomes 

3<i(rt, y) 3u. 

- > or — - 

And lastly in the notation of differentials (Art. 15G) the 
ultimate values of the ratios 6u:h:k may be expressed as 
du'.dx: dy. Hence equation (A) becomes 

, 'dXK J , 3w , 

(/u = —c(x + ^«y. 

3x 

160. Several independent variables. 

We may readily extend this result to a function of three or 
of any number of variables. 

Let u = <p(x^,a\,X3), 

and let the increments of x^, Xg. x.,, be respectively /q, A,, /q 
and let the corresponding increment of u he du; then 

<Su = 0 (Xj + A,, Xj + A.j. .^3 +A;,>- 0 (.r,. x.y, x^) 

<^(x,+/t,. x., + Ao. x^ + I^.^) — (f^ix^. Xo + Ag. + 

, Xa + A^, X 3 + Aj) — .^ 2 , 

+-/q 

I ^*2* 0(^i» ^2> ^' 3 ) 1 . . 

-t- > «» . 

'<3 

whence on taking the limit and substituting the ratios 
du : dxi : dx^ .dx^ instead of the ultimate ratios of 6a : A, : h., : A 3 . 


wo have 


, 3u , . Su- j , 7 


Lc., the total differential of u when Xp Xj, X3, all vary is the 
sum of the partial differentials obtained under the supposition 
that when each one in turn varies the others arc constant. 

161. And in exactly the same way if 

U = 0(Xp X 2 . ...X„), 

«... u 7 T . 3»J. , . . 3u , 

we have = -p_r/x,, + 7 — r/x3+...+.r--fAr„. 

3 x, ‘ ..... 3 


3x. 


ox 


8 


dx„ 
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162. Total DifTerential Coefficient. 

If u=^(x^,x^ 

where and are known functions of a single variable x, we 

have 


dv>=^ ^-dx«, 

dx, ^ OflJ-, 


and remembering (Art. 156) that 


we obtain 


dM,=^“rfx, (U^='^dx, dx,- ^dx, 

du du I ^^2 

dx SiTj dx 'dx^ dx 


And similarly, if it — a*.,, 

where 3 ?^, ic,. .t„. are known functions of a:, we obtain 

dtt_'^ dx^ du ^2 dxn 

ilx~'dx^ * dx '^dX 2 ' dx ""dx,,' dx 

And further, if a-,, ^ 3 , iTg... . be each known functions of 
several variables a:, y. r,..., we shall have in the same way the 
series of relations 

Zu^du du ^ 2 , 

^ 9^7 ' ^ ^■»’ 2 ' dx'^"'dXr,' dx' 

“du- du Sit ^*^2 1 dXn 

■ ^.V ’ 

etc. 

163. An Important Case. 

The case in which u=<p(x, y), 
y Unny afvnctlon of x, is from its frequent occurrence worthy 
of special notice. 

<lu d<h dd> dy 

Here, hy Art. 102. + 3 y ' Sr 


Since 


<lx 

dx 


= 1 


16 4. Differentiation of an Implicit Function. 

If we have y) = 0. 

then ./»U + A,// + /.-) = 0. 

Ucncc 

<h(x+l>. >f + h-ip(x, y+l-),(/>ix, y + l.-j-^{x, y) 
L -- + 


k 

h 


= 0; 
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which, when h and k aie indefinitely diminished, becomes (as 
explained in Art. 159) 

'bx~^"by ' dx 



This is a very useful formula for the determination 



in cases in which the relation between x and y is an implicit 
one, of which the solution for y in terms of x is inconvenient or 
impossible. 


Ex. t/) s j:® + = 0 ; 


fina 


c/// 

dx 


Here 

and 


®‘^ = 3(x2-a//) 
OX 

^•^ = 30/*-ax) 

by 


dy _ 
ill- 


- o y 

y^-ax 


165. Order of Partial Differentiations Commutative. 
Suppose we have any relation 

y = yi{x, a), 

where a is a constant, and tliat by difl’erentiation we obtain 



Then since the processes of differentiation take no cognizance 
of the particular values of any of the constants involved it is 
obvious that the result of differentiating <pix, a ) wou!<l be 
Fix, a'); that is, the operation of changing a to a may be 
performed either before or after tlie differentiation, with the 
same re.sult. We may put this statement into another form, 
thus: Let Fa 1^© operative symbol such that when applieil 
to any function of a it will change a to a', i.e., such that 

FafU0=A»h 


then in operating upon the function <f>lx, a) the operations La 

and are commutative, that is. 
dx 
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Next, suppose 


2 ? = ^(a:. y). 


9 9 

The partial differential operations ^ and ^ have been defined 

to be such that when the operation with regard to either vari¬ 
able is performed the other variable is to be considered constant. 
We propose to show that these operations are commutative, 


■i.e., that 


A -2. 2 

Zx by bx' 


Let Ey denote the operation of changing y to y-^Sy in any 
function to which it is applied ; then Ey and the partial oper- 

ation - - are commutative symbols. And 
bx 


^ b4Ax, y ) _ b<i>{x, y) 

I ,1- U.- ." T w, 

= LUy = 0 - 

b Eythix, y)-<t>{x, y) 


— Afoi/s(t0 


'X 




b r. EMx^y)-<i>{x,y) 


16C. Another Proof. 

Tlio ordinate /(O, 0) of the point in which a surface y) cute the 

r-axi.-< is generally independent of the particular path traced by any point 
moving from the arbitrary position (.r, y, z) to the ultimate position 
(0, 0, f(0, 0)}. Bat in some cases this is not true, as for instance when the 
:-axi3 is a no<lal line upon the surface : e.y. thecylindroid i = 2f7.ry/(.r3+y*), 
where by putting y—wx we see that c=2a)a^(l 4- m^), depending upon »n, 
that is, the ultimate value of z i.s not independent of the direction of 
approach, and for a function of two independent variables this is an essen¬ 
tial condition of its continuity. Excluding such cases we shall have 

oj f/j, /■) = \Ji, k) — i^). 

Again, it was pointe<l out in the previous article tliat processes of 
difTercntiation take no cognizance of the mfi/csof any constants 

involved. It therefore follows that if 

z;.. »), 

h 


ay. 

h 


then will 
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that is, a may be changed to o' either before or after the limit is taken, 
with the same final result. 

Now, by definition, 

3x h 

and, since x and y are independent, we may regard y ami its increment /• 
as constants, while x is varying. Hence the value of when y + t 

is written for y, is 

r, 4>(x + h, y+t) - <p(x, y+l) 

Us.o -- 

(This has also been established geometrically in Art. 153.) 

Therefore, 

f «^(x + A,y + I-)-^(x,y+X-)_ , 4>{x-\-h,y)-4i,x,y') 

O V h h 

^y % 

7. T. 4>{x + h,y + k)~4>{x.y¥k-)-4j{x-\-h,y)-^4i{r, y) 

^ -—--• 

and as it has been established tiiat the order of (Hoceeding to the limit is 
indifferent, — y) may be slie%vn equal to the same expression. 

167. Extension of Rule. 

This rule admits; of ea.sy extension b}’ its repeated applica¬ 
tion. Thus 

2 






Also if we have more than two indepeiidetit variables, for 
instance if u = <p(x, y, z) 

80 that the order in which the differentiations are performed is 
immaterial in the final result. 

168. Notation. 

It is usual to adopt for 

(I) “• ©G4>. (DWdJ- 
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the more convenient notation 

d-u 


etc. 


dx-* 'dxdy 

and the propositions above enunciated will then be written 

__ 9-u ^ 

Zxdy 'by'dx 

'djr'dy 3,y3*r 

2 )m+n„, ^ gw+nu, 

etc. 

We shall also sometimes find it useful to further abbreviate 

, . 3-u Z-\h Zhi * . . 

the expressions 

lfi9. The formulae liere established may be easily verified in any 
|)articulHr example. 

Ex. Let «s=siQ(j^), 

then «,=y C03(.ry), 

and »/,,=cos xy - xy sin xy .(1) 

Again w,=.rcosj-y, 

and = cos xy - xy sin xy, .(2) 

ami the agreement of expressions (1) and (2) verifies for this example the 
result of Arts. 165, 166. 

170. It is convenient to use the letter p, g, r, s, f, to denote 
the partial diflerential coefficients 

5 ;-^ 9V, 

3y 'dx" 'dx'dy Zy- 

where ^ is a given function of the two variables x and y. 
Hence we have, if z = fp{x, y), 

dz^pdx-^-qdy, Art. 159; 

and to obtain ‘ 7 - from the implicit relation <b{x, y) = 0 , we have 

iix 

iy =-t 

dx q 

171. To obtain the Second Differential Coefficient of an Implicit 
Function. 

To obtain ^ wfi have only to differentiate the la^t result of 
dx- 
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the preceding article; thus, 



<lp dq 

dry _ _^dx 

dx- qi 


Now 

^= r + 8( 
dx "bx by dx V 

q) q 

and 

dx bx by dx V 

/>\ „ 
q) q 


(qr-p8\ (q8 

-pt\ 

giving 

d?y ^ 


dx^ 0 " 





Similarly etc., may 
cated. 


be found, but the results are compli- 



Examplks. 

1. If 


prove 

H X y 

and verify the formula 

bu bii 

bxby ~ bybx 

2. Verify the formula 

in each of tlie following cases : 

bx^ bybx 


(1) « = sin"''^'^* 

(3) „ = log-'- 


(4) 

3. If 

u- , 

*how tliat 

Oz^O^ 

4. If 

x—r cos Q .an<l y “ r sin 0^ 

pr<»ve 

^/x*»coH Odr - r sin OdO<t 

and 

= Hin ^</r + r cos f)d{) \ 


aaci hence that = + 

wni that xdtf — y(Lc = r^dO. 
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6. If 
prove 

6. Prove that if 


'd^u 'd^i 


'dydz ^'bzdx 3x2^* 

=^^yl=\ 


7. Show that if 


dx a'^j, dxr ay 
ar + i/”^a"', 

^=-{n.- 

8. Show that at the point of the surface 

xyf=c wliere x=y=Zy 




^xdy 


= -[xloffex}-’. 


[OirOBD, 18S9.j 


9. If there he an equation between three variables^, t, v, prove that 

x(? 

'pcoKul. \CtD/t ooii$L 


(*) .(*) x(f^) =-l 

\c(t< 9 cou*t, \ Ca t*' P \aO/t 


172. 'fo /jnd u7td -f- /)'07ii the equations 

dx dx'' 

y> 5) = 0, 

F.lx, y, 3) = 0. 

Here, as in Art. 164, 

^ 4.^.1 ^=0 

?i/ ' dx cz ’ dx 

OFj Sfo — = 0 

dx dy ' dx dz ' (hr 
Solviog these equations we obtain 

dy ^ 

dx dx 

dz ' ?x ' dy dx 

1 


• <- 

dz cx 


dF, 


~dF^ 

dy ■ ds dy 

which "ive tlie values of -M and ^■ 

dx dx 


dF^ 

dz 


Ex. Given 


and 


y = Z), 

- = F<.r,y), 

.3F,.3F, 
dy_ dx 3j dx 
dx d/.\ 'df\ 

1 * -N 


prove 
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173. Given that 

where x, y, z..., rj, and t 

form a system of independent variables, to show that 

^ 'dx 




Let 


x.^=x + it, 
yl=y+»;^ 


'dz 


so that 



etc. 

» 1 


^x, 

= 1, 


= 1, etc., 

'dx 




Zx^ 

W 


^.Vi 

dt 

=etc.. 

3£j 

= 0, 


= 0, etc. 



Zx 



then 

and 


Similarly 


and 


V—2/j, Cj,...), 

'dx "dx^ d.c c>yj 

^-dV 

3Xi* 

3F 9K , 

"x— — ^ I etc., 

3K_3K 3fi , ^ ?.Vi . _ 

'bt dx^ ’ dt 




174. Hence we have the following identity of opovatoi.'', 
viz- ^ j. 4- 

&( = ^3S + ’'3y + fsj+-- 

and as the variables are all independent and the opcrntois 

partial, (|) ^ + ,A + +...) , 

the development being made in foi'mal annloyy v'lth tl‘'' 
Multinomial Theo^ •em. 

For example, in the case of 

V={/,(x + ^t, y + >{t). 
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, „ , SF ,dV dV 

we shall have — = ^— + » —» 

dt ^ dx ?)y 

,.,-S2F ^ 

W ^ 92/2’ 

etc. 


Taylor’s Theorem. Extension. 


175. To Expand <p{x+h, y+k) in powers of h and h 
By Taylor’s Tlieorem we obtain 

i,{x+k. y+k)=:^(x+h. y)+l?j!(^y}+’^^ 3 -Xy y) + 


and expanding each term we have 

<p{x + h, y + k) = y) + /t^ + • 




• • • 




or, as it may be written symbolically, 

+ y + k) = <p{j:. + + + —^+... 


176. Since it is immaterial wliether %ve first expand with 
reganl to k and then with regard to A, or in the opposite order, 
we obtain by comparison of the coefficient of hk in the two 
results the iniportant theorem 

9-0 ^ G-0 

?a-?2/ 'dy'dx 

alreaily estiiblished in Arts. 165, IGG. 

177. Agreeably witli the notation of Art 110. we may write 
the result of Art. 175 a.s 

0(.f + h. y+k) = e*^ y) 
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178. Further Extension. Several Variables. 

The form of the general term in the preceding case and the 
further extension of Taylor’s Theorem to the expansion of a 
function of several variables is more readily investigated as 

follows: 

Let ...) 

be called F{t). Then Maclaurin’s Theorem gives 

F(() = f(0) + tF(0) + |f"(0 ) + ... + 


and by Art. IT-t 

and since the variables x, y ,are independent of t, we may 
put < = 0 either before or after the operation has been performed. 

Hence “0 

We thus obtain 


Now, putting/i = ^^ k = >}t. l = ^t .we obtain 

<p(x + /t, y-\-k, ■•■) = </>{^ , y> -■ • • •) 




179. Extension of Uaclaurin’s Theorem. 

Moreover, if we put x = 0 and y = 0, and then write x for h 
and y for k, we have an extension of Maclaarin's Theorem 
which, for two independent variables, may be written 



+ etix 


B.D.a 
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180. If we now recur to Art. 154 we see that the true value 

of MR is f{x +<5x, 2 /+ &y) -fix, y) 

showing wliat error was made in that article in taking MR' as 
au approximation to the correct value. 

The student will find no difficulty in writing down the true 
values of the lengths of LQ or KS 


Euler’s Theorems on Homogeneous Functions. 

181. If + ... = SAx‘® 2 /^, say, whei'e 

a-f-j9 = u^+/3 =... 


to show that 


'dti Za 
dx 


By differentiation we obtain 




then 


Zu . Zu 


X;^+ 2/~ ^ u'x^y ^+2 A 


c\c cy 

= 2.rl(a+/3)x«?/^ 

= n'^Ax^if^= mi. 

It is clear that this theorem can be extended to the case of 
tliree or of any number of independent variables, and that if, 

for example, u = Ax^i/^zy + Bx^^'y^ cV-f-... 

where a + /3 + y = u' + /3'+y' =... =71, 


then will 


Za Zii , Zu 

x=- + 2 /v+-^ =nu. 
ox oy Zz 


The functions thus described are called homogeneous functions 
of the degree. 

182. "We now put the same theorem in a more general form. 
Def. a homogeneous function of the degree is one u'hich 
can he 2 )ut in the fomn 

a-Z-d, ?...)• 

\X X / 
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Let 




Put 


whence 


Now, since 


^=r. - = ^. etc.. 

X X 

^x~ 'dx x- 

?r=l 31=0, etc. 

^y 

u = x^F(V, Z, 






...) + x"- 

IdF 3r 3A 

bZ 

wvu 

Sx 

'nx^~^F(2 , 


[bV’ bx'^bZ 

bx 






J bF . 

\ 

— 

-nx” ■ 


...)-x'‘- 



Zv. 

bF 

bV 


n-1^^ 





'^y 


^ ar 



Zu 


bZ 







bz 


32' 





etc. 


etc. 




Finally, multiplying by x,y,z,... respectively, and adding 

+ cj* + - -. = I”. ^. -) = 

dx oz 

183. If u be a homogeneous function of x and y of the n‘'' 

decree — will be homogeneous functions of the (n-l)’^ 
^ * "dx 'by 

degree, and applying the result of Art. 182 to these we have 

9 3\3u 

-1- 'H - ) - 

dy/dx 
d \du 


( 

( 


■dx^'^'dyJ'dx ^ 


Multiplying by x and y we have on ad.lition 




,.2 


bru 


-bx^ ■ -^^bxby ' ^ d}f~ " V 

= Ti(n— l)u. 

Similarly wo may proceed and finally by induction c.stablish 
a general theorem of similar character, hut of higher or ei , 
but it is better to adopt the method hereafter applied in Art. 

186 . 
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184. If I^ ='Ifn + 'Un-i+ ‘Mn-2"f" • ■ • "I" M2H“'U'1 +Mq, 

where t/„, «„_i,... are homogeneous functions of degrees 7i, 
71 — 1.... respectively, then 
dV^ 3F, 

= 7m„ + (7l —l)Un_i + (7l —2 )m„_2+.-'+2U2+Uj 

= 7ir—{»„_, +2 W„-2 + 3u„. 3+ ... + («-l)lti+«Mo}- 

Hence if V= 0 

.-Tz—+ y-- + ...+ u,..i + 2n„.o+...+7iuo = 0. 
dx d9/ 

185. Let •it = 0(//,»), where //„ is a homogeneous function of 
the 71*^* degree. 

Suppose we obtain from this equation 

7/„ = F(«); 

'0 + +■■■ = « 


then 


ox 


or 


or 


"div . 3 m , F(u) 

3.C ‘'3m F{u) 


0 ) 


In tlie particular case in wliicli 7i = 0 we therefore liave 

.(2) 

K.\.\mplks. 

Verify thf‘ followin'' results !>%■ difFerentiation. 

1 . L't w--.r'* + //^ + 3 .ryr. 

This is clfarly lionio'^i-nenus and of thy 3r«l ilefjree, whence 

I'll , ?u , 3h ,, 

■' T - + V-, = 3 «. 


'Z. bet 




Tl>is is a li' iiiogyncous expression of degree 5^, whence 

•?'« , dit i 
3 .r ''ey 


3 . Let 




1/ = Sin 


Llere Art. x . + =0. 


s'-r + s'y 




PARTIAL DIFFERENTIATION. 


133 


4. Let 




u = taii 


X-;/ 


Here Art. 185 gives 

5. Find which of the following functions are homogeneous, ami in cases 
of homogeneity verify Euler's Theorem of the fii'st degree : 

(a) Je-'. 

(/3) ye~ ',. 

(y) (.r-yXlogx-log//)- 


(8) sin 


x+y 


6. Given z=xr-¥y and y=j3 + .r, find the differential coefficients of tlie 

first order^ , . •, 

(1) when X is the indepeiulent variable, 

(2) when y is the independent variable. 

(3) when z is the independent variable. 

7. Given xyz = <r^, find all the differential coefficients of the first aiul 
second orders, taking x and y for independent variables. 


8. If 


prove that 


1 J'+y 

M=sm"*- 


dx ^dy 


^'x+^/y 


9. I f « « aj~ + hi/ + c." + 2/yi + 2yr.r + 2/..ry. 

show that, if it be possible to find values of .r. y, ; which vill simultane¬ 
ously satisfy ^ _ 

Tx'T>r'^:~ ' 

I «> ^'.!7 

then will ; h, h, / =0. 

I y, t 

10. If « be a homogeneous function of the «*'■ .legree of any n.n.d.er of 

variables, prove tliat ^ 

11. If u = ^x, y) and >^(.r, y)=»0, prove that 

dn 


dx 




12. If « be a homogeneous function of the »“■ <lfgree in x, y, z, and if 
u=/(A', r,;^ where A', }',/arc the fir.st .lifferential coelHcicnts of a with 

regard to x,y, z respectively, prove that 

.y'^f .y'^f _,, 

A ' g M-1 ■ [Oxroius lajii).] 

13. If d denote the operator 

X +y.-.-+ • 

O.r fy 

and u be a homogeneous function of n rliinensions in the v.iriable.s x, y, i,... 
show that 0(d- l)(d- 2 )....'C-r)log«=(- ir«.r: (O^kobo. 1888.J 
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186. General Proof of Enier's Theorems. 

We now proceed to give a more complete investigation of 
Euler’s results. 

Let u = (f>{x, y,z...') he any function expressible in the form 

““■Kl’ x' ■■■)■ 

It is observable that if y-hyt, be written instead 

of X, y, z ,... in any such function we obtain the result 

^{x -hxt,y + yt ,...) = a:"(l + • • -) 

= (l-ht)^u; 

so that the effect is simply that of multiplying the original 
function by (l+<)". 

Now, let denote the symbol of operation obtained by 
expanding {xX-\-yY-\-zZ'\-...y' by the Multinomial Theorem, 

^ ^ ^ 

and after expansion writing —, ,... in place of X, Y, Z, 

OX Oy oz 

etc.; then we have, upon expansion of each side of the above 
equality, 

^ ... -f-— 

^ {1 + nf +... 

And on equating coefficients of like powers of t 

= 1} 

V„u=v(n — l)it, 

='/)(}? — 1X?! — 2)«, 
etc. 

VrU=: n(v. — 1). ..(71 — r4- l)it. 

187. Wlien there are two independent variables x and y, 
these become 


Bu . du 


.32h. 


.o 
0“« 




etc.; 
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and for the case of three independent variables 


3u. . du. . 9w. 

+ -=71M. 

9® •'3?/ 

.3^ ^3^ . .>3^« 


3-w 


X 


+ 2 / 


3x2 ' ^ 9^2+-“93-i + “2/^Sy33“^‘'‘'‘"333x ' “*^^3x3y 

=:n(n— l)u, 
etc. 

188. It may be observed that although the expressions 

are identical, care must be taken to distinguish between 

,32j». 3*11 , „32 m 

(^a+^'a|) ”■ 

It is apparent that the latter 

/ 3 3 N/ , 3u\ 


^ 32it , - Tihi 
+ 22X:^^+2xy 




■'■ ’"+'»sa 




/ . C 

3 .t 2 '^'^ 3 .c ■ 

( o-\i , 3« , o3''//\ 

32m, 32 ,t .,32« 3it , 

=+-"ax+" a,v' 

and therefore ditfers from the former expression by the addition 
of the two terms 

3m. 3»4 

"ax’ 

180. Laplace's Equation. 

The operator .5, + ^ . + ^ •« ( = P*^3’s a funtlamental part 

‘ 3x^ 3//- 03- 

in the Higher Pliysical Analysis. 

The ec^uation = 0 is culled Laplace’s etjuatioii; and any 
homogeneous function of x, y. z which satisfies it is called u 
Spherical Harmonic.* 

It is customary to denote x^ + y--\-Z’ by r-. 

* Bcc Tbotnton and T&it» 7rt<iliBeoix JVVifurri^ vol. J., [k 171. 

LapUc«p SficanUiue CelttU, bk. II. 
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Ex. 1. Let 
Then 


r^r". 

"dr X 


and we )iave 


and 


Similarly, 


- 2)r”‘V+mr"-^ 
ox* 


3*1' 

a? 


=ni(w- 2)r"“*y*+wir”“*, 
=7n(in - 2)r"“*z®+»nr"~’. 


.•. by addition, ^*r=«i(w-2)r”-*+3?Rr~"® 

or V2r"s*7n(M + l)r”*-2. 

Since this expression vanishes when -1, it appears that ^ is a 
spherical harmonic of degree - 1. ** 

Ex. 2. If r„ be a spherical harmonic of degree «, then will Vjr^*^ be 
a spljcrical harmonic of degree —1. 

Let «=r„/r"*'. 

with similar expressions for 2-“ and 

Otf- Oi* 

Adding these together, 

J., - 2(2-. +1) .!.3(4x + + -^■) + 2>.(2» +1) 1'^,. 

Hence, remembering that 

we have = 

Ex. 3. Show that each of the functions 

la,,-'.?, /i„, 'logl-t* 

satisfies I>aplace’« equation. 

Ex. 4. If n and h' l>e function.s of .r, »/,each satisfying y^r=0, 
prove that V'(«»’)= 2:»,w’, + u,u\ + u,u',). 

190. Conjugate Functions. 

Wlten two real fu net ions u and v of x and y are deBned by 

the equation u +s/+ —ly) they are said to be 
conjugate. 


Then 


•jJn+S’ 


V5+j 


anil 

We have 
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Differentiating, we have 

|;=/v+ 

dx ox 

^ - 1 = n / - 1 fix + J- 1 y). 


Zu 


'^y 

ZV /—r-dlA Zl 


5 jf+V=n'®‘'=V=i 

A A A I t 


^y 


Whence 


and 


Again differentiating. 


^y 

Zu _Zv 

Zu _ _9i' 
Zy Zx 
3hi 3-f 


Zx 


Zx 


.( 1 ) 

.( 2 ) 


and 


whence 


Zx- ZxZy 
Zy- ZyZx 
• Zy^- \ 

^^ = 4 . 

Zx^^Zif ) 


-(•^) 


and similarly 

Ex. 1. If n+ s' — Iv be a homogeneous function of .»*, .v, s, of degree 
p + s' - 1^, then 

(Thom.son an‘1>Tait, iVfiOirti/ Phifosophy.] 

Ex 2. If u and (i be conjugate ftinctiona of a aii.I b, whilat o aii.l h are 
conjugate functions of xan.l y, prove that a and ft are conjugate funotmus 
of a: and y. [Maxwkli.. AV.r(,-.e,fy. ] 

Ex. 3. If the equation = n be satisfie<I ^vhen V is a given 

function of x, y, it will also be satisfied when 1' is the same fuiietioi, of o 
and 6, where a*log s'x^+.y' /> = tan 'y [Matic. Truis)s.j 


EXAMPLES. 


1. Verify the formula ^4= 


77 

(a) M=sin'- * 
' ' X 


{ft) ««log{.rt!in'‘V-r’ + y-;. 
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2. Find ^ (a) if aa;2+2/w:y + 6y^=l, 

dx 

(/S) if ar* + = Sahn/. 

(7) if (cos a:)' = (sin y)^ 

(S) if y* + a:'= (a: + y)*** 

(c) if a:*”. y* = a3*“' f-y'***. 

3. If u = sin"^- + tau"*^, show that a^ + y—= 0. 

y X ^ oy 

4. If u, y, z be functions of x such that 


prove that 




5. If u and v be both functions of the same function of x and y, 

.1 . du dv Zti dv j xu . 9 / dy\ 9 / 3u\ 
prove that g- • 3-=5^ • gj. and that = 

^ tr 

6. If r), M=/,(x, y), v=/^(x, y), show how to find in 


, » dV , 3r 

terms of _ - and —— 




3x 


Ex. Given u = X‘ ■¥ y-, u = 2xy, show that 

3r ,,i3r 

3.C 9y 3u 

7. Verify Euler’s Theorem 


for the functions 


3u . 3u 
(«) w = 

V-c + y/ 
s/y + .Vx 


8. If u = <#.(y-fnx) + ^(y-nx), prove 

ar- 0^2 

y. I f H = prove + y2,^ = 0. 


'dx'dy 


,3'w 

9? 


’ “ 3ei2;i^r)+^'^(!)+K9' P™™ “““ 


X-!: + 2.ty^ + y&l = (a? + «=)"• 


oCJ-U 

X* -^- 


1 1. If7{x, y) - 0, ^(.r, z) = 0, show that 

^ ^ _ (/y _ 3/' 3^ 
3r 3y rfs 3x 3s 
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12. Find — in terms of y and z from the equations; 

dz 

a sin .r + 6 sin y = c. 

a cosx + 6 cos 2 ** c. [I. C. S. Exa.mO 

13. If + ia-xy = 0, show that 

/„3 + a2j:)3^ = 2o2a,y(xV + 3a^). 
ax^ 

92 , 9*x 


when the variables are connected by the two equations 





5 + ^ + : = 1 . [H. c. s. Kxam.] 

a 0 c 


. 'du 3m 3m . 

15. If w = ^(x ^ y, y 2 - x), prove s?— + r- + =:- * 0. 


16. lfw = 


^2 -*2 

y» « 

1.1.1 


9x c?y 92 
9u 9u 9 m ^ 

^ 9y ^ 9r ^• 


17. If M = cosec 




show that 


X- 


^2 


+ 2 x 1 / 


xi + 

"dhi , ^_292u_tanM/13^ t.ati-M^^ 

12 \12 12 / 


18. Find the value of the expression —2 + ~ 

a2jr + bhf- - c222 = 0. 

19. If 7 = ^x2 + 2fixi/+Cy2, prove 

y^7\2 _ 327 _ ^iiy 

V 9x / c>y2 3x 9y 9x0y \'dy) 

20. If 7=(1 - 2 xi/ + y2)-i, prove that 


when 


(I. C. S. Exam.] 


^=8 (VC-.8=). 

OX- 


Also that 


97 97 

x^ - y~ - = y-^ ‘- 
3x 3y 

ar 


)-■ 

21. If ^+1'“ + ?!= 1, and ^x + wjy + n 2 = 0, prove that 

a2 6* <;2 

dy 


dx 


dz 


7iy viZ iz 7ix inx ly 
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a:(&- - c^) y{<^ - “-) 

dx dy dz 


23. If 


X‘ 


y- 


nr 


= 1, prove that 


rt- + M 6” + M c- + tt 

14^2 + «^2 + „ 2 _ 2(0^, + yw, + 5M,)- [Oxford, 1888.] 

24. If s and m be functions of x and y defined by 

= x2{y- - xi% {= - 

"dz Zz 

prove that ^ [Bertrand.] 

25. If Pdx + Qdy be a perfect differential of some function of x, y, 

, ZP ZQ 

prove that ^"Zx 

26. If Pdx Qdy + Rdz can be made a perfect differential of some 
function of x, »/, c l>v multiplyini' each tenn by a common factor, 

3 


27 


. If C = - 1){.Ay +1*-) prove that 

/32r Z^z\ Jdz 


(^z _ = 2 ’^ 

Vc^j;- Zy'J 


[Oxford, 1889.] 


28. If / be any function of X and 1' where A' and Y are defined 
by the etiuations A'= </>{.<•, y), )'=i^(x, y), prove that 

1 ?"-/ vva., 

vi\n\ “‘via! 3A^0J’’ 

whore f'r., is the coefficient of in 

{</)(.t: + A, y + k) - ij>(x, y)Y{4'{x + h, y + A') - ^(x, y)}". 

[Math. Tripos, 1888.] 

29. If u he a homo^oncous and symmetrical function of x and y of 
71 dimensions, and if its cxpandetl form is 2 (?^’’y”“', prove that 

-{(2r-«)<?,} =0. [Gregory’s Examples.] 

30. If/(xp x.„ .T 3 ... x„) be any liomogeneous function which 
becomes /'(A'j, A.^ ... A'„) by any linear substitution for the variables 
Xj, .r„ ... in terms of A'j, A'.. ... and if Xj', aV, x.,' ... ; A'/, AV, A^' ... 
be simultaneous values of tlie two systems, prove that 

■*■,'.4, + ■'■..'y,, + .'jy,. ^ A j / + A'„ /j. + Ag + ■■■ 


APPLICATIONS TO PLANE CURVES. 




CHAPTER VIL 

TANGENTS AND NORMALS 


191. Equation of TANGENT. 

It was shown in Art. 36 that the equation of the tangent at 
the point (x, y) on the curve y=f{x) is 

..O' 

X and Y being the current co-ordinate.s of any point on llie 
tangent. 

Suppose the equation of the curve to he given in the iurm 
f{x, y) = 0. 

It is shown in Art. 104 that 

dy ^ _ 2? 

Substituting this expression for in (1) we obtain 

or (X-x)®/+(l'-,y)®:', = 0.<2) 


for the equation of the tangent. 

192. SimpliBcation for Algebraic Curves. 

fix, y) be an algebraic function of x and y of degree ii, 
suppose it made Junnoyciieous in x, y, (ind z by tUc iiifiodu<.tton 

of a proper power of the linear unit z wherever nece.ssary. 

I *43 
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Call the function thus altered fix, y, z). Then fix, y, z) is a 
homogeneous algebraic function of the degree; hence we 
have by Euler’s Theorem (Art. 181) 

by virtue of the equation to the curve. 

Adding this to equation (2), the equation of the tangent 

takes the form = 0.(3) 

dx dy az 

where the 0 is to be put = 1 after the differentiations have 
been performed. 

Ex. J{.r,y) = x*-^a-Ti/ + if^y + c* = 0. 

T)‘e equation, when made homogeneous in J:,y, shy the introduction of a 

'proper poieer oj Zy \s 

f{x, y, c) 2 a-* + + c*;'* =*0, 

and ^ = 4j:^ + a‘^c-, 

Ox 

5^ = a2«2+ 63.-3. 

2a=J7/J + 36^3^ 

Substitutiuf' theae in K<juation 3,and putting s=l,we have for the equa¬ 
tion of the tangent to the curve at the j>oint (j-, y) 

A'(4.r'' + a^y)+ J'(t/V+6>) + 2d^xy + 2b^y + 4c«« 0. 

Witli very little ]tractice the introduction of the z can be 
perfonned 'numtnUy. It i.s generally more advantageous to 
use equation (3) than equation (2), becjiuse (3) gives the result 
in Its shuplcstfonn, whereas if (2) be used it is often necessary 
to retluce by substitutions from the equation of the curve. 

193. Application to General Rational Algebraic Curve. 

If the equation of the cui’ve be written in the form 

fix, 2/) = w„-|-u„_i-f ••• + ”2+ + *<o = C 

(where n,. represents tlie smn of all the terms of the degree), 
then when made homogeneous by the introduction where neces¬ 
sary of a proper power of c we shall have 

f\x, y, z) = Un-i-u„.i: + u„. c-+... 

+ (ii — 2 )(( 2 r”- 3 +f»- 


and 




tangents and normals. 


14.*) 


and therefore substituting in (3) and putting c=l. the equa¬ 


tion of the tangent is 

X^/+r|^+Wn-l + 2Wn-2 + 3u„_3+.-- 

ox ou ... 

+ (71 - 2)u., 4- (w - l)u^ 4- nuo = 0. (4) 

194. NORMAL. 

Def. The noi'vial at any point of a curve is a straight tine 
through that i^oint and perpendicular to the tangent to tht 

curve at that point. ^ 

Let the axes be assumed recUngular. The eq\jation ot the 

normal may then be at once written down. For if the eciua- 
tion of the curve be y 

the tangent at (x, y) is 


iLe 


and the normal is therefore 


An 


{X-x) + {Y^y)-^ = 0. 

If the equation of the curve be given in the form 

f{x, 2 /) = 0, 

the equation of tlie tangent is 
and therefore that of tlie normal is 

X-x_y-y 

■df 3/ ■ 

Zx Zy 


•» ..'1 


Ex. 1. Consider the ellipse 

Thi« requires i.i the last tei iu to make a I.omogeneous equation in x, 
y, and t. We have then 

A+yi-z^^O. 

a* 

Hence the equation of the tangont im 

a* o 

where * is to be put = 1. Ileuce we get 


and therefore 


= 1 for the tangent, 

b‘ 

A }_~.y for the normal. 

X ;/ 


B.D.C. 
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Ex. 2. Take the general equation of a conic 

or*+2 Aty++2^ + c=0. 

When made homogeneous this becomes 

oj? +2Ary + 6^*++ ^fyz +ca*=0. 

Tlie equation of the tangent is therefore 

A'(aj-+ hy ) + r(Ax +hy +f)+gx +fy +c=0, 

and that of the normal is 

X-x r-y 

(ts+hy-^g Ar+6y+/ 

Ex. 3. Consider the curve *^*=logaec— 

o a 

Then ^V = tan^, 

dir a 


and tlie ctinations of the tangent and normal are respectively 


X, 


}'-y=tan (A*-a-). 


a 


and (r-y)tan^+(A'-j:)=0. 

195. lifix, 2 /) = 0 and F{x, 2 /) = 0 be two curves intersecting 
at the point x, y, their respective tangents at that point are 

x/,+ i7;+^/,=o 

and XF^+YFy-\-ZF,^Q. 

{Z is often written for c for the sake of symmetry.) 

The angle at which these lines cut is 

tan - 

f.F.+fyt\ 

Hence if the curves touch fx Fj—j\IFy‘, 
and if they cut orthogonally, fiF;f-^fyFy = ^. 


Ex. If + the curves given by ^ = constant, and by 

■»; = c<'nrttant, fonn two families .such that each member of the first set cuts 
orthogonally each nicmber of the second. 


For by Art. 190, 


whence 


c<.r-?y 




Sr c’T cy 



which is the condition that the tangents at the points of intersection 
should include a right angle. 
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196. If the form of a curve be given by the equations 

x = 4>{t\ y = yl^{t), 


the tangent at the point determined hy the third variable t 
by Equation 1, Art. 191, 





or I>'(0 = ^'W(0-V'('¥(0- 

Similarly by Art, 194 the corresponding normai is 

X4,\t) + Yxl^Xt) = ■#>(O0'(O + 'I'W'I'V)- 


Examples. 


1. Find tl>e equations of the taugeiUs ami normals at the point (.r. •/'} 
on each of the following curves :— 

(1) = (5) x2.v + .ry-n3 

(2) y = 4aj-. (6) e»»siu.r. 

(3) xtj = lr. O) .r"-3a.ry+y = 0. 

(4) y = ccoshf- (8) + = 

c 

2. Write down the equations of the Ungenta and normals to the curve 
3 >(a^ + a*) = ar2at the points where 

S 

3. Prove that ^+1^^ toudies the curve y at the point where the 

curve crosses the axis of y. 

4. Find where the tangent is pai-allel to the axis of .r end where it is 
perpendicular to that axis for the following cur .’es : 

(a) ax* + 2Axy+ 6^^= 1. 


(/3)y*'"- 




ax 

(?) y’ = J^:2«--r)- 

5. Find the tangent and normal at the point determined hy 0 on 

(o)Theenipse x^acos^l 

y^b sin 6} 

(/3) The cycloid x = a(0+siii 

y<=rt(l -cos 6)} 

fy) The epicycloid x = A cos tj — B cos 

y = A sin 0 - B sin j 
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R. If pa=j:coaa+y sin a touch the curve 

6 " ’ 
m 

prove that p"-f=(acosa)”*-*+(63ino)""’. 

Hence write down the polar equation of the locus of the foot of the 
perpendicular from the origin on the tangent to this curve. 

Examine the cases of an ellipse and of a rectaugular hyperbola. 

7. Find the condition that the conics aa:^ + iy-=l, = l shall 

cut orthogonally. 

8. Prove that, if the axes be oblique and inclined at an angle w, the 
equation of the normal to ^=/‘(x) at (x, y) is 



1). Show that the parabolas x*=ay and y*=2ar intersect upon the 
Folium of Descartes s^+y^=3aTy ; and find the angles between each pair 
at the points of intersection. 

197. Tangents at the Origin. 

It will be shown hy a general method in a subsequent article 
(291) that in the case in which a curve, whose equation is 
given in the rational algebraic form, passes through the origin, 
the equation of the tangent or tangents at that point can be at 
once written down by inspection; the rule being to equate to 
zero the ferns of lowest degree in the equation of the curve. 

Ex. In the curve x*+y- + cur+iy = 0, ax+6y = 0 is the equatiou of the 
tangent at the origin ; and in the curve x*-,v*=0 is 

tlic equation of a ])air of tangents at the origin. 

it is easy to deduce this result from the equation of the tangent 
establi.4>ed in Chapter II. Tliat equation is 

where m=^- 
' ax 

At the origin this becomes l’as;/i.V, 

wliere the limiting value or value;? of are to be found. 

Let the equation of the curve be arranged in homogeneous sets of 
terms, and suppose the lowest set to be of the r”* degree. The equation 

may be written + + 

Dividing by .r', and putting y—mx, and then x=0 ami y—0, the above 
reduces to the form 

an equatiou which has r roots giving the directions in which the sevenil 
branches of the curve pass through the origin. If wq, ms ,... njr be the 
roots, the equations of the several tangents are 

ya:)«jx, y==jji»r, ...y = m,x. 
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Tljese are all coiitaiiie<l in the one equation 

/,(■?) = 0 ; 

and this is the result obtained by etjiuitiug to zero the terms of hoerst 
degree " in the equation of the curve, thus proving the rule. 

Ex. Find the equations of the tangents at the origin in the follow ing 
curves:— (a) = 

( 7 ) = 


Geometkical Results. 


108. Cartesians. Intercepts. 

From the equation F—y =^(A'—.r) 

it is clear that the intercepts which tlie tangent cuts off from 
the axes of x and y are respectively 

7 / , (I y 

dx 

for these are respectively the values of A’ when 1=0 and of 
Y when Xs=0. 



Let PN, PT. PG be the ordinate, tangent, and normal to 
the curve, and let PT make an angle \fr with the axis of x; 

then tan = Let the tangent cut the axis of y in /, and 

C4w 


let OY, 0 y'j he perpendiculars from 0, the origin, on the tan¬ 
gent and normal. Then the above values of the intercepts are 
also obvious from the figure. 
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199. Snbtangent, etc. 

Def. The line TN" is called the suhtaTigent and the line NG 
is called the subnormal. 

From the figure 

V 

Sv.htangent= T2^ = y cot ^ — 

dx 

Subnormal = = y tan i/r = 


Tormfli = PG = y sec = 



8 


Tangent = TP = y cosec ^ = y —= V 




tan i/r 


dx 


0Y^=0t cos i/r= 


dy 

s/l+tan®^ 


dy 



0]'j = 0Gcos^= 


ON-^^NG 


dy 


These and other results may of course also be obtained 
analogically from the equation of the tangent. 

Thus if the equation of the curve be given in the form 

fix. y) = 0 

the tangent X + Yfy -i-Zf = 0 

makes intercepts —fzfx and —fz[fy upon the co-ordinate axes, 
and the perpendicular from the origin upon the tangent is 

and indeed, anj' lengths or angles desired may be written down 
by the ordinary methods and formulae of analytical geometry. 

Ex. 1. For the choinette v = «:‘cosh^. we have yi = 8inh-, 

c c 


Hence 


8ubtan<rcnt= •^=fcothi’j 
yi e 

subnormal =yyj = c8inh‘fcosh‘^» 

c c 


=y etc. 




normal 
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Ex. 2. In the general equation 

+(a^++ (6o+V+^ 
dhow that if for a given abscissa each ordinate be clivicled by the 
corresponding subtangent the algebraic sum of the resulting quotients 
is constant. 

If yj, 1 / 3 , ... be the several ordinates and ... the several .<»ub- 

tangents, -yr—+ 


hence, differentiating 
and 



it 



200. Values of etc. 

Let P, Q be contiguous points on a curve. Let the co¬ 
ordinates of P be (j.*, y) and of Q (x + 5.r, y + Sy). Then the 



perpendicular PR = 6x, and RQ-oy. Let the arc AP measured 
from some fixed point A on the curve be called 8 and the arc 
= s + Then arc PQ = o8. When Q travels along the 

curve 80 as to come indefinitely near to P, the arc PQ and the 
chord PQ ultimately differ by a small quantity of higher order 
than the arc PQ itself (Art. 34-). 

Hence, rejecting infinite-simals of order higher than the 
second, we have 


582_((jbord PQ)’ = {ox^-\-oy'), 


1 





or 
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Similarly 




1 + 


2lt\ 

Sx-)' 


and in the same manner 

(IT--©- 

If yjr be the angle which the tangent makes with the axis of 
X we have as in Art. 37, 

tan — > 


, , , r, PR j, PR _rM_dx 

aud also cos i. = ~ ds’ 


and 


• , r, W -Tf -Tf^y-^y 

^^chordPQ” iU-ci^iS ^ Ss iis 


Ex.vmplks. 

1. Fiml the leiiyth of the iicvpemlicular from the origin o>i the tangent 
at the point .r, y of the curve .r-*+j/*=ct 

2. Show that iu tlie curve the subtangent is of constant length. 

3. Show that iu the cuiwe 6/r=(.r+f<y square of the subtangent 
varies as the subnormal. 

4. Ft>r the pambola >i’ = Aiu\ prove 


M 3 

5. Prove tliat for tliv ellipse x = *7 ^\u <j>y 

* y#^ h* 


(>. For the rveloiii 


rove 


7. In tl>e curve 


‘ b-i ’ 

‘I* =a - Ain'</). 

<ief> 

.»• = (£ vers ^ ) 

,/ = ,»(<? +sin 

,lx '■ 


V = u I off sec » 

• ® a 


prove 


(h X (is X 1 • 

-.. =:sec I *, = cosec aiul x=aY, 

ax o if V a 


8. Shi»w tliHl tlie portion of tlie tanjjent to tlic curve 


? 1 ^ 
.i*-* 


Nvilicli is iiitcri‘Cpte«l between tlie axes, is of c<»nstuut length. 

Fiml the area of the triangle formed by the axes and the tangent* 
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9. Find for what value of u the k-ngth of the suhiiornial of the curve 
^n_g.i+i jg constant. Also for what value of n the area of the triangle 
included between the axes and any tangent is constant. 

10. Prove that for the catenary or chainette ys=ccosh‘^ the length of 


the perpendicular from the foot of the ordinate on the tangent is of con¬ 
stant length. 

11. In the tractorv 


.»•= -Jtr — V* + ^ lo 

•' o 


n 


c - C- - V“ 


<•+ SC““//‘ 

prove that the jiortion of the tangent intercepted between the point of 
contact and the axis of .r is of constant length. 


201. Polar Co-ordinates. 

If the equation of the curve be referred to polar co-ordinates, 
suppose 0 to bo the pole and Q two contij^uous points on 
the curve. Let the co-ordinates of P an<l Q be (r, d) and 
(r + 8r, 6 + 66} respectively. Let PN be the perpendicular on 
OQ, then NQ differs from Sr and NP from rd0 h'J small quan¬ 
tities of a higher order than 66 (Art. 31). 

\ 



Let the arc measured from some fixed point A to P bo called 
«.andfrom A to Q.s + ds. Then arc 7^0 = eX Hence, rejecting 
infinitesimals of order bigber than the .second, we hnv<- 

= (ehord PQT- = + /'-V'’) = ^ 

and therefore 

©■+.-C3’=-'©'=-0™)’ 

according as we divide by Ss'^, or-, or S6~ belorc proceeding to 

the limit. 
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202. Inclination of the Radins Vector to the Tangent. 

Next, let be the angle which the tangent at any point P 

makes with the radius vector, then 

. dQ dr . rdd 

tan^ = r^,, cos0 = -^^, sin^ = ^. 


For, with the figure of the preceding article, since, when Q has 
moved along the curve so near to P that Q and P may be con¬ 
sidered as ultimately coincident, QP becomes the tangent at P 
and the angles OQT and OPT are each of them ultimately 
equal to and 


tan <f> = Lt tan jVQP =. 
cos <l> — Lt cos NQP =. 
sin = sin NQP = Lt 


II 

' dd. 

=5 ?*- > 



QN 6r 

dr 



. m _ 

II 


dr 

• 

chord QP 

arc QP 


ds ’ 

NP 

Lt - 


rd$ 

chord QP 

arc OP 

S3 

dM 


Ex. Fimi the angle «/* in the case of the curve r’’=«’'8ec(n0+o), and 
prove tiiat tins curve is intersected hy the curve j'" = 6"sec(«^+j0)at an 
angle which is iii<IepL-ndent of a and b, [L C. S., 1886.] 

Taking tl»e logaritlnnic difrfrf*ntial, 

r au 
^ • 

hence " — u. 

2 ^ 

In a siniilnr maiiin r fur the second curve 

l-4^'=^ne+(S, 

'// being thn angle wluch the radius vector makes with the tangent to the 
second curve, llctice tin* angle between the tangents at the point of 
intersection is n ^ (i. 


20n. Polar Subtangent, Subnormal, etc. 

L'd OV be tlu; perpendicular from the origin on the 
tangviit at P. Let TOt be drawn through 0 perpendicular to 
OP and cutting the tangent in T and the normal in t. Then 
OT is (.-alied the Polar Hubta'ngent" and Ot is called the 
" P>'!{ir 

It ivs clear that 0r= OP tan A = .(1) 

dr 

Ot = OPcot<p = ^ 

ilQ 


and that 


( 2 ) 
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ordinates to write i for r, and therefore -1, for With 

this notation, Polar Subtangent = 

Ex. In the conic /u*l+ecosd 

we have 1= -e sin ■ 

Thus the length of the polar subtangent is f esin 6. 

Also, from the figure, the angular co-ordinate of its extremity is 6 - ‘y 

Hence the co-ordinates of 7\ri, 0i) satisfy the equation 

ri = fV8in^^ +0iy 

The locus of the extremity is therefore 

lii~c cos 0 ; 

that is, the directrix corresiwnding to that focus which is taken as origin. 

205. Perpendicular from Pole on Tangent, etc. 

Let Or=p and PY=t 
Then p = rsu\^, 

and therefore 

i.-l-'®’. 


therefore 


3>‘ 


= u^-f 


r’WO/ 


Similarly 

therefore 


\ddJ 

i = r cos (p 

l=isecV=l(l + t“’"V) 

i- ^ r- 


(2) 
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therefore 



Ex. In the spiral 
we have 
whence 


r = a- 


er- 


a« = l - 6~% 


and therefore, squaring and adding, 


<1 




Thus, corresponding to 0=^1, we liave 


(I- 


a 


= 4 and ±- 

•* V 


Examples. 


1. In tlie equiangular spiral prove 

dr j 

-- = cosa and 2 )«rsina. 

ds 

2. For the involute of a circle, viz., 

/ >> ’t 

A vr“ —«• i(i 

-C09*^-i 


a 


prove 


j 

cos 

r 

2<r 


3. Tn the pamhola “ «1 --cos^, prove the following results:- 

r 

(<i) </, = Tr-f- 


{(i) 


tt 


Sin L 


(y) ;>5 = ar. 

(rt) Pulur subtangent * 2a cosec 6 . 
4. For tlio eaiilioiile r = (i(l -cos0), prove 

{«) = y 

(/i) ;j*2'rain3^- 


(y> r= 


2'I 


• 

Sin’- 
2 


(d) I’olar 8ubtiuigvnt = 2<i— 


cos ^ 
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206, Polar Equation of the Tangent. 

Let the polar co-ordinates of the point of contact be (^^j, , 

and let U' be the value of ^ for the curve at that point. 

ad 

The equation of any straight line may be written in the 


form U = ,d cos(0-a) + i?sin(0-a).(1) 

A and B being the arbitrary constants. Let this straight line 
represent the required tangent. 

By differentiation 

~A sin(0-a) + Bcos(0-a).(-) 

dd 

Now, since the tangent touches the curve, the \alue of 


at the point of contact is the same for the curve and for the 
tangent. Hence, putting 6 = a in equations (1) and (2). we 

have U=A and U' = B, 

whence the required equation will be 

u= U cos(0 — a)+ f/^sin(6 —a). 

207. Polar Equation of the Normal. 

The equation of any straight line at right angles to the 
tangent given by equation (3) of the preceding article may be 
written in the form 

Cw.= f7'cos(0-a)- V sin(0-a). 

C being an arbitrary constant. 

This e(iuation b to be satisfied by u=U,Q = a fur the point 
of contact of the tangent; therefore substituting we have 

CU=U\ 

whence the required equation of the normal is 

= L^'co.s(f)— It )— t.^sin(0 a). 

Ex. Find the polar equation of the normal at the Jiuiut on the 

cardioide r«a(l -Hcos ^), and show that three iioru>als can be drawn from a 

giveu point to a cardioide. 


Here 


— a sill 0, 

dd 
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V • „ 

_j=a8m 2a, 


Hence 


and 



sin 2a 
l+cos2o 


=tan o. 


Hence the equation becomes 

a sin 2a .«=tan a cos(^ - 2a) - sin(0 - 2a), 


or r 8in(3a-0=^8in 3a+8in a). (1) 

If we write x and y for r cos B and t sin B and t for tan a, this may be 
written (3i - - (1 - 3tS),v = |{(3t - 1 ^) + I +0). 

or r\r-3t^y + t(2a-3x)+3/=0,.(2) 

giving a cubic to determine the values of tan a corresponding to the three 
normals which pass through a given point (x, y). 


208. Class of a Curve of the degree. 

Dep. The number of tangents which can he drawn from a 
given point to a rational algebraic curve is called its class. 

Let the equation of the curve be f(x, g) = 0. The equation 
of tlie tangent at the point (x, y) is 


vdf ,.df , df 
dx dg 2z 



where z is to be put equal to unity after the differentiation is 
performed. If this pass through the point h, k we have 


I'df . ,-df 3 / 
h-J- 4-A-/ + c_-'- = 
d.c Zy 3v 



This is an equation of the ()i —1)*'' degree in x and y and 
represents a curve of the (n— 1)*** degree passing through the 
points of conti'd of the tangents drawn from the point {k, k) to 
the curveX. j/) = 0. These two curves have ‘?j(n — l) points 
of interseetion, and therefore there are in general ?i('n—1) 
points of contact corresponding to n{n—\) tangents, real or 
imaginary, which can be drawn from a given point to a curve 
of the degree.* 

It ujtpcar.s then that if the degree of a curve be 7i, its class 
is 71(7* —1); for example, the classes of a conic, a cubic, a 
quartic arc the second, sixth, twelftli respectively. 


• Poncelet, de vol. VIII.; BobiUicr, ibid. voJ. XIX* 
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209. Number of Normals which can be drawn to a Curve to 
pass through a given point. 

Let K h be the point through which the Dormals are to pass. 
The equation of the normal to the curve fix, y) = 0 at the 

. Y-y 

point {x, y) IS — 

dy 

If this pass through h, k, 

This equation is of the degree in x and y and represents a 
curve which goes through the feet of all noi'vials wliich can be 
drawn from the point h, k to the curve. Combining this with 
fix, y) = 0, which is also of the degree, it appears that tliere 
are points of intersection, and that therefox'e theie can be n 
Tiormala, real or imaginary, drawn to a given curve to pass 
through a given point. 

For example, if the c.irve be an ellipse, » = 2. ami the number of normals 
i« 4. Let--+'^’=1 be the equation of the curve, then 


<( 




is the curve which, with the ellipse, determines the feet of tlu- ncnnals 
«lmwn from the point (A, /). Thi.s is a vectang.dar hs perbula whu l. 
|>as8eg through the origin an<l through the j>oint (A, 1 )- 

The student should consider how it is that an iq/i/oVe number of iionn;U> 
can be drawn from the centre of a circle to the circumference. 


210. The curves 

. 

anti -O'- V .' ‘ ’ 

on which lie the points of contact of tangents and the feet of 
the normals respectively, which can be drawn to the curve 
fix, i/) = 0 so as to pass through the point {h, k), are the .same 
for the curve y) = a. And, as equations (1) and (2) do not 
depend on a, they represent the loci of the poi-nf*' of toiitotl 
and of the feet of the normals respectively for all values of 
that is, for all members of the family of curves obtained by 
varying a in fix, y)=a in any manner. 
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211. Polar Curves. 


The curve 




is called the “ First Polar Cit/rve " of the point h, k with regard 
to the curve f{x, t/) = 0; z being a linear unit introduced as 
explained previously to make f{x, y) homogeneous in aj, y^ z, 
and put equal to unity after the differentiation is performed. 

As this is a curve of the (7i —1)^ degree it is clear that the 
first polar of a point with regard to a conic is a straight line, 
the first polar with regard to a cubic is a conic, and so on. 

The first polar of the origin is given by 

= 0 . 

If the curve be put in the form 


'dz 


1^n+Mn-l + Wn-8 + ••• + 'U-2 + U, +110 — 0, 

the first polar of the origin is 

1tn-l + 2Un_2 + 3Un-3 + +(11 “ l)Ui + 7lUo —0. 

In the particular case of the conic 

the polar line of the origin has for its equation 

Uj + = 0. 

For the cubic Wj + u^ + Wi + Mo^^ 
the polar conic of the origin is 

it2 + 2u j + — 0. 


Examples. 

1. Through the {►oiiit h, k tangents are drawn to the curve 

show tliat the jiuijits of contact He on a conic. 

2. If fnun any jmint /' novinahs be drawn to the curve whose equation 
is y" = wui.r", show that the feet of the normals lie on a conic, of which the 
straight line jtiinitig P to the origin is a diameter. Find the ]x>sitioii of 
the axes of this conic. 

3. The points of contact of tangents from the point h, k to the curve 
jJ+y3 = 3 a.»;>/ He on a conie which passes through the origin. 

4. Through a given i)oint h, k tangents are drawn to curves where the 
ordinate varies as tlie cube of the abscissa. Show that the locus of the 
|>oints of contact is the rcct.augular hyperbola 

2.ry + j(j-3/«j/=0, 

and the locus of the remaining ])oint in which each tangent cuts the curve 

is the rectangular hyperbola 

.ry - 4X-J + 3Ay = 0. 
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212. The p, r or Pedal Equation of a Curve. 

In many curves the relation between the perpendicular on 
the tangent and the radius vector of the point of contact from 
some given point is very simple, and when known it frequently 
forms a very useful equation to the curve ; especially indeed in 
investigating certain Statical and Dynamical properties. 


213. Pedal Equation deduced from Cartesian. 

Suppose the curve to be given by its Cartesian Equation 
and the origin to be taken at the point with regard to which 
it is required to find the Pedal Equation of the curve. Let j;, y 
be the co-ordinates of any point on the curve ; then, if/’(x, i/) = 0 
be the equation of the curve, that of the tangent is 


XF^+YF,-\-zF,=^0. 

where z is a.s usual to be put equal unity after the differentia 
tion is performed. 

If p be the perpendicular from the origin on the tangent at 


(a:, y) we have 

Also 

and 



F{x, y) = 0 



(2) 

(3) 


If X and y be eliminated between these three equations the 
required relation between p and r is obtained. 


Ex. If/’(x,y)=Obe 

we liave 
and 


therefore 


or 


Thia result may be 
equations 
and 


at 






I 


1 I 1 
««’ //' 
1. 1. r' 



r 

once obtaiiie<l by cliiniiiating CD from the 

C'/^ + C7>' = u^ + i»- 


Cl) . j>—uhy 


C/^aiid Cl) being conjugate seini-diaineteni. 
K.D.C. 
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214. Pedal Equation deduced from Polar. 

Let the curve be given in Polar co-ordinates and the pole be 
taken at the point with regard to which it is required to find 
the pedal equation of the curve. Let r, $ be the co-ordinates 
of any point on the curve, and p the length of the perpendicular 
from the pole on the tangent at r, d. If 

F(r, 0)-O .(1) 

be the equation of the curve, then we have (see Fig. 25) 

■jy^rsineft .( 2 ) 

and tan <h — ^ .(3) 


dr 


Eliminate 6 and <p between the equations (1), (2), (3), and 
the required equation between p and r will be obtained. 

Ex. Given reiiuired its pedal equation. 

Taking logarithms and difTerontiating, 


therefore 

Again, 


m dr_ ^ 

r ~dB 

cot(/. = cotJ«6^, or (f>=niB. 
= r sin ^=r sin mB 


therefore 


♦ i 


The following special eases of this example are worthy of notice, and 
will furnish t-xiTcises for the student. 


Vftlnc 
cif m. 




Name. 


PcUal 

Equation. 


0 $* * « 


rVih :i() + a-:=0 


RiH'tangnlar nvpt*rl)ola 


rp » 


r .sit) =0 


Straij;lit liiu- 


p = a 



— = 1 - cos 0 
r 


P.irahola 


t’anlioide 


p-^ar 



Circle 


pa = f^ 


Leniniscate of Bernoulli 
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with regard to a focus is 


Examples. 

1 Show geometrically that the pedal equation of a circle with regard 
to a point on the circumference is pd=^, d being the di-imeter of the 

circle. 

2. Show that the pedal equation of the ellipse 

a* 0 

h-_'2a^ 

P* r 

3. Show that the pedal equation of the parabola =* 4ou- with regard 

to its vertex is aX^ -p^f ^p\f^ ^ ^ ^ 

4. Show that the pedal equation of the curve r = a‘’ is of the iovmp-mr 

where m is a constant. ., , , i • i 

5. Show that the pedal equation of the tetracuspidal hypocycloid 

is + 

6. Show that for the epicycloid given by 

X = (a + f»)cos d-h 

y=(a + 6)sin 

p-(a + 26 )sin|ei = P = 

and that the pedal equation is 

—cS-- 

215. It is found useful to remember the following pedal 
equations. 

0) Circle (point on circumference). pd = r-. 

(2) Parabola (focus), V 

«) hJ'pCW <«>»•>■ 

w SiS* j 

(5) Equiangular Spiral r = (pole). 2 >=/*sina. 

(6) General class 7-’'' = a”*hinw0, 2>a"‘ = r”‘+^ 

(7) General class of epi- and hypo-cycloids, f- = Ar^ + B. 


jr !' 

—-±r' = u-±o-. 

P' 


Pedal Curvp:s. 

216. Def. If a perpendicular ht drawn from a fixed point 

on a vaHable tangent to a curve, the Locus of the foot of the 
perpendicular ia called ike "Fikst Positive Pedal’ of the 
original curve with regard to the given jioint. 
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To find the first 'positive pedal with regard to the origin of 
any cu'i've whose Cartesian Equation le given. 

Let F(x,y)=^0 .(1) 

be the equation of the curve. 

Suppose Xcosa+Fsina=j5 touches this curve. 

By comparison of this equation with 




Zx 


Zy Zz 


ZF ZF ZF 

X, Zx Zy Zz 

we have -= -r-^=—- 

cos a sin a —p 

If X, y, \ be eliminated between the four equations (1) and 
(2) a result will remain which depends on p and a only. And 
since /), a are the polar co-ordinates of the foot of the perpen¬ 
dicular, if r be written for p and 0 foi a, the polar equation of 
the locus required will be obtained. 



Ex. Find the first positive pedal of the curve 

Tlie tangent is 1. 

C'omjjare this with A’ cos a+ I'sin a.=Pt 

P ' P 


Hence 




ip } \ lip 

Therefore the polar equation of the locus required is 


m 


tn 


cos”-*^ Sin”-*^ 

’ =-j—+- 


-h ' 


217. To fi nd the Pedal with regard to the Pole of any curve 
whose Polar Equation is given. 

Let F{r, 0) = O.(1) 

be the equation of the curve. 



Let r', Q' be the polar co-ordinates of the point F, which is 
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the foot of the perpendicular OY drawn from the pole on a 
tangent. Let OA be the initial line. Then 

d==AdP = A0V-\- YOP 



= . 

. (-2) 

also 

^ ds' 

.(3) 

. 


and 

r^rsin <p, | 


or 

1 1 l/f/rV-j . 

. 


If 0, (f> be eliminated from equations 1, 2, 3, and 4, there 
will remain an equation in r'. S'. The dashes may then be 
dropped and the required equation will be obtained. 


Ex. To find the equation of the first positive pedal of tlie curve 

r"* ss (i^cos m 6. 


Taking the logarithmic differential 



r dO 

therefore 

cot </>« - tan }n0 ; 

therefore 

</> S* ^ d- 

hx\t 


therefore 

II 

( 

II 

Again 

T sin </)sr ciKS uit 

1 


rst a cos*'*w 0 , cnn m 


*'‘+-1 Vi O' 

««cos - - 

Hence the equation of 

the pedal curve is 


ftt fn m 

m + I 


218. Def. If there be a .series of curves which we may 
designate as 

A, A^, A.tt A ^,... Ai ^,... 

such that each is the finsi -positive pedal curve of the one 
which immediately precedes it ; then Ao, A^ etc., are respec¬ 
tively called the second, third, etc., posii ’ive pedals of A. Also, 
any one of this series of curves may be regarde<l n,s tlie original 
curve, e.g., A^ ; then Aj is called thajirst negative pedal of A,, 
A^ the second negative pedal, and so on. 
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Ex. 1. Find tlie !•'** positive pedal of 

r^=a”'coamd. 

It lias been shown that the first positive pedal is 

r"i=a”‘*cos 
m 


where 


^ 1+m 


Similarly the second positive pedal is 

r”s=«”«jo3 niid, 


m, 

mi— —‘- 


m 


and generally the k'^ positive pedal is 

r"*=a’"tco3 mkd, 


where 


m 

l+ivn 


Ex. 2. Find the 1“* negative pedal of the curve 

r”*sa"'cosm9. 

We have shown above that r" = a^oos is the positive pedal of the 

curve r’‘=a"cos provided 

* l + A-H 


This gives 


H = 


in 


1 - km 

Hence the k'*' negative pedal of r”* = a”co3ni0 is 

r’‘=u"cO3jj0, 

, in 

where » = ,—. ■ 

1 - km 


Examples. 

1. Show that the first positive pedal of a circle with regard to any point 
\h a Limavon (r=«i+/»cos which becomes a (.’ardiolde {/•=</(l+co8 0)} 
wlii-n tlie jioint is on the circumference. 

2. Show that the first positive pedal of a central conic with regard to 
tlie centre is of the form r" =-! + /?cos 2^, which becomes a Bernoulli’s 
Ecniniscate (/•'s^-irco3 2W) wlien the conic is a rectangular hyperbola. 

3. Show that the first positive pedal of the parabola y^ = 4(Lr with 
regard to the vertex is iho ci.'-soid 

a'.i~ + >r)+ttir=0. 

t. Show that the first piisitive pi'dal of tlie curve 
is 

r<. Show that the first positive pedal of the cvir\-e 

j-1 + »/’■ = (/* 

j j 5 r = ± a sin $ cos $. 

Also that the tangential polar equation of the curve is 

p=+?biu-2Vr. 
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6. Show that the first jwsilive pedal of tlie curve 

is cos"‘gsin"^. 

m”*. 

T. Show that the fourth negative pedal of the cardioule r = a(l +cos 9) 
is a parabola. 

8. Show that the fourth and fifth positive pe4lals of the curve 

1 2 ? 
r"cos-0 = a* 

are respectively a rectangular hyperbola and a Lcrniiiscale. 

9. Show that the jd" positive pedal of the spiial r = rf,‘'~** is 

«i( A ^ ^ cvt a 

r®a8iu*‘ac'^ e 

219. lb is useful to remember the following pedals. 


Orioikal Curve. 

(1.) Circle, 

(2.) Circle, 

(3.) Parabola, 

(4.) Parabola, 

(6.) Central conic, 

(6.) Central conic, 

(7.) Rectangular hyperbola, 

(8.) Equiangular spiral, 

(9.) r*^ = c<”*cos 


Thk CrivKS Point. 
point on circumference, 
any point, 
focus, 
vertex, 
focus, 
centre, 

centre, 

pole, 

pole, 


N.\me ok PKn.M.. 
Ca niinifle. 

Lirna^f^n. 

Tangent ut v erte.v. 
Cissoid. 

Auxiliary circle, 
f- B <i-cos-7<^ i h^^ixvB. 
Lemniscate of 
Bernoulli. 
Equiangular spiral. 

= «-*'cos-'"-i9. 

hi + 1 


220. Tangential-Polar, or p, Equation of a Curve. 

If \f/- he the angle which the tangent to a curve makes with 
any fixed straight line, the relation between 2 > and yf' often 
forms a very simple and elegant equation of tlie curve. This 
relation has been called by Dr. Ferreis the Tangential-Polar 
Equation. 

The p, yf/- equation may be deduced at once from the equa¬ 
tion of the first positive pedal. 

If r-f(e) be the pedal curve, then, since = -|-0 (see Fig. 

26, Art. 217), the equation between p and yj/- is clearly 

p=/(V'-|)- 


Ex. 1. The/?, yfr equation of + 1 ia 

Ex, -2. The pedal of —= 1 +cos 0 with regard to the origin ia reos 0 
and therefore iU/>, equation U p ^iu >1^ ^a. 


= a. 
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221. Belations between }), t, p, etc. 

Let FT, QY' be tangents at the contiguous points P, Q on 
the curve, and let OF, OY' be perpendiculars from 0 upon 
these tangents. Let OZ be drawn at right angles to Y'Y 
produced. Let the tangents at P and Q intersect at T, and let 
them cut the initial line OX in It and S. Let the normals at 
P and Q intersect in C. 



Let the co-ordinates of P be (>*, 6), and let those of Q be 
{rS}\ 0 + 00). Let OY = p, 0Y' = 2 )+Sp, PRX = '^, 
QS.Y = i/r+5VA Then STR, PCQ, Yih^ each =Sxl^. Let 
PY=t, and arc PQ=os. Let OT' cut TY in V; then, since 
OYV is a right angle and YdV=6'^ a small angle of the 6rat 
order, OY differs from OY by a quantity of higher order than 
the first (Art. 32). 

Hence VY' differs from Sp by a quantity of higher order 
than 6pt and TL'lnn Sy}r= F)", 

tan I'l’' 


tlierefore 


Tl 


and proceeding to the limit 


dx//- 6 ^' 

f-AP 

dyf/'' 


•( 1 ) 


Similarly, if PC be called p we have 

arc PQ = PC. Syp-, 

neglecting infinitesimals of higher order than Syjr, therefore 

6\p 

and proceeding to the limit, 

fty-y 

'^=3^ . 
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Again 


df=r'0-rp 

=(}''r+n^)-(rr+r7'-7^r) 

={PT+TQ)+{y"r- VT)- 

Now YV=p tail 6'^, 

and remembering that when is an infinitesimal of the first 
order, VT and I'T. PT->r TQ and os, tan and o\'/, eacli 
differ by quantities of order higher than the fii^t, we have, upon 
dividing by 6"^ and proceeding to the limit. 

di __f?s _ 

dyl^~dypr 

or by tO and (2). 

222. Perpendicular on Tangent to Pedal. ^ 

From the same figure it is clear that .since 1 U 1 — 1 7 1 , 
the points 0, are coneyclic. and thorefuiy 

Orir=-7r-Of'r'=o7'l" ; ami the triangles OVZ and OTV 

are similar, rheretore (jY^iyf 

And in the limit when Q comes into coincidenc'e with I . 1 
comes into coincidence with 1. and the limiting position of 
Y'Y is the Ungent to the pedal curve. Let tlie perpendicular 
on the tangent at Y to the pedal curve he called then the 

p. P 

above ratio becomes —= • 

p r 

or 

223. Circle on Radius Vector for Diameter touches Pedal. 

It is clear also from the figure of Art. 221 tliat the ciicle on 
the radius vector a.s <!i;uneter touches the first positive pedal of 
the curve. For OT is in the limit a radius vector ; and the 
circle on OT as diameter jiassing through 1 and 1 , two con¬ 
tiguous points on the pedal, must in the limit have the same 
tangent at Y as the pedal curve, and must therefore touch it. 

224. Pedal Equation of Pedal Curve. 

Let '/*=/(/>) be the pedal equation of a given curve. Ihen, 
since pp' = 'i>^, we have J>\ = j-Qjy therefore, writing >’ fot }> 
and ji for p^, the pedal ecpiatioii of the first positive pedal 


.:z 


curve 18 11 =-T- 
^ Ar) 
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Ex. The first positive pedal of the rectangular hyperbola 



fj f3 

^ a- or 

r 

which is the />, r equation of Bernoulli’s Lemnisaite, as is also ob%'iou3 
from Art. 21B. 


Examples. 

1. Writedown the pedal equations of the first positive i>edalsof the 
curves given in the table of Art. 214. 

2. From the origin 0 is ilrawu a perpendicular OPj to the tangent at P, 

similarly OP,, is drawn perpendicular to the tangent at Pi to the locus of 
Pi, and so on. Show that the figure PPiP-... is equiangular, but cannot 
be equilateial. (Oxford, 1888.J 

3. Show that the P** pedal, positive or negative, of-^=/(r) is 



225. We may also prove the results of Art. 221 as follows:— 
Let the tangent P/f make an angle y}/ with the initial line. 

Then the perpendicular makes an angle u — \p- — ^ with the 

same line. Let Or=p. Let be the normal, and P^ its 



Fig. 28. 

point of intersection with the normal at the contiguous point 
(), Let OYi be tlie perpendicular from 0 upon the normal. 
( ’all this Let be drawn at right angles to P^P^, and 
lot the length of OV.,, the perpendicular upon it from 0, be^g- 
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The equation of P-J' is clearly 

p = xcosa + ysma .(1) 

The contiguous tangent at Q has for its equation 

p + ^p = xcos(a + oa) + 3 / sin(a + 5a).(2) 

Hence subtracting and proceeding to the limit it appears that 

^P= —a; sin a + y cos a.(3) 

da 

is a straight line passing through the point of intersection 
of (1) and (2); also being perpendicular to (1) it is the equation 

of the normal PiP^- 

Similarly — *r cos a —y sin a.(-f) 

represents a straight line through the point of intersection 
of two contiguous positions of the line P\Pi o-'id peipen- 
dicular to PJ^., viz., the line PJ\. and so on for further 

differentiations. 

From this it is obvious that 

d^p 

etc. 

Hence t = P, r= 

and p = PiP‘> = 0 }'+ OY„=p-\- 


226. Tangential Equation of a Curve. 

Def. The tangential eciuation of a curve is the condition 
that the line fa; + my + = 0 may touch the curve. 

Method 1. Let F{x, y) = 0 be the curve, then tlie tangent at 


a;, y is A'F, + 1 Fy + — 0. 

Comparing this with /A+wil+/i = 0. 



If X, y, X be eliminated between these equations, and 
F{x, y) = 0, or fa;4-my + w = 0, a relation between /. m, n will 
result. This is the equation required. 
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Method 2. We may also proceed thus. Eliminate y between 
F(jr. y) = 0 and lx-\-my-\-n = 0 \ we obtain an equation in x, 
say ^(x) = 0. For tangency this equation must have a pair of 
equal roots. The condition for this will be found by eliminat¬ 
ing X between ^(a’) = 0 and = 

In following thi.s method, instead of eliminating y it is often 
better to make a homogeneous equation between F{Xy y) = 0 and 
/.c-H my + n = 0, and then express that the resulting equation 
for the ratio y : x has a pair of equal roots. 


Ex. Find the tangential equation of the conic 

ajr +2/u'.y + hf + '2gx + 2^ + c=0. 

A, 

The first process gives ns '*-r+Ay+y=^<, 

kr->rh>l-¥f = -^n. 


y.r+X// + c=,.,n. 

4B 

Also /x+wiy + «=0. 

Tlie eliniinant from these four etpiation.-i is 

; ", h, y, / 

h, by /. ;« _ 

7 , t\ r, H ! 

Is n, 0 , 

wlui li iiKiv l»e written 
% 

.1 1- + Ihn- + C/r + 2 h'm u + id it I + 2 //Im = C. 
where .1, li, ... .ire the co-faetoj-s of the determinant 

1 ", /'. .7 

I A, b, f . 
t 

.7i '• 


Inversion. 

227. l)i:r. Let 0 be the ]iole, and suppose any point P be 
giveti ; then if a seoi>nil point Q be taken on OP, or OP 
prodmi'il, such that OP . 0Q = cnnstant, k~ .say, then Q is said 
to be the inverse of the y/ojjif P with respect to a circle of 
)'(i>lin.s k anil centre 0, (or shortly, with respect to 0). 

If the point P move in any given inanner, the path of Q 
is said to be iiicersc to the p>ath of P. If {r, 0) be the polar 
co-ordinates of the point P, and (/•', 0) those of the inverse 
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point Q, then rr==k-. Hence, if tiie locus of P l)e /()*. fl) = 0. 
that of Q will hcf(^, 0^ = 0. 

For example, the curves r" = a"*cos and T^coamd = a”' are inverse to 

each other with regard to a circle of radius a. 

228. Again, if (x, y) be the Cartesian co-ordinates of P, and 

• l/) those of Q, then 

n n _ ^ _ 

x—y cos V = -> cos o — /« + y'^ 

k-y_ 

and similarly 

Hence, if the locus of P be given in Cartesians as 

P(.r. ?/) = 0. 

the locus of Q will be 

^ 1c--x l^n 

’\F+Tj- x‘ + f) "• 


. , , . . . K'X 

I and centre at the origin is 


Ex. Theinveraeof the straight line with regard to a circle of radius 

Px 

. .._P 

or y-*» 

a circle \vhi<-h touches the axis of // at the origin. 

E.xamim.ks. 

1. Show that the inverse of the parabola //-• = 4«.r with regard to a circle 
whose centre is at the origin and radius the semi-latus re. tuiu i.s the i>edal 
of the parabola y* + 4oj: = 0 with regard to the verte.x. 

2. Show that the inverse of the conic »..+ki 4* »„■=() with regar.) to the 
origin is the qxiartic curve 

+ l-^u ,(P + //•) + + .'/*>■' = 

y. SIk.w that tlie inverse of the general curve of the .legree, viz., 

+ U„_i + «..- 2 + ••• + Wt + = 

with regard to the origin is 

+ P"-*u„- ,r- + P- - '.r' + ... -r - = (f, 

where + 

4. Show that the inverse of a conic with regani to the focus is a Lima- 
9 on (Eqxmtion r»o+/* cos f>), which becomes a cardioi.le if the conic be a 
parabola. 

r*. Show that ti>e Ecpiation of the inverse of a conic with regar<i to the 
centre is of the form P = A+Bcoh20, which becomes a Lemniscate of 
Bernoulli if the conic be a rectangular hyperbola. 
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229. Tangents to Onrve and Inverse inclined to Badins 
Vector at Supplementary Angles 

If P, P' be two contiguous points on a curve, and Q, O' the 
inverse points, then, since OP . OQ = OP'. OQ, the points P, P', 
O', Q are concyclic; and since the angles OPT and OQ'T are 
therefore supplementaiy, it follows that in the limit when P' 


/ 

9 

f 



nltimately coincides with P and Q' with Q, the tangents at P 
and ^ make supplementary angles with OPQ. 

The ultimate ratio of corresponding elementary arcs, viz., 

r.OP OP OP.OQ r- 

^^Oi2' ~OQ OQ- r- 

230. It follows from the preceding article that when two 
curves iutensect, their inverses intersect at the .same angle ; and 
as particul.-ir cases, if two curves touch, their inverses touch, 
and if the original curves cut orthogonally their inverses cut 
orthogonally. 


Ex. 1. It is an obvious property of two confocal and co-axial parabolas 
wliose concavities are turned in op|X)8ite directions that they cut at right 
angles, i^v inverting this jirojKisition. tlie focus being the pole of inver- 
si<ni, it is clear that iht- curves which cut orthogonally each member of 
the family of canlioidcs r = i( 1 -}-cos W) found l)y giving diflereiit values to 
tt, are also cJirJioides. 


Ex. 2. ."show by inverting a conic with regard to its focus that the circle 

+y’ = f(t’-hcos a).r+l sin a .y 

touches tlie Liina 9 oii r—l+U cos 0 at the point given by $=(i. 


231. If P. P' be any two points, and Q, Q' their inverse 
points, then as before (Art. 229) the triangles OPP', OQ'Q are 

PP' OP A-2 

W~'oq~oq.OQ'' 

PP' — 7-2 _ 

^ ^ • OQ.OQ'' 


similar and 


Thus 
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Ex. 1. If a, b, c be points in a straight line in the or<ler iiulii-ated, tli«*n 

ab + bc = a(‘. 

Suppose A, liy C to be the inverse points of h, c with regard t'l any 
point 0. Then 0, A, li, Tare concyclic an<l 

.._AJl ... BC ^ ... AC 
OA.On''' Oli.OC OA.O(^ 

■whence OC. A/i+OA . /iC=0/i.A(\ 

the result known as Ptolemy’s Theorem. 

Ex. 2. If 0, A, B, C ... J, K be I^ints on a circle, prove 

AB , BC . JK __ AK 

OA. OB'^ OB . Gt O./ . UK OA . OK' 

[Math. Thihos. 1890.) 



Fig. 30. 

232. Mechanical Construction of the Inverse of a Curve. 

In the accompanying figure AC, CB, BQ, Q.^1. PA, PB is a 
system of freely jointed rods, of which AC — BC, and 

AQ = QB = BP = PA. 

At P and Q sockets are placed to carry tracing pencils. A jnn 
fixes C to the drawing board. The system is then movable 
about 0. It is clear from elementary geometry that Q, P 
are in a straight line, and that 

CP.CQ = CA^-Aq\ 

and is therefore constant. Hence whatever curve P is made 
to trace out, Q vnll trace out its inverse, the point C being the 
pole of inversion. 

In the figure P is represented as tracing a straight line, in 
which case Q will trace an arc of a circle, as shown in Art. 228. 

Peaucellier has utilij^ed this construction for the conversion 
of circular into rectilinear motion. 
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PoLAH Reciprocals. 


233. Polar Reciprocal of a Curve with regard to a given Circle. 

Def. If OY be the perpendicular from the pole upon the 
tangent to a given cui've, and if a point Z be taken on 01 
or OY produced such that OY. OZ is co-nstant { = k- say), the 
locus of Z is called the polar reciprocal of the given curve with 
regard to a circle of radius k and centre at 0. 

Fr«fin tlie definition it i.s obvious that this curve is the 
hiverse of the first positive pedal curve, and therefore its 
equation can at once be found. 


K.k. Polar reciprocil of on ellipse with regard to its centre. 

For the ellipse - + 1 - 5 = 1 , 

‘ «- O' 

the cohilitiun tliat /^sj'oosa+ysiua touches the etJrva is 

p-=a'COi'a + 

Hence the polar equation of the pedal with regard to the origin is 

j-=o'cos'0+ 

Again, the inverse of this curve i.s 

^= trco&-d+ 6-sin"y, 

or uV’ + 6y- = i*, 

which is therefore tlie equation of the polar reciprocal of the ellipse with 

regard to a circle witlj centre at the origin and radius l\ 


234. 'I’lie tiietliod may therefore be statod thus : — 

First the voniliiion that ]) = .r cos a + y a unll touch 


the tjlrrn cnr>r. Then ivr'te for p and 9 for a in that 

condition. The result is the required polar reciproctil with 
reuard to a circle of radius k and centre at the origin. 


235. Polar Reciprocal with regard to a given Conic. 

Dek. If >' = 0 be anv curve and U = 0 a given conic, the 
locns of the v.'ith regard (o U 0 / tangents to S is called 

tlie Ptd'ir Jleeiproeol of the eurcr S U'ith regard to the co 7 iic U. 

Let tlje oquatiifii of a tangent to iS be 

p = X cos ad- I'sin a, 
and the condition of tangeocy 

/* =j{ul 
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If a:, y be the pole of this tangent with regard to 1.^ = 0, the 
tangent must be coincident with the polar 

XU.+ YU,j+Zl\ = ^)-. 

cos a t g sin « 

u. 


therefore 




Hence 


\ = 

p- Ui t-x 


Hence the equation of the Polar Reciprocal is 

U;+ U;= I':-- ‘ J • 

For further information on the subject of reciprocal polai-s 
and the methods of reciprocation the student is lefeiied to 
Dr. Salmon’s Treatise on Conic Sections, chap. X^ . 


EXAMPLES. 


1. If the tangent at a-j, y, to the curve ar^ + ^ un-et the curve 
again in (-Y, Y), show that 

Xjx^ + l'/>i ^ - L 

Illustrate the result by means of a figure. [Oxforo, 1889.1 

2. In the four-cusped hypt)cycloid 

■j-} + =rt^, 

show that if .r = acos^a then y = «sin^ci, 

and that the equation of the tangent at the point detcrniine.i l>y a is 

X sin « + y cos « = o sin a cos «. 

Hence show that the locus of intersection of tangents .at right .angles 


to one another is 


r-i = “* cos-'2Q. 
•> 


3. In the Bfinicuhical parabola «y- = a"' the tangent at any point /' 
cuts the axis of y in M and the curve in Q. 0 is the origin and A 
the foot of the ordinate of I’. Prove lliat .1/A and OQ are e<iuallj 
inclined to the axis of x. 

4. At any point of a curve where the or<linate varies as the cube 
of the abscissa, a tangent is drawn ; where it cut.s the curve another 
tangent ie drawn ; where tliis cuts the curve a third is drawn, and .so 
on. Provo that the abscissae of the jjoints of contact form a geo¬ 
metrical progression, and also the onlinates. 

K.I).C. o 
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5. If and p^ be the perpendiculars from the origin cn the tangent 

and normal respectively at the point {x, y), and if tani^-^, prove 

that Pi = X sin ^ - y cos 

and P 2 = ®co8^ + y8in^. 




Hence prove that />2 

6. The tangent at a point P of the cisaoid y%a-x) = a^ meets the 
curve again in Q and the tangent at Q meete the curve again in P. 
If 0 be the origin, prove that 

cot ROQ - cot POQ = J cot POR. [Oxford, 1885.] 

7. The curve + ys = Zaxy is cut in the points P, Q, other than 

the origin by two lines drawn through the origin which are harmonic 
conjugates of the axes. Prove that the tangents at P, Q will inter¬ 
sect on the curve. [Oxford, 1890.] 

8. Show that, if the curves r r = F{d) intersect at (r, B), the 

angle between their tangents at the point of intersection is 

F'{B)f{e) + F{6)J{B) 

9. Prove that the locus of the extremity of the polar subtangent 
of the curve it -i-JlB) = 0 is it =/’(^ + 

10. Prove that the locus of the extremity of the polar subnormal 

of the curve r -JIB) is r = /^(^B - 

Hence show that the locus of the extremity of the polar subnormal 
in tlie erjuiungular sjiiral r = is another equiangular spiral. 


11. In the curve 


r = - 


0 

1 -ftan- 
2 


m + 7t tan- 

O 


the locus of the e.vtremity of the polar subtangent is a cardioide. 

[Professor WoLSTEsnoLME.] 

1-. If the normals at the points (r,, {r^,* ^ 2 )* ^ 3 ) 

cardioide r = «(! + cos B) he concurrent, show that 

tan + tan + tan + 3 tan tan ^ tan = 0. 

[Oxford, 1890.] 

13. If in the last question + r., + 2a, show that the locus of 

the point of concourse of the normals is a circle passing through the 
pole. [Oxford, 1886.] 
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14. Show that the locua of intersection of the normals at the ends 
of a focal chord of a cardioide is a circle. 

15. Show that tangents at the ends of a focal chord of the 
cardioide r = a(l + cos 0) intersect at right angles on a circle of radius 

^ and centre 0^- 

16. If np Tig, Tig, be the lengths of the four normals and /g. 
the lengths of the three tangents drawn from any point to the senu- 
cubical parabola ay- ~ a^, then will 

2’ln^n„n^n^’=at.J4^. [Math. Tripos, 1890 ] 

17. The polar equation of the pedal of the cun*e 

(a:2 + y2 - ay + 21a'^xhf- = 0 

with respect to the point h, k may be written in the form 

r — o sin 0 cos 6 — (Ji cos 6 + k sin 6). [Oxford, 18 xs.] 

18. Determine the relation between p and r for the curve 

y-(3a - a;) = (x - a)*. [Oxford, 18S9.) 

19. Show that the polar reciprocal of the curve r”* = a”*cos with 
regard to a circle whose centre is at the pole is of the form 


Ui 




r"‘+'cos- iO = h 

m + 1 

20. Show that the polar reciprocal of the curve x”*//"" ith 
regard to a circle whose centre is at the origin is another curve of 
the same kind. 

21. Show that the first positive pedal of tlie curve y = _- is 

and that its polar reciprocal with regard to a circle of radius a whose 
centre is at the origin is p"'*’* = a^r. 

22. Show that the inverse of the curve p =J\r) with regard to a 
circle whose radius is k and centre at the pole is 

and that the polar reciprocal is 

7 = 0 

23. Show that the pedal of the inverse p=f{r) with regard to a 
circle whose radius is k and centre at the origin is 
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24. Show that the pedal of the inverse of p = — with regard to 
a circle whose radius is h and centre at the origin is 

/ /»\ 2m—I 

^ ^ \ _ —I 

»■ • 

25. Show that the polar reciprocal of the curve r™ = a^cos mB with 
regard to the hyperbola r^cos 2d = a' is 


m 


m 


m 


COS 


m + 1 


$ = a"+‘. 


26. The locus of a point A’ is defined by the equation 

^(Pv P-» ^ 3 » — Pn)~^> 

where pp po, • • are the distances of A' from n fixed points i’p ... /V 
Show that the equation of its inverse with regard to any origin 0 is 




where p/, p*,... are the distances of A', the inverse of A' from the n 
fixed points (?„ Q^, ... which are the respective inverses of P„ 

»'i» ^ 3 ) are the lengths of 01\, OP., ; and P = OX'. 

27. Show that the inverse with regard to any pole 0 of the Car¬ 
tesian oval wliose equation is h + vir w, wlicre r, r are the distances 
of any jiuint on tlic curve from two fixed points F., is 

1. 0/’,. Pi + 7n. OF^. pn = np3, 

where p,, p. are tlie distances of any point on the inverse curve from 
the points which are the inverses of F^, F.,, and pg is the distance of 
the same point from the pole of inversion. 

28. Show that the inverse of a Cassini’s oval defined by the 

equation rr' = constant 

is of the form PiPa- -Ip’i 

the letters p„ p.^, pj denoting the distances of any point on the 
inverse curve from certain fixed points. 

29. If all the normals be drawn from a given point P to any num¬ 
ber of given curves, ami if/’ move so that the sum <'f the squares of 
the normals PQi + PQi -I-.. - + PQ^ = constant, 

the normal to the locus of P will always pass through the centre of 
mean position of the points (?„ <?2, (?„ ... <?«. [Fkeket.] 

30. A straight line AOP of given length always passes through a 
fixed }>oint Oy while A describes a given straight line A T ; show that 
if I'T bo the tangent at P to the locus of P. the projection of PI' 


on AOr = AO 
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31. The point P moves so that OP. O'/* = constant, 0, 0 being 
fixed points. If 0)’, O'Y' be the perpendiculars from 0 and 0’on 
the tangent at P to the locus of P, prove that 

PY .PY' ■.0r--.0'P'. 

32. Prove that the normal to the curve /{r-i. r,) = 0, where ?•„ r, are 
the distances of any point on the curve from two fixed points, divides 
the line joining the fixed points in the ratio 

3 / 9 / 

[Math. Tatros, 1888. 

33. A and B are fixed points and P a variable one lying on a 
curve given by the relation j\Bi, 6.) = 0 between the angles J'A B( - 0^) 
and PBA( = 6,). Prove that the tangent at P to the curve divides 

in the ratio [Oxford.] 

34. 0 and O' are two fixe»l points, P any j)oint in a curve defined 

by the equation - 

t* f c 

where r^OP, r'= 07’, and c is constant. Prove that tlie distance 
between P and the consecutive curve obtained by changing c to 
c + 8c is ultimately 


where a =>00'. [Smith’s Prize.] 

35. In a system of curves defined by an equation containing a 
variable parameter investigate at any point the normal distance 
between two consecutive curves, and determine the form of the 
equation for a system of jiarallel curve.s. 

[Peofessor Cayley, Mesitngtro/Mathtmadf^. vol. V.] 
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ASYMPTOTES. 

236. Def. If a straight line cut a curve in two points 
at an infinite distance from the origin and yet is not itself 
wholly at infinity, it is called an asymptote to the curve, 

237. Equations of the Asymptotes. 

Let the equation of any curve of the degree be arranged 
in homogeneous seta of terms and expressed as 

+a:” - -10 + ^ " V" - 20 + • ■ • = ®.(^) 

To find where this carve is cut by any straight line whose 
equation is 3 / = /iX+j8. (b) 

substitute /i + — for - in equation (a), and the resulting equation 

+ ^)+.E" " - i(m + ^+^" “ V'*^ 

gives the abscissae of the points of intersection. 

Applying Taylor’s Theorem to expand each of these func¬ 
tional forms, equation (r) ma)' be written 

t +^fl-2(iU) 

This is an equation of the degree, proving that a straight 
line will in general intersect a curve of the degree in n 
points real or imaginary. 

The straight line is at our choice, and therefore 

the two constants /t and /3 may be chosen, so as to satisfy any 
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pair of consistent equations. Suppose we choose /u and /3, so 


that ^n(/tz)=0 .(E) 

and y30'„O*) + ^„-i(/i) = O. (.f) 


The two highest powers of x now disappear from equation 
(d), and that equation has therefore tzco infinite rooiJt. 

If, then, fjL^ . fjLn he the n values of fi. deduced from 

equation (e) (wliich is of the degree in /u), the conespond- 
ing values of /S will in general be given by 

o _ a _ (/>.,.i(n2) 

and the n straight lines 

y = \ arc the asymptotes 

.I of the curve. 

y = fXn^ + ^J 


238. Rule. 

Hence, in order to find the asymptotes of any given curve, 
we may either substitute /x.r + /9 for y in tlie actuation of the 
curve, and then by equatiny the coef irients of the two hiyhest 
powers of x to zero find fx and jS. Or we may assume the 
result of the preceding article, winch may be enunciated in 
the following practical way ;—In the hujhest degree terms put 
«:= 1 and y = fx \the result oj this is to form 0,.(,“)] equate 

to zero. Hence f ndfx. Form in a similar ^vay from 

the ternns of degree n—\, and dijfe.rentiatc 0„(/u), then the 
values of /3 are found by substituting the several values oJ fx 


in, the formula 


(pn 

<p'fM 


Ex. /''iTid (he <iaymplo(et of the cubic 

2.r' - .r^y - 2Ty- +y^ + y- + .r + // 4-1 

Here 03(/*) =*/X* — 2 / 1 * - /A 4- 2 = 0 ; 

therefore (/i- t)(/*4-1 X/‘~ = = 

giving -h or 2. 

Again, 0X/i) = 2+/i -/i-, 

and 0 ',(/a) = 3/1* - 4/1 - I ; 


= 0. 


fi 


-£ 1-2 


3/1* - 4/1 - 1 


therefore 
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Hence if 


if 

/3=o, 

and if 

11 = 2, iS = 0. 

Hence the asymptotes of the curve are 


y=.r+l, 


.y=2x. 

£xampl£:s. 

1, The asymptotes of 

j/* — Q.vy- + 11 x~y — 6.f^ 4- x +y “ 0 
are y=.r, y = 2.r, y«ar. 

2. The asymptotes of 

are y = Oj y-.r+l=0, y+x+l=0. 

239. Number of Asymptotes to a Curve of the Degree. 

It is clear that since 0„(iu)~O is in general of the degree 

in yu, and /3^'„(M) + 0n-i(M) = O is of the first degree in that 
n values of fj., and no more, can be found from the first equa¬ 
tion, while the n coi'respondmg values of can be found from 
the second. Hence n asymptofe-f, real or imaginary, can he 
found for a curve of the degree. 

240. If the degi'ce of an equation be odd it is proved in 
Theory of Equations that there must be one real root at least. 
Hence any curve of an odd degree must have at least one real 
asymptote, and therefore must extend to infinity. No cui've 
tlierffore of an odd degree can he closed. Neither can a curve 
of odd degree have an even number of real asymptotes, or a 
curve of even degree an odd number. 

241. If, however, the term y" be missing from the terms of 
the degree in the equation of tlio curve, the term ju” will 
also be missing from the equation 0„(/u) = O, and there will 
therefore be an apparent loss of degree in this equation. It is 
clear, however, that in this case, since the coefficient of /i’* is 
zero, one root of the equation = 0 is infinite, and there¬ 
fore the corresponiling asymptote is .at right angles to the axis 
of a*; i.e., pandlel to that of y. This leads us to the special 
consideration of such a-syraptotes as may be parallel to either 
of the axes of co-ordinates. 


ASYMPTOTES. 


185 


242. Asymptotes Parallel to the Axes. 

Let the curve arranged as in equation (a), Art. 23/. he 

a^fc^ 4- ~^y + "yp” “ ’y® + • • • + ‘h* - “ 

+h.^r"^-y +. + 

+ c*x''"" +••• 

+ ...=0 . (A') 

If arranged in descending powers of x this is 

a^”4-(«i2/+ =0.(n ) 

Hence, if vanisli, and y be so chosen that 

+ = 

the coefficients of the two highest powers of x in equation (b') 
vanish, and therefore ttro of ifs roots ure injiniie. Hence the 
straight line aiy-\-h^ = 0 is an asymptote. 

In the same way, if «,» = (), n„-ia^ + (*„ = 0 is an asymptote. 
Again, if a„ = 0. ai = 0, b^ = 0, and if y be so chosen that 

a.,y- + \y + Og = 0, 

three roots of equation (b") become infinite, and the lines repre¬ 
sented by <.i.,y'^ + l>,,y + = 0 

represent a pair of asymptotes, real or imaginary, pamllel to 
the axis of x. 

Hence the rule to find those asymptotes which are parallel 
to the axes is, "equate to zero the coefficients of the hiyhest 
•powers of X and y" 


Ex. Find the asymptotes of the curve 

x^y^-jr^y-ry--^j'-^y+ 1 = 0 . 

Here the coeflicieiit of 3^ i« y'“ 'J ai»'l the oocftieieiit of y is j~ —.r. Ilonce 
jr=:0, j;= 1, y = 0, and y= \ are asyiiiptote.s. Al.-»u, since the curve i-s one 
of the fourth degree, we have tlius obtaiiieil all the asyiiiptotes. 


ExAMn.KS. 


1. The asymptotes of y^(j^ — a^) = x are 

y = 0 ) 

x= ±af 

2. The co-onlinate axes are the .asymptotes of 

xy^ + Fy^a*. 

3. The asymptotes of the curve .c-y- = c* .*'-+^-')aie the sides of a squ;ue. 
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243. Partial Fractions Method. 

The values of viz., 

are exactly the constants required in putting 

, 0n-l( O 

into partial fractioTus* 

This gives a very easy way of obtaining the asymptotes. 
For if 

_ ’ to = -^1_L _I_ 4 - 

i>n{t) /—Ml /-Ml* / —M.t 

the asymptotes will be 

y = fx.p: + 

etc. 


FjX. Find the asf/mptotes of the enrve 

-'/) + *'»(•»•- + !r) + J- +y = 0 . 


Here 


_J!±I_I 4 . 

«^„(/) (+ 1 )(^ - 1 ){; + 1 ) 2/ +1 - 1 ^ +\ 


Hence the as}’m{>tote.s arc 2y+ .r= — —» 

3 

5 

V j--, 

y+ x=s5. 

244. Particular Cases of the General Theorem. 

\Vc return to a closer consideration of the equations 

0,.(m) = «..(e) 

-1 (m) = ^.( E) 

of Art. 237. 

It is proved in Theory of Equations that if an equation such 
as </>„(m) = 0 have a pair of roots equal, say fXp then ^'n(Mi) = 0- 


* Suppose the single factor to occur in ^„(0. l»ct 

0 n(O=U-Mi)x(O- 

Hence, tliffcrentiating <A'«(0*=x(0 + (^->‘i)x'(0. 
aiul putting 9 !'’™(a*i)^X(a‘i). 

But if — he the partial fraction corresponding to the factor t 




109) 

X(M)) 
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I. Let the roots of 0n(/*) = O Mi» Ms*---’ supposed all 

different, so that does not vanish for any of these roots. 

Also, suppose and contain a common factoi' 

fi-fjLi say, then ^n-i(/ii) = 0 , and therefore /3i = 0 . 

Hence the corresponding asymptote is and passes 

throv/jh the origin. 

II. Next, suppose two of the roots of the equation <p)i{fx) = 0 

to be equal, e.g., = then = case, if 

0 „_iGu) do not contain as one of its factors, the value /3 

determined from equation (F) is infinite. The line y — 

then does indeed cut the curve in two poitits at an infinite 
distance from the origin, but it mokes an infinite intercept on 
the axis of y and therefore this line lies ichclly at injinity. 
Such a straight line is not in general called an asymptote, but 
it will however count as one 0 / the theoretical asymptotes 
discussed in Art. 239. 

HI. But if 0 ,.(iu) = O have a pair of equal roofs each =/ii. 
we have = and if be also a root of 0 „-i(/x) = O the 

value of /3 cannot be determined from c<juation (f). e may 
however choose j8 so that the coefticieiit of a*""- in equation (d) 
of Art. 237 vanishes, that is so that 

from which two values of ji3, real or imaginary, may be deduced. 
Let the roots of this equation be and ^j'. We thus obtain 
the equations of two parallel straight lines 

which each cut the curve in tliree points at an infinite distance 
from the origin. In this case there is a double point on the 

O 

curve at infinity (see Art. 286). 

It is clear that in this case any straight line parallel to 
y = fj-ypc will cut the curve in two points at infinity. But of all 
this system of parallel straight lines the two whose equations 
we have just found are the only ones which cut the curve in 
three points at injinity, and therefore the name asymptote 
is coiijined to them. Tlie one equation which includes both 
straight lines is obtained at once by substituting y — fx^x for ^ 
in the equation to obtain /? and is 

( 2 / - Hxxf<f,''„{fj.y) + 2(y - . iCmi) + -<t>n - lin-x) = 0- 
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Ex. Find the aeymptotee of the cubic curve 

Equating to zero the coefficient of we obtain x=Q, the only asymptote 
parallel to either axis. 

Putting /IX+/3 fory, 

+ 2jr(/iJ7+/?) + +jS)'- + )8) + 2 = 0, 

or rearranging, 

j 73(1 + 2/i+,x=J+:r(2^ + 2^^ - 1 - /i) +x(j8’ - jS) + 2 = 0. 
l+2/x+/i.®=0 gives two roots ^= — 1. 2/?+2/i/?-1-/i=0 is an 

identity if and this fails to find /3. 

Proceeding to the next coefficient, j8^-)3=0 gives /J=0 or 1. 

Hence the three asymptotes are a-=0, and the pair of |»aral!el lines 

y+x=0, 

y+x=l. 


245. Form of the Curve at Infinity. Another Method for 
Oblique Asymptotes. 

Let Pr. Fr be used to denote rational algebraical expressions 
which contain terms of the and lower, but of no higher 
degrees. 

Suppose the equation of a curve of the degree to be 
thrown into the form 


(ax + hy + c)Pn-i + Pn-i = 0 .(1) 

Tlien any straight line parallel to ax + hy = 0 obviously cuts 
the curve in one point at infinity; and to find the particular 
member of this fannly of parallel straight lines which cuts the 
curve in a second point at infinity, let us e.xamine what is the 
ultimate linear form to which the curve gradually approximates 
as wc travel to infinity in the above direction, thus obtaining 
the ultimate direction of the curve and forming the equation 
of the tangent at infinity. To do this we make the x and y of 
the curve become larye in the ratio given by x:y= —b:a, 
and we obtain the equation 



If this limit be finite wo have arrived at the equation of a 
straight line which at infinity represents the limiting form of 
the curve, and which satisfies the definition of au asymptote. 
To obtain the value of the limit it is advantageous to put 


x = 



and then after simplification make f = 0. 
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Ex. Find th< asijmptotc of 

a-* + 3a-'7/+ + 2^ = + y + jT. 

We may write this ctirve as 

(j- + 2y)(x2 + XV +.v=) = T^+y- + x, 
whence the equation of the a.synjj>tote is given by 


X+ 2//= Z,t,= -2,-: 


ami patting .r = —,v = y we liave 


x2 + //- + x^ 
x^ + x//+//‘-’ 


t.e., 


. ^ r, f’ f- f _ J, ■"» 

x + 2y-X^,o^ ^ 

? “ t* 


Example. Show that ■t+'/ = '’ is the only real asymptote of the cane 

(x + y)(.r* +y*) = <t{x* + a*). 

246. Next, suppose tlie equation of a curve put into tlio form 

(ox -\-by + c)Fn-\-^F „^2 = 0, 

then the line ax + by-i-c^O cuts the curve in two points at 
infinity, for no terms of the ?i“* or degrees remain in 

the equation determining the points of intersection, lienee in 
general the line ax + 6y + c-0 is an a.syniptote. We say, in 
general, because if Fn-\ be of the form {a.r-\-by + c)Pu-i< itself 
containing a factor ux-^hy + c, there will, as in Art. 244, ill., 
be a pair of asymjytotes parallel to «x + />y + c = 0. each cutting 
the curve in three ])oiDts at infinity. The equation of tlie 
curve then becomes 

(ox +by + c)-P„ - 2 + -^n - 3 = 0, 
and the equations of the parallel asymptotes arc 

ax + by + t'= ± 

where x and y in the limit on the right-hand .side become 
infinite in the ratio - = —• 

y <J- 

Or, if the curve be written in the form 

{ax + hy)^Pn.‘>+b>^ + bij)F„-‘i+fn--i = 
in proceeding to infinity in the direction ax-^-by = 0, wo have 

{ax + byY + (ax -h ). Lt jf—’ -h ’ - = 0 

X n - 2 J M - 2 
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when the limits are to be obtained by patting 

and then diminishing t indefinitely. We thus obtain a pair of 
parallel asymptotes 

ax-\-hy = a and ax-\-hy—^ 

where a and are the roots of 

And other particular forms which the equation of the curve 
may assume can be treated similarly. 


Ex. 1. To find the pair of parallel aeymplotee of the curve 

(2x-3y+ l)^jr+y)-8x+2y-9=0. 

Here 2j^-3y +1 = ±\/z(^3±®, 

^ r+y 

where x and y become infinite in the direction of the line 2rs3y. 

Putting r*-, y=p the right side becomes ±2. Hence the asymptotes 

required arc 2x-3y=l and 2r-3y+3=0. 

Ex. 2. Find the aaymptotet of 

{x - y )*(j®+y ®) —10(^ - y +12y •+2 t+ y=0. 

Hero (j;-y)=- 10(x-y)A/,^,=.pj^+ 12Zrx-y-»p^p=0. 

or {x-yf - 5(x-y) + 6 = 0, 

giving the parallel asymptotes x-y=2 and x-y=3. 


247. Asymptotes by Inspection. 

It is now clear that if tbe equation Fn — 0 break up into 
linear factoi's so as to represent a system of n straight lines no 
two of which are parallel, they will be the asymptotes of any 

curve of the form 4-- a = 0. 


Ex. 1. (T-y)(x+y)(x + 2y-l) = 3x + 4y + 5 

is a cubic curve whose asymptotes are obviously 

x-y = 0, 
x+y=0, 
x+2y- 1=0. 

Ex. 2. (.r-y)-(.r+2y-l) = 3x+4y + 5. 

Here x+2y-l=0 is one asymptote. The other two asymptotes are 
parallel to y=x. Tlieir equations are 

x-^=±v/z,^±^=±V|- 
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248. Case in which all the Asymptotes pass through the Origin. 
If then, when the equation of a curve is arranged in homo¬ 
geneous set of terms, as 

Itn U-n - 2 "1“ - 8 4" • • • = 0, 

it be found that there are no terms of degree -n —1, and if also 
contain no repeated factor, the n straight lines passing 
through the origin, and whose equation is = are the n 
asymptotes. 

Examples. 

Find the asymptotes of the following cnn'es :— 

1. y*=x*(2a - J-). 

2. ^*=^■((1- — 

3. = 

4. y(a" + .i-) = »iV. 

5. ajcy = j^~ a^. 

6. y*(2a - x) = 

7. x^+y^ = 3rtxy. 

8 . = 

9. x2y2 = (a+i^)2(62-y5). 

10. = 

11. ^3/<x->/)-a(x=‘-.y2) = 6l 

12. (a*-x0y'^«=j^a2+ *■“). 

13. = Aa\2<i — x), 

14. y*(a — x) =.r(6 —x)*. 

15. x^ = x^ + x+y. 

16. xy*'\-a-y = j^-k-tnj^ + nx-^p. 

17. x3 + 2a-2y - .ry-’ - 2if^ + Ay- + 2xy +y - 1» 0. 

18. x3-2x*y + .''.»/^ + .r*-J-y + 2 = U. 

19. y(x —y)’ = y(.r-y) + 2. 

20. x® + 2x^y - — 8y^ — 4x+ 8y = ). 

21. (x+y)%r + 2y + 2) = x + 9y-2. 

22. az^+ 17 jry + 21xy'-9y^-2aar- 12axy- 18ay*-3av +a®y = 0. 

249. Intersections of a Curve with its Asymptotes. 

If a curve of the degree have ti asymptotes, no two of 
which are parallel, we have seen in Art. 247 that the equations 
of the asymptotes and of the curve may be respectively written 

and Fn-k-Fn--i = ^. 

The n asymptotes therefore intersect the curve again at points 
lying upon the curve i ^„-2 = 0. Now each a.syinptote cuts its 
curve ill two points at iufiuity, and therefore in 7 j — 2 other 
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points^. Hence these 2) points lie on a certain curve 

of degree u — 2. For example, 

1. The asymptotes of a cvhic will cut the curve again in 

three points lying in a straight line; 

2. The asymrptotes of a qvAxrtic curve will cut the curve 

again in eight points lying on a conic section; 

and 80 on with curves of higher degree. 


Examples. 


1. Find the equation of a cubic which has the same asymptotes as the 

curve + which touches the axis of y 

at tlie origin, and goes through the point (3,2). 

2. Show* that tlie asymptotes of the cubic 

cut the curve again in three points which He on tlie line x+y=0. 

3. Find the equation of the conic on which lie the eiglit points of 

intersection of the quartic curve + with its 

asymptotes. 

4. Show that the four asymptotes of the curve 

(.^ - 44r) - Ga'S + 5a.-y+3.ry= - 2^ - +3ay -1 = 0 

cut the curve again in eight points which He on a circle. 


5. Form the equation of the cubic curve which has x=0, y=0, ^+*£ —1 

a 0 

for asymptotes, and cuts its asymptotes in the three points where they 


i2r 

intersect the line A + passes through the point o, b. 


a 


G. Form the equation of a quartic curve which ha.s a-=0, y = 0, y=x, 
y= —X for asymjitotes, which passes through the ]K>int a, 6, and cuts its 
asymptotes again in eight points Ijnng upon the circle 4'2+y-=a". 


250. Common Transversal of a Carve and its Asymptotes. 

The equation of the asymptotes and that of the curve 
coincide in tlic terms of the and (rt—1)^^ degrees. Hence, 
if w’c put both equations into polars, the sums of the roots of 
the two equations for r are equal; also, the origin is arbitrary. 
Hence, if through any point 0 a line 0P^P.,P^... be drawn to 
cut the curve in the points Pj, Pg, P 3 ,... and the asymptotes 
in p^, 2U Ps>-" then ^OP = lOp, whence, if 2;0P = 0, it follows 
that 20 p* 0 , so that both systems of points have the same 
centre of mean position. Hence also the algebraical sum of the 
intercepts between tlie curve and its asymptotes is zero. 

[NKWToy.] 
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A well known case of this is that of the hyperbola, where, if 
0 be the middle point of I\J\, 01\+OP. = 0. and therefore 
^ 0, and therefore 0 is also the middle point of 
whence it follows that in that case PiPi = 


251. Other Definitions of “ Asymptotes.” 

Other definitions liave been given of an asymptote. 

(a) That an asymptote is the lirtiitintj position of the to lup nt to a 
curve when the point of contact moves away along the curve 
to an infinite distance from the origin, while the tangent itself 
does not ultimately lie wholly at infinity; again, (/3) That an 
asymptote is a straight lino whose dlstonee from a point on 
the curve diminislws irnlvjinitihj as tl»e point moves away 
along the curve to an infinite distance from the origin. 


252. To prove the Consistency of the Several Definitions. 

We propose to show that the results .lerivinl Iroiii these defiJUtioiis are 
the as those <lerive»l fioni our tlcfiiiition in Art. ti.h). 

Consider <lffinition (<i). 

Let the curve be C = i/,, + ... + Wy = 

The equation of the tangent is 

,v + J ■ + U- 1 + 2 M= ' '• 

Z.e Cy 

We shall now supiwse the point of contact .r, i/ to move to x alon-i some 
branch of the curve. We shall therefore only retain the hifzhest powers 
of X aiul y which occur, viz.y those of the h — 1)'** <legi*ee. 1 Iui:» we must 

retain only for 5'" for 2,-^, and for + •2h„.j+ 

Hence in tlie limit we bhaU have 

+ »„.,] =0, 

1 dx dy ) 


or 


r= X [ - /./—I - Lf f . 

[ ^v/ j I ) 


and it is easy to see that this agrees with the e<|uation of an a.sym(>tote 
found in Art. 237. 

253. We next coiiBiclei- definition (/3); we l>ave already sliown that 
cLx + hy + c = 0 is, acconlino to our 4lefinition, in general an a.symptotc* of 
the curve {ox + by + c)P.,~i + = 

The perpendicular from any point x,y of this curve upon the line 

aj+6^+c = 0 

ax + b y+c _ 1 ^ 

‘s^* + b* + Fn-l 


IS 
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and the limit of this expression is clearly zero when x and y become in- 
finite in the ratio —bxa, provided that the terms of degree — 1 in /’»-i 
do not contain £^r+6y as a factor, for the degree of the denominator is 
higher than that of the numerator. Hence the distanct between the curve 
and the oeymptote is ultimately a vanishing quantity, and the line 

ax+hy-\-e~0 

is such as to satisfy definition (jS). 

254. The Curve in General lies on Opposite Sides of the 
Asymptote at Opposite Extremities. 

Let the straight line aa;+6y+c=0 be an asymptote of the 
curve, and suppose there is no other asymptote of the curve 
parallel to this. The equation of the curve is of the form 
(ax-\-hy+c)Fn.i-\-Fn-i = 0-, and, as in the last article, the 
perpendicular from any point x, y of the curve on this asymp- 

1 P 

tote is given by 

When X and y become very large in the ratio given by 

X 6 ' 

this may ultimately be written as 



where i is a constant, and it is therefore obvious that P 
changes sign with x. 

Hence in general the curve at the opposite extremities of 
this asymptote lies on opposite sides of it. 

235. Exceptions. 

If, however, ax^hy be a factor of the terras of highest 
degree in write the equation of the curve 

(cw: + 6y + c)/'„_i + Fn.3 = 0, 

so that the perpendicular on the asymptote is now given by 

73 _a_x + 67/-f c_ _ 1 i^n-3 . 

and when x and y become very large in the ratio given by 

y_ a 
X h* 

this can be ultimately written 



This, however, though ultimately vanishing, does not change 
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si«m with x. so that in this case the curve at opposite extremities 
of the asymptote lies on the same side of it. 

256. Again, if the equation of the curve be expressible in 
the form {ax + hy + e)^P n -2 + ^n -2 = 0. 

the expression for the length of the perpendicular is in the 

limit of the form /(|). This does not in general ultimately 


vanish, and therefore in general + + c — 0 is not an asymp¬ 

tote, but is parallel to a pair of asymptotes. Tliis case has 
been discussed in Art. 246. 

257. If, however, the curve assumes the form 

(aiC 4- + cfFn - 2 + /’ri-3 = 0, 

the length of the perpendicular is given b^ 

(Perpendicular)2=-^^-, 


Hence, if the ratio of | be that of -g wlicn x- and y become 
infinite, this may ultimately be w’ritten 

and therefore Perpendicular = ± yj ^ 


which ultimately vanishes, but x cannot change sign or the 
perpendicular will become ituaginary at one extremity ot the 
asymptote. Hence the line is only asymptotic at one end and 
the curve approaches the a.symptote on opptfsite sides. 

And in the same way other particular forms may be discussed. 


258. Curvilinear Asymptotes. 

If there be two curves which continually approach each 
other so tliat for a common abscissa the limit of the dillerence 
of the ordinates is zero, or for a common ordinate the limit 
of the difference of the abscissae is zero when that common 
abscissa or common ordinate is infinite, these curves are said 
to be asymptotic to each other. For example, tlie curves 

y = Ax~ + Bx + C-\- - . 


y = Ax-+ Bx 4 - C 

are asymptotic; for the difference of their ordinates for any 

common abscissa x is a quantity whose limit is zero when 

2 


X is infinite. 
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259. Linear Asymptote obtained by Expansion. Stirling’s 
Method.* 

If it be possible to express the equation of a given curve in 

c ^ 

the form 3 / = ...» 

then the line y = Ax+B is clearly asymptotic to the curve. 
This method of obtaining rectilinear asymptotes is frequently 
useful. 


260. To find on which side of the Asymptote the Curve lies. 
Tlie sign of C (Art. 2o9) is useful in determining on which 
side of the asymptote the curve lies. 

Let y be the ordinate of the curve, y' that of the asymptote. 


then 




Q 

If X be taken sufficiently^ large, the sign of — governs the sign 


of the whole of the right-hand side. 

Suppose X and y to be positive, i.c., in the first quadrant, 
then y — y' will have in the limit the same sign as C. If (7 be 
positive, y — y' will be positive, and the ordinate of the curve 
will be greater than that of the asymptote, and the curve will 
therefore approach the asymptote/rom above. Similarly, if G 
bo negative, y — y' will be negative, and the curve will approach 
the asymptote from heloxv. And in the same way for portions 
in the other quadrants. 


Ex. 1. Find the asymptutes of the curve 

>/%ii'-a2)=x2(a’S-4aS). 

Here x- —tf* = 0 gives x=u and .r= —a, two asymptotes parallel to the 
axis of V. 

4aAJ 


Again, 


1 - 




•» 


1 ^ 


a* 

^4 




2x 


... • 


* Lin. Tcrt Or<L JVeirtontafwr, p. 48. 



Hence the asymptotes are 
and 
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Again^ considering 



it appears that if be positive the ordinate of the curve is less than the 
ordinate of the asymptote, and therefore the curve approaches the line 
y in the positive quadrant from below. Similarly the curve approaclies 
the asymptote —x in the fourth quadrant from above. 

The student should observe that the curve cuts the axes where x= +2a, 
and also at the origin where the tangents are ±20*. Also thaty is 
imaginary when lies between a* and 4</’. There should now be no 
difficulty in drawing a graph of the curve. 

Ex. 2, Find the asffmptotes of 

(y - x)V - 3y(y - x) + 2.r *0, 

and examine how the curve is placed with reference to them. 

Here the coefficient of y- is .r —3 ; therefore is an asymptote. 

Also the curve mav he written 


^y--r)2-3(y-.*>y+2*0, 

and therefore, in the direction at infinity, this \iltimately takes the 
fonp. (y - t)* - 3(y - x )+2 = 0. 



Hence y-x=l and y-x^'2 are aKvniptotes. 

Put If ■-x = A-\-^ +, 

therefore the equation of the ciir\'e hecomes 

^d + ^ + .t' — 3^jr + j-1 + + ... ^^.-1 + + .-.^ + 2jr=0, 

x{A^ - 3-4 + 2) + !2.l n - 3C.I- + /?;}+... =0. 


or 
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Equating to zero the several coefficients 

A2-3A + 2=0, 

2A5-3(A’+jff)«0, 

etc., 

whence A = 1 or 2, 

or 12, 

etc. 

Hence the equation of tlje curve may be expressed in either of the ways 

•> IQ 

y=x+l--..., y=x+2+-- 

X X 

Hence to the right of the y*axis the curve lies below the asymptote 

y=x+I, 

and above the asymptote y=x+2. 

On the left side of the y-axis the curve is above 

y=x+l, 

and below y=x+2. 

The student will easily verify 

(a) that neither of the cross asjTnptotes cuts the curve again in a point 
whose co-onlinates are finite ; 

(^) that the asymptote x=3 cuts the curve where y=35 ; 

(y) that the protluct of the roots for y is and is positive unless 

X lies between 0 and 3, but is then negative ; 

(5) that y is imaginary if x lies between 0 and - 24 ; 

(<) that the tangent at the origin is x=0. 

Figure 31 is a tracing of the cun’e. 


Examples. 


1. Find the asymptotes of the cnr\-e v=x^^ii^. Find on which side 

• ‘ x- — a* 

of the oblique asymptote the curve lies in the positive quadrant. Show 
also that the hyperl>ola .i<y -x) = 2a2 is asymptotic to this cubic curve. 

2. Find the asymptotes of tlie curve y-=x^rjL®, and find on which side 
the curve approaches these asymptotes. 

3 Sliow that the curve has a rectilinear asymptote y=0, 

and a pai-abolic a.'=tyntptote y- = ax. 

4. Show that the curve x*y =j'*+x^+x*+.r+l has a parabolic asymptote 
whose vertex is at the point ( - i, |), and whose latus rectum = 1. 

5. Show that the curve .r*y*'x»+x2+x + l has a hyperbolic asymptote 


whose eccentricity = _ 

N 




2G1. General Investigation. 

In order to express the general equation 



(1) 
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in the form = + + ^ + . 

substitute for y from (2) in (1); then, since the result must be 
an identity, the coefficient of each power of x will be zero. 

This will give sufficient equations to determine yu, /3, y. 

The result of this substitution is 


* I ft) + .r" 


- <» 


y0'„(iu 9 

+ f ^."..(^1 

+ y30 „ _ i(/i) 

+ 0n 


which gives us the series of equations 

•f>nift) = ^^ .^ 

(i<f>'u{ft) + 0ti - i(m) = .^ ^ 


y0'„(yu) + -h /50 n - i(m) + 0» - 


(iii.) 


Hence fx, y ... are determined. 


262. Parabolic Branches. 

In the ca.se when 0n(M) = ^ equal roots /Uj, it follows as 
in Art. 244 that 0,.'C/ii) = <»■ If I*'*-'" does not also 

vanish it appears that the second of the above equations (ii.) 
cannot be satisfied by any finite value of /3. Hence the assum]>- 
tion that the equation of the curve can be thrown int(» the 
form (2) with fx^ for the coefficient of x is no longer tenable. 

The equation of the curve is now of tlie form 

«n-l-h «n-2+ ••• + = . 


where u„.j does not contain the factor y~fx^.r. 
We may write this 




n 


n 


XV 





n - 

n • 



and if we put a for an<l S for lA ' when .r and 

^ XVn -2 '’"-2 


y become infinite in the ratio 1 : yuj the curve ultimately a]>i*roNi- 
mates to the parabolic form 

(y — fx^^xY-{-ax-\■fi = y) .( 4 ) 

This parabola, althovigh a first appro.ximation to the shape 
of the curve, is not in general a-symptotic to it, but serves to 
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suggest that in closely examining the parabolic branches we 
should endeavour to expand y in the form 


y A ,B ,0 n ^ 

.H- 

X X x'f a? 



and discard for this case the expansion ( 2 ) assumed in the last 
article. 

If we substitute this in 


and expand as before, the result (after collecting the coefficients 
of the powers of a;) is 

+ .r""+ A 4--y + .d0'n- i</a)] 

+ :r" - =[XI^„'(m) + f ^ CV,.'■(/«) + 

++1¥^ -M+- M+-pn-M] 

+ etc. =0, 

and equating to zero the several coefficients 

0 „(^) = O i'and by supposition 0 '„(ai) = O, 

+ 0 n - \(fJ^ = 0 . 

/i0 ''.(m. 4- 0'"»(a*)4- 0',. - ,(m) = 0. 

A C0' „(^) + 0"„{m) 4- 4- ^0'"'»(^) 

4- Bc/i'„ _ i(,u) 4- —0",[-1(^) 4- 0u - -lifx) = 0, 

etc., 

which determine tlie hitherto unknown constants 


The parabola (y — fix — B)-=A^x + 2AC 

is then asymptotic to the curve, and the side of the parabola 
on which the curve lie? is indicated by the sign of D. 
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It should be noticed that the first approximation 

13 not in general asymptotic to the curve. 

263. In practice it is found more convenient to adopt a 

method of successive approximation to obtain the ultimate 

form of a parabolic branch at an infinite distance from the 

orio-in. This method will be indicated best by an example. 

& 

Ex. Obtain the rectilinear asymptote of the curve (j/- J‘Rv + J-)= 
and examine the paral)olic brancli. 

Tlie rectilinear asymptote is l)araUel to »/ + a =0. We may write the 
equation 


y + .f=2rt 






•* 

= to a firjjt approximation 


a 

\y 


.(l) 


giving the equation of tlie aj^ymptote. 
Proceeding to a second approximation 


.r2 


(i-^y 


a- 

" 2 ■*" 4.V 


( 2 ) 


This indicates that the curve lies above the asymptote on the right-hand 
side of the y-axi-s, but helow on the left. 

To examine the parabolic bi'anch. 

The axis of the a.symptotic parabola is clearly in the direction >/ = .r. 

For a first approximation to the shape at intinitv, 

= .(3) 

For a second approximation. substitmejAw value of // ami we obtain 

/ 

' x + x + <ox 

n/J 

.(4) 




2 + 


a 

y-j* = va.r- 
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To obtain a third approximation, use the value of y given by Equation ( 4 ) 

it 

o** .(5\ 

It appears, therefore, that though the first approximation (3) indicates 
the ultimate shape of the curve at infinity, it is not asymptotic to the curve. 

The second approximation (4) gives a parabola which, as is seen from 
(5), is such that the limit of the difference of its ordinate from that of 
the curve is zero, and though not itself being that parabola which most 
cloiehj approximates to the shape of the cur\'e at co, is nevertheless 
useful in the tracing of the curve. This is the dotted parabola of the 
tracing shown below. 

The third approximation (5) shows that the ordinate of the upper 
branch of this ]>ai'aboIa is less than that of the curve, and that the 
ordinate of the lower branch of this parabola is greater than that of 
the curve, so that both branches of the curve approach this parabola 
from the outside. 

Equation (5) shows that the true asymptotic parabola is 
which is cnnxial with the parabola (4) shown in the figure. 




2f)4. For further information on the subject of curvilinear 
iisyniptotes the student is referred to Frost's Curve Tracing, 
chapters VII. and VIII. 
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265. Polar Co-ordinates. 

Let the equation of the curve be 

7^Me)-\-r-%.x{e)+...+Me)^o . (i) 

or U"/(,(0) + tt" " yi(^) + ■ • • +/n(0) “ ^.^ 

To find the directions in which r = oo or it = 0 we have 

Me)=o . 

Let the roots of this equation be 

0 — a, /3> • • •• 

Let XOP — a. Then the radius OP, the curve, and the 
asymptote meet at infinity towards P. Let 01 ( —p) be the 



Fig. 33. 


perpendicular upon the asymptote. Since 01 is at right 

) T * 

angles to OP it is the polar subtangent, and Let 

XOF=a', and let Q be any point whose co-ordinates are r, $ 
upon the asymptote. Tlien the equation of the asymptote is 

p=r cos {Q — a) . 


It is clear from the figure that a ~ a —-~- 

,]a ^ . 

To find the value of — ^ when u = 0 diflercntiale equation 
(2), and put u = 0 and 6 = a. and we obtain 

/n- i(a) +/n(«) = ^. 

Substituting the value of I'enco deduced for 7 - in 

equation (4) we have 


fdvC 

u=o 


(5) 


/r.(«) 


(d-a + l) 

^rsin (a —0). 
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Hence the equations of the asymptotes are 

etc. 

Cor. The case most often met with is that in which 71 = 1, 
when the equation of the curve is '?*/i(0)+/o(0) = O. Then 
yj(0) = 0 gives a, y, etc., and the asymptotes are 

r sin (a — 0) = etc. 

/ 

260. The equivalent Cartesian form 


;?/ = a:tana + seca 


diUe.a 

will be found convenient to remember and somewhat easier to 
draw the asymptote from than the polar equation. 

2G7. Rule for Drawing the Asymptote. 

After having foun<l the value of .suppose we stand 

at the origin and look in the direction of that value of d which 
makes n = 0. Draw a line at right angles to that direction 
through the origin and of length equal to the value of 

) to the rijrht hand or the left according as that 
du/u=o ° ° 

value i.s positive or negative. Through the end of this line 

draw a perpendicular to it of indefinite length. This straight 

line will be the asymptote. 

2G8. To deduce the Polar Asymptote from the Polar Tangent. 
The same results may be deduced froni the equation of a 
tangent (Art. 20G). 

The re.sult n — Ucos{d—a)+U’s\n{0 — a) at once reduces 
to'/r,= j'siii (d —ah when f’‘=0. Putting 

c 


( 




as found in the last article, we again obtain the equation 

rsm(a-0) = ^. 
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Ex. Find the aitymptotes of the am-e 

r = a tan 0 or r cos 0 -•( sin 6^ = 0. 
/,(d) = cos0 and /o(0)=-n sin 


Here 

cos 0=0 gi%’es 

and 

Hence 


“=|. 

fiia) -sinu 

% 

rsin^^-0^=« or /•coa0=t/ 
rsin^?^ -0)=« or rcos0=-o 

are the asymptotes. 

Or, using the Cartesian formula of Art. 26G, 


u = ^cot $. 
a 


dd 


« = 0 if 0=H7r + s» , =asin20*a 

2 (IM 

for this angle. 

Hence the formula y cos a=.r sin a + j 

becomes jr=±<i. 

2G0. An Exceptional Case. 

Ill forming Equation 5, Article 265, it has been asymmed that tlie value 
of (there obtaine4l is not indeterminate : a>i.1, furtlur, tlmt nunc of 

the coefficients of the seveml powers of u become infinite in the limit when 0 
is put equal to a. If on diHercntiatiiig Equation 2 an*l putting « = 0atKl 
0 = ttany tenu should occur which is imleteriuinate, it must be l etaiiicdaiid 

the true value of evaluated, cither in an elementary manner or 

by the methods laid down for undetermined forms in C’liaji. XI5 . 


Examcles. 

1. r0k = a. 5- r=2fl sin 0tan 0. 

2. rd — a. 6. r sin 20 = (t cos 30. 

3. rsinH0 = a. 7- r = o + /»cot«0. 

4. f = u cosec 0 + f». r"siiiH0=« - 

9. Show that all the a.symj>totes of the curve rtiUiH0 = « touch the 

circle r = “- 
n 

270. Circular Asymptotes. 

In many polar equations when 6 is increased indefinitely it 
happens that the equation ttike.s the form of an equation in r, 
which represents one or more concentric circles. 
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For example, in the cur\'e r=a- 

wliich mav be written r=a 


e 


e~i 

\ 

'-9 


it is clear that if 9 becoiiiea very large the curve approaches indefinitely 
near the limiting circle r=a. 

Such a circle is called an asymptotic circle of the curve. 

EXAMPLES. 

1. Find the asymptotes of the curves 

(i.) a^xy - = 0. 

(ii.) y*~x* = a:-xy. 

2. Show tliat there is aii infinite number of asymptotes of the 
curve ?/= (« - .cHan.^, viz., 

a!= -rt, x= ± 3a, x= ±r)o, etc. 

3. Pro\ e that any tangent to the curve Zxy- = is divided by the 

asymptotes and the curve into segments wliich bear a constant ratio 
to eacli other. [Oxfohd, 1889.] 

4. Fiml the asymptotes of tlie curve 

+ y){.K ~ y)- + «a~(x - y) - ay = 0. [Oxford, 1889.] 

5. Find the asymptotes of the curve 

{x - y)'-{x - - 3f/) - 2rt(.r'' - if) - 2n-(.c + y)(.r - 2y) = 0, 

[Oxford, 1888.] 

G. Determine the asymptote.^ of the sextic 

- eyOM + 2y-) - 3} = { -Six- + 2r‘) - 4 p. 

[Oxford, 1886.] 


7. If r=: 


n9- 


, tlie curve ha.s two rectilinear asymptotes at a dis¬ 
tance from the polo, making angles ±l with the prime radius. 


0 -- 1 


[OxFOttD, 1889.] 


Also, then; is a circular jvsyinptote. 

8. Find the asymptotes of the curve 

r9 cos 0 ~a cos 2$. 

9. Find the asymptotes of the curve 

rO cos f^ = ae^. [Oxford, I88S.] 

10. Show that there is an infinite series of parallel asymptotes to 

a 


the curve 


r = 




0 sin 9 

and show tliat tlieir distances from the pole are in Harinonical Pro¬ 
gression. Find the circular asymptote. 
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11. Show that the curve ^(ar - r^) = has a circular asymptote. 

12. If u =/{6) be the equation of a curve and /(6) = 0 gives a root 

das a, the corresponding asymptote is 

^ sec a 

Ex. For r$ = a{d- ~ ir-) the asymptote is y + mr^ = 0. 

13. Show that if y = xf{x) be the equation of a curve which admits 
of a rectilinear asymptote, then 



is its equation. 

Apply this method to find the asymptote of = 3fi.ry. 

(Baily and Lrsi).] 

U. Show that one of the asymptotes of the curve 

aP{x - 2y)2 - Say^x -2y+ 2a) - 2a^xy = 0 
touches it at a point whose co-ordinates are finite. (Oxford, 1890.) 

15. Determine the asymptotes of tlie curve 

_ l7xV- - M-i- 2) = 

and show tliat they pass through the points of intersection of the 
curve with the ellipse x- + 4y- = 4. [Oxford, 1890.] 

16. Prove that the mn intersections of two curves of the and 
n*** degrees, and the mn intersections of the asymptotes of each with 
those of the other He on a curve of the (m -e n - 2) degree. 

Examine the case of a number of the asymptotes being the same 
for both curves. (Math. Tritos, 1876.] 

17. Determine completely the relation of the line n.c-t-ty=0 to 

the curve {ax + by)‘v „.2 + {(uc + by)w„..i+u„_ 3 + ... +v^ = 0 
where ta, are homogeneous functions of x and y of degree r. 

Trace the curve— + -= 1, and determine the form it assumes 

X- y'^ 

when a is diminished indefinitely. (Math. Tripos, 1884.] 

18. Obtain the rectilinear asymptotes of the curve 

y‘(x^ - y*) - 2ay’ + 2n®x = 0, 

and the parabolic asymptotes of 

y< - 2xy2{x -i- a) 4 - (x «)x^ * 0. (Oxford, 1887. J 

19. Form the equation of a quartic curve which has asymptotes 
x~y = 0 and x + y*0, the curve being supposed to approach each 
asymptote at one extremity only, but from both sides of that asymp¬ 
tote, and also to touch the axis of y at the origin. 
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20. Form the equation of a quartic curve with asymptotes y ^ 0, 
a: + y = 0, a: - y = 0, the curve being supposed to approach y = 0 from 
opposite sides at the same extremity, but the other two asymptotes 
from the same side and at opposite extremities in each case. The 
curve is also to touch the axis of y at the origin and to pass through 
the point (2a, a). 

21. Find the equation of a curve of the fourth degree which has 
two coincident asymptotes a: + y=l, an asymptote a:-y=l and a 
fourth parallel to this, and of which the origin is a double point, the 
branches touching the axes of co-ordinates. (Math. Tripos, 1887.] 

22. Find the equation of a quartic which has y= ±*±1 for 
asymptotes, which cuts the a:-axis in four contiguous points at the 
origin, and the y axis in three points (other than the origin), for 
which the product of the ordinates is — 1. 

23. Obtain the asymptotes of the curve {y ~ b){y - c)x-= ahf, and 
find upon which sides of the asymptotes the curve lies. 

24. Show that the curve y + + ^ 

folium of Descartes + y^ = 3axy. Hence find on which side of the 
linear asymptote the curve lies. 

25. For the quartic aar* - ?»y*-t* c-Vy = 0 show that 

ai c3 c» 

Draw the asymptotes, and determine on which sides the curve lies. 

[Vince, Flcxions ; Peacock.] 

2G. Find the asymptotes of the quartic 

l)=+a:n+My+«) = o, 

examining in the several cases on which side of the asymptotes the 
curve lies. Beer.] 

27. In the curve = 6a:^y + ^ there are no rectilinear {isymptotes, 
but the curve is a-cymptotic to the parabola y-x--*- 2x. 

28. Find the asymptotes ot the curve y{y-a:)‘^(y + 2z) = 9ca^, 

showing that the parabola (y-a:+2c)-= 3«r+ITc^ is asymptotic to 
the curve. (Frost, Curve Traxing.} 

29. Show that the cun-o 

(y - 2 ir)-(y-t-ff)-f (y-t-3 j:) (y - a:) + = 0 
has a parabolic branch to which 3y- - I '2xy + 1 2x- -I- 5x = 0 is a first 
approximation, and to which the parabola 3 (y - 2x -t- \%)' - 1 - 5a: -i- = 0 

is asymptotic. 
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30. Find the rectilineal asymptotes and the parabolic branches at 
infinity of the curve 

(y-x)<+(y-x)=2y + (y-x)(3x-y)-2x-2»/+ 1 -0, 
and find the position of its points of intersection w itli 

(y-i-)- + a: + t/=0. (O.XPORU, 1888.] 


31. Find the asymptotes of the curve 

r(sin a - sin 6) = a sin a cos V. 

Examine the case when a becomes a right angle. 

[WoLSTKSiioLUK, E’lncational Time8.\ 

32. Show that a cubic curve with a double point cannot have 
parallel asymptotes. A cubic has three given asymptotes which 
form an equilateral triangle. Show that if the curve possess a cusp 
it must lie on the inscribed circle of the triangle. 

[Math. Tripos. 1890.] 


X-" 


33. If the equation of a curve be written 

and if ^>,) = 0, </.„>.) =0. = 0, and = 0. show 

that there are two i)araHel asymptotes equidistant from the origin, 
whose equations are 


- V’ <#>"„(AJ 


34. Show that the first approximation to the difterence of the 
ordinates of the curve 


and its rectilinear asymptote for a point whose abscissa 

is X is 


assuming that no other asymptote is parallel to this one. Show 
from this result that the curve at opposite extremities is in general 


also on opposite sides of the asymptote. 

35. Prove that an algebraic curve of the 7i^ degree represented 
by the equation 



has two parallel asymptotes, provided /#(/*), Joif^)y /i(/*) vanish for 
B.D.C. U 
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the same value of ft; and that the approximations to the correspond¬ 
ing infinite branches of the curve are given by 

y=fx* + f - + ity;v) + KfM +fM}> 

where v is a root of the equation 

Find also an approximation for the case of equal roots. 

[Math. Tripos, 1888.] 

36. Show that the asymptotes of the general curve of the degree 

{uo, Oi, .... y)" + ”(^oi •••» y)"“* + =0 

will all pass through one point if 

®n—I 

^ 1 ? ^h> •••> 

^Ot ^2) •••! ^n-l 

and that the co-ordinates of that point are 

o^bi — ~~ ^ 0 ^ 1 . 

[The notation {uo, a,, a„lx, y)" is used for the general binary 
quantic of the n*** degree, viz. 

+ naja:"-'y + W'V + -■ ■ + ] 
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SINGULAR POINTS. 

271. Concavity. Convexity. 

In the treatment of plane curves the terms concavity and 
convexity with regard to a point are applied with their ordin¬ 
ary signi6cation. Thus, for example, any arc of a circle is said 
to be concave to all points within the circle ; whilst to a point 
without the circle the portion lying between that point and 
the chord of contact of tangents drawn from the point is said 
to be convex and the remainder of the circumference concave. 

272, In general the portion of a curve in the immediate 
neighbourhood of any specified point lies entirely on one side 
of the tangent at that point. This is clear from the definition 
of a tangent, which is considered as the limiting position of a 



chord. There is an ultimately coincident cross and recross at 
the point of contact, as shown at tlie ultimately coincident 
points P, Q in fig. 34 ; so that the immediately neighbouring 
portions AP, QB must in general lie on the same side of the 
tangent PT. 

273. We may thus give tlie following definition of concavity 

and convexity. Let P be any point of a curve in the midst 

of continuous curvature. Let A and B be two points near 

together on the same branch of the curve passing through P, 

but on opposite sides of P. Then in the limit when the arc 
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is indefinitely diminished the curve is concave in the 
immediate neighbourhood of P to all points on the same side 
of the tangent as the arc APB and convex to all points on the 
opposite side. 

274. Point of Inflexion. Stationary Tangent. 

The kind of point discussed in Art. 272 is an ordinary point 
on a curve. It may however happen that for some point on 
the curve the tangent, after its cro.ss and recross, crosses the 
curve again at a third ultimately coincident point. Such a 
point can be seen magnified in Fig. 35. 



In this case it is clear that two successive tangents coincide 
in position: viz., the limiting positions of the chords PQ, QR> 
The tangent at such a point is therefore said to be “ stationai'y, * 
and the point is called a “ 'point of contrary flexure ” or a 
" pohit of inflexion ” on the curve. The tangent on the whole 
crosses its curve at such a point, and the curve changes from 
being concave to points on one side of the tangent to being 
convex to the same set of points. 

275. Point of Undulation. 

Again, there may be a point on the curve for which the 



tangent crosses its curve in four ultimately coincident points, 
P, Q, R, S, as seen magnified in Fig. 36, and the point is then 
called a of undulation " on the curve. There are now 

three contiguous tangents coincident, and the tangent on the 
whole does not cross its curve. And it is clear that singular¬ 
ities of similar character but of a higher order may arise. 
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276. Analytical Tests. Concavity and Convexity. 

It is easy to apply analysis to the investigation of the form 
of a curve at any particular point. 

Let us examine the point x, y on the curve y =■ 

Let P be the point to be considered, an adjacent point on 



Fig. 37. 

the curve. Let PK, P^^i be the ordinates of P and Pj. and 
suppose P^N^ to cut the tangent at P in Qj. Then OA =x, 
i^P = y = 0(x). 

Let OxVj = .'r + A, 

then ) 

= + . (0 

by Taylor’s Theorem. Again, the equation of the tangent at 


Pis r~2/ = </>'(^)(A'-x). 

Putting X = x + h 

we obtain Y=y-\~h<p\x) = <p{x)+h<l>\x) .(2) 

which gives the value of 

Henco the ordinate of the curve exceeds the ordinate of the 
tangent by 

N,P, - + 'y-Xx) +.(3) 


Now, if h be taken sufficiently small, the sign of the right- 
hand side will be governed by that of its first term ; and this 
term does not change sign with h because it contains an even 
power of h, viz., the .square. Hence, in general, on whichever 
side of P the point Pj be taken, A^Pj —iV,Qi will have the 
same sign—positive if be positive, and negative if <p"{x) 

be negative; and therefore the element of the curve at P is 
convex or concave to the foot of the ordinate at P according as 
•fi'ix) iH poeitive or negative. 
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We have drawn our figure with the portion of the curve 
considered above the axis of x. If, however, it had been below, 
the signs of and would both have been negative and 
we should have had the contrary result. But observing that 
<p(x) is positive for points above the axis of x, and negative for 
points below, we may obviously state the unrestricted rule that 
the elementary portion of the curve y — iu the neighbour¬ 
hood of the point (x, y) is convex or concave to the foot of the 

ordinate according as ^ positive or negative. 

277. Points of Inflexion. 

If (f>"{x) = 0 at the point under consideration, we have 

N,P, - h\Q, = + ly-'W +..., 

and, as before, the sign of the right-hand side, when h is taken 
sufficiently small, is governed by the sign of its first term. 
But this now depends on /t®, and therefore changes sign with k; 
that is, the ordinate of the curve is greater than the ordinate 



Fig. 38. 

of the tangent on one side of P, but less on the other. The tan¬ 
gent now crosses the curve at its point of contact, and the point 
is of the kind describedin Art. 274,and called apoinf of inflexion. 
A iieces^sary con<lition then for a point of inflexion is that 
if not infinite should vanish, and the sign of determines 

the character of the infle.xion ; for (assuming the element above 
the axis of a.*) if 4>"{x) be positive, AjPj —changes from 
negative to positive in passing from negative to positive values 
of h : i.c., in passing through P the change is from concavity 
to convexity with regard to the foot of the ordinate. But if 
be negative, the change is from convexity to concavity, 
and this latter is the case represented in the figure. 
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278. Point of Undnlation. 

Again, if = 0 at the same point, and ^""(x) do not 

vanish, the first term in the expansion of — depends 
on h*, and therefore this expression does not change sign in 
passing through P. The tangent therefore on the whole does 
not cross its curve at P. The point is of the kind described in 
Art. 275 and called a, point of undulation. 


279. Higher Degrees of Singularity. 

It will now appear that, if by two successive differentiations 
a result of the form 


be deduced from the equation to the curve, although 


d-y 

dx^ 


vanishes both at the points given by x = a and by x = h, yet it 
only undergoes a change of sign when it ])asses through x~b, 
the index of the factor x —5 being odd. Hence at the points 
given by x = a there is no ultimate change in the direction of 
flexure, while at those given by x = 5 tliere is a change. The 
points given by x = a look to the eye like ordinary points on a 
curve, while those given by x = h resemble poinU of inflexion, 
and indeed have been for distinction called by Cramer points 
of vieible inflexion* although the singularity is of a higher 
order than that described in Art. 274, which is the case of 
m = 0. If'>i=l,thepointsgiven by x = tt are points of undula¬ 


tion, such as described in Art. 275. So that for an Inflexional 

Point the condition ^ ^ = 0, thouyh necesaary. is not sufficient. 

The complete criterion is that jA, should chanye sign. If 

vanish, hut do not change sign, the curve at the point tinder 
consideration is undulatory. 


280. Case when the Tangent is parallel to the y-azis. 

The test of concavity or convexity has been shown to depend 

upon the sign of Io the case, however, of an arc, the tan¬ 
gent to which is parallel to the axis of y, the value of ^ and 


•Dr, 8«linon. HigUfr Plant Curvti, p. 35. Cranjor. Awfpnt de$ Lujntt 

GtDevft. 
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of all subsequent differential coefficients is infinite. But in 
this case it is obvious that it would be convenient to consider 
y instead of x for the independent variable, and then the sign 

of will test the concavity or convexity to the foot of the 
ay- 

ordinate drawn from the point under consideration to the axis 


of y. 


Similarly, at a point of inflexion at which the tangent is 

d^x 

parallel to the axis of y, must change sign. 

And in other cases whenever it is more convenient to use y 
instead of x for our independent variable, we are of course at 
liberty to do so with an interchange of the letters x and y in 
the formula quoted. 



281. The test for concavity or convexity may also be investi¬ 
gated as follows :— 

Let P be any point of the curve, co-ordinates x and y. Let 
the adjacent points on the curve Pj and P^ have co-ordinates. 
(,r-h, yj) and (x-f-A, y.) respectively. Let the ordinate of P 
cut the chord 1\P^ in Q. Then if h be made infinitesimally 
small, the portion of the curve in the immediate neighbourhood 
of P will be convex or concave to N, according as A’'P is < or 

Vi+Vo 

> XQ, i.e., as y is < or > 


jdy Id dhf 


Now 



SINGULAR POINTS. 


217 


80 that the criterion depends upon whether 

y be < or > ®‘*' *'* 

and proceeding to the limit the curve is convex or concave to 
N according as is positive or negative. 


Ex. 1. Consider the curve y 
the ordinate t 

Here 


2vax. 


dx^ 


Js it convex or concave (o the foot of 


4 ^'. 

X7 


and 



Hence is nerative for all positive values of .r (and negative values of 

X are not admissible;, so that the curve in the neighbourhoo<l of any 
specified point is concave to the foot of the ordinate of that point. 

Ex. 2. CoMider the airve x«/ + 3/. Hae it a point of inAerioH ? 

Here = 6(y + 1). 


so that — changes sign asy j)assea through the value >/— 1. Therefore 

dp'^ 

the point (2, -1) is a point of infiexion on the curve. 


282. Convexity and Concavity of a Polar Curve. 

Suppose the equation of a curve to be given in polai co¬ 
ordinates as ■u=/(0), and that it is required to find a test of 
convexity or concavity towards the pole. 



Let 0 be the pole, P the point of the curve to be examined. 

Let the co-ordinates of P be denoted by t, 6, and let A, D be 
two points on the curve adjacent to P, and one on each side of 
it whose co-ordinates are respectively $ — 60) and (r.^, 0 + 60). 
Then the curve in the immediate neighbourhood of P will be 
concave or convex to 0, according as 

AAOP+ APOP is > or A A OB 
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when we proceed to the limit That is, according as 

r^r sin ^0 + 7 ^ 28 in ^0 > or < rjTgSin 2^0, 
or r^r-J-rTg > or < 2 rir 2 C 0 S J0; 

i.e., as Uo + Uj > or < 2u cos 60, 

where we have written r, = —, etc. 

Now, by Taylor’s Theorem, 

^2 = ^^+^<50+^ -or+---. 


t/02 21 


u, = u-^60 + , 


def^ 2! 


and therefore 


Ui + it2 = 2(u + 


dhi 602 
d&^ 


2j 


whence we have concavity or convexity to the pole according 

d^XL 602 . . . _ se- 


as 


-^ + “^ 4r + --* ^•‘5 > or < 2jt(l + 


and proceeding to the limit according as 

d^xi 

+- 7 nH is > or < 0. 
a0“ 

283. Polar Condition for a Point of Inflexion. 

At a point of intlo.xion the curve changes from concavity 
to convexity, and therefore the necessary condition is that 

U + should change sign. 


Ex. Find the point of i.i firj'inn on the curve r=a$~^. 
llt-re au=$^, 

tliert-foro 


d‘U 1 /j 2 


Hence, puttinjr 




to find for wltat vnhu* of 0 a cliange of sign can ocenr, we have 

d=±h 

An*l the positive value only is udiuissible, giving 


r = av'2)^ 


fy-i \ 

as the polar co-ordinates of the point of intlcxion. 
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284. Condition for Pedal Eqnations. 

It will be obvious from a figure that for an element of a 
curve which is concave towards the pole p and r increase or 
decrease together. But for convexity p increases as r decreases 

and vice versa. Thus for concavity is positive ; for con- 

vexity negative. 

At a point of inBexion ^ changes sign. 

285. This condition is deducible at once from the polar condition, for 
since 


1 dp 
(Pu r* 

dr 

whence the result follows immediately. 


Examples. 

1. Show that the curve y-r- is at every point convex to tl.e foot of tl.e 

ordinate of that point. 

2. Show that for the cubical parabola 

there is a point of inflexion whose abscissa is 6. 

3. Show that there are points of inflexion at the origin on eaJi of the 
curves 

(/J)y = atan^. 

4. Show that there is a point of inflexion on the curve 

at the point (8, «*). . 

5. Show that every point in which the curve of sines 

^ = .sin j- 
a V 

cute the axis of j is a point of inflexion on the curve. 

6. Determine the nature of the point where a on the cuive 

(y - a - x)< = u(jr - fc)^. 

7. Show that the curve , , 

(y_a)» = a»-2aV + ax* 

U always concave towards the foot of the ordinate. How is it situatei 

with regard to points on the y-axis ? 

8. Ascertain whether the spiral 

r cosh c^ —u 

is convex or concave towards the pole, 
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9. Show that if the origin be a point of inflexion on the curve 

“l + “2+«3+---=0 
Ks ■will contain for a factor. 

10. Show that there is a point of inflexion at the origin on the cubic 

y = ajr)j + h^- + cjfi, 

11. Show that there is a point of undulation at the origin on the cur\’e 

y= ax' + bxTT /^+ 

12. Find the positions of the points of inflexion on the curve 

12y = .r«- 16.r3 + 42jr2+i2x+l. 

13. Prove that the curve 

y^he 

has a point of inflexion given bv 

14. Prove that the point ^ “ 2, -pr) ^ point of inflexion on tlie curre 

Multiplk Points and Tangents. 

28G. Nature of a Multiple Point. 

A singularity of different nature from those above described 
occurs on a curve at a point where two branches intersect, as 
at the point A in the accompanying figure. It will appear 
from an inspection of the figure that at such a point os the one 
drawn there are two tangents to the curve, one for each branch. 



Each tangent cuts the curve in two ultimately coincident points, 
such as P, Q on one Viranch, and it incidentally intersects the 
other branch through A in a third point P, ultimately also 
coinciding with ^1. Each tangent therefore at such a point 
intersects the curve in three ultimately coincident points at the 
point of contact ; and if the curve be of the degree, each 
tangent \\ ill cut tlie curve again in n — 3 points real or imagin- 
my. In tliis rc.spcct the tangent at such a point resembles the 
tangent at a j.oint of infiesion, for (Art. 274) the point of con¬ 
tact of a tangent at a point of inflexion counts for three of the 
n intersections of the line with the curve. 
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287. Points through which more than one branch of a curve 
passes are called "mitltipls points on the curve. If two 
branches pass through the point A, as in the above figure, A is 
called a “double point" If three branches pass through any 
point, that point is called a “ tAple point on the curve ; and 
generally, if through any point r branches of the curve pass, 
that point is referred to as a “multiple pobit of the r*** order" 
on the curve. From what has been said with regard to the 
tangents at a double point it will be obvious that there are r 
tangents (real or imaginary) at a multiple point of the oidei, 
one for each branch. At such a point each of these r tangents 
cuts its own branch in geiieral in two jjoints, and each of the 
other branches in one point; i.e., in r+1 points altogether, all 
ultimately coincident with the multiple point. Such a tangent 
therefore cuts the curve in n-r -1 other points real or imagin¬ 
ary. But if at the multiple point there Imppen to be a point 
of inflexion on the branch considered, the Ungent will cut that 
branch in three points instead of two at the point of contact, 
making r + 2 points of intersection with the curve at the mul¬ 
tiple point, and therefore reducing the remaining number of 
points of intersection to n —7*—2. 

288. Species of Double Points. 

Consider the case of a double point. The tangents there 
may be real, coincident or imaginary. 

Case 1. If the tangents be real and not coincident, there are 
two real branches of the curve j)assing through the point, and 
the point is called a node or crunode. 



Case 2. If the tangents be imaginary, there are no real points 
on the curve in the immediate neighbourljood of the point con¬ 
sidered, and we are unable to travel along the curve from such 
a point in any real direction. Such a point is thc*reft)re simply 
an isolated point, whose co-ordinates satisfy the equation to the 
curve, and is called a " conjugate point" or “ acnode." 
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Case 3. If the tangents at the double point be coincident, 
the two branches of the curve will touch at the point con¬ 
sidered. The point is then in general of the character called a 
stationary point, cusp or spinode. 

289. Two Species of Cusps. 

There are two kinds of cusps, as shown in the accompanying 
figures. ..t 



Fig. 43, Fig. 44. 

(a) In fig, 43 the branches PA, QA lie on opposite sides of 
the tangent at A. This is referred to as a cusp of ike first 
species or a keratoid cusp (t.c,, cusp like Jioi'ns). 

(j(3) In Fig. 44 the branches PA, QA lie on the same side of 
the tangent at A. This is called a cusp of the second species or 
a ramphoid cusp {i.e., cusp like a beak). 

200. A Multiple Point can be considered as a Combination of 
Double Points. 

A triple point may obviously be considered as a combination 
of three double points, for of the three branches intersecting at 
the point each pair form a double point at their point of inter¬ 
section. And in general a mxdtiple point of the r^ order may 

be considered as the result of the combination of ^ double 

V 

points, since this is the number of ways of combining the r 
branches two at a time. 

291. To examine the Nature of the Origin. 

If the ecpiation of a curve be rational and algebraic, it may 
be written in the form 

a 

-I- b^x -H b„y 
+ c\x- + c.p:y + Cjy* 

+ • • • 

-H 4- kp:’^ -+... -p = 0 


(A) 
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If this be put into polar co-ordinates it becomes 

a 

^{^r(b^cos 6) 

+ r^{CiCos20 + ccos 6 sin O + CaSin^fl) 

+ ... 

+ r"(itiCos”6 + A',,cos”" sin 0 + • • • + ^n+isin^O) = 0.(B) 

Let 0 be the pole and OA the initial line. Then equation 
(B) gives the points 7^,. P.,. 7\.... in which a radius vector 



OPjPj..., making a given angle 6 with OA. cuts the curve. 

The roots of this equation are Ol\, 0P.>. 01 . . 

It is clearly of the degree, and therefore has >i roots. 

These may, however, become imaginary in pairs. 

I. If a = 0 it will be obvious from either the Cartesian equa¬ 
tion (A) or the Polar equation (ii) that the curve passes thnnujh 
ike origin 0. In this case one root of the equation (b) is zero. 

and in the figure OI\ = 0. 

II. In this case, if 6 be so chosen as to make 

6^cos B + b.,sin 6 = 0, 

a second root of the equation (b) vanishes, and therefore we 

infer that a straight line making an angle tan-'(-^*) with tlie 

initial line cuts the curve in two contiguous points at the origin, 
and therefore is the tamjent there. The Cartesian equation of 
this line is obvious upon multiplying by r, viz., 

biX + b.^y = 0. 

Hence if a curve through tlie origin, tlie terms of Jirst 
degree (if any such exist) on being equated to zero form the 
equation of the tangent at the origin. (See Art. 107.) 

III. If a = 0, 6^ = 0, and ^^ = 0. then in general it is possible 

to choose ^ so that . ^ 

Cjcos^e + C2CO8 6 sin 0 + 038111-^ = 0. 

and then three roots of equation (b) will vanish ; thatjs to say. 

of the pair of lines whose equation is tve-+ = 0 each 
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cuts the curve at the origin in three contiguous points. There 
are therefore two branches of the curve intersecting at the 
origin, to each of which a tangent can be drawn, and of the 
three contiguous points in which it has been seen that each of 
these tangents cuts the curve two lie on one branch and the 
other on the remaining branch. The origin is in this case a 
double ‘point on the curve^ and the terms of lowest degree in 
the equation of the curve, viz., 

CyX^+c^y-\-c^y\ 

when equated to zero form the equation of the tangents at the 
origin. The tangent of the angle between these straight lines 


If Co^> the tangents are real and not coincident, and there 
is a node at the origin. 

If c.,“ = 4cjC 3, the tangents are coincident, and the two branches 
of the curve touch, and there is in general a cusp at 
the origin. 

If c./<4cjC 3, there are no real tangents at the origin, although 
the co-ordinates of the origin satisfy the equation of the 
curve; there is then a conjugate point at the origin. 

If Cj + CjSsO, the tangents at the origin intersect at right angles. 

IV. If a = 0, —0, ^2 = 0, Ci = 0, C2 = 0, C 3 = 0. the origin is a 

triple point on the curve, and (as shown in III. for the tangents 
at a double point) the tangents at the origin are 

d^oc^ -h d.pry + dpcy^+dpf = 0. 

V. And generally, if the lowest terms of an equation are of 
the degree, the origin is a “ multiple point of the order” 
on the curve, and the terras of the degree equated to zero 
give the r tangents there. 


is given by 


. ^ mJ c.>“— 4CiC 


3 


292. To examine the Character of any Specifled Point on a Curve. 
Results siTnilar to those of the preceding article may be 
deduced for any point on the curve. 

'X t/^ it 

Let the straight line —^— = ^~—=p be drawn through a 
given point {h, k) to cut the curve f{x, y) = 0. Then 

X = ll 

y = k-^mp. 
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The use of these equations is obviously equivalent to a double 
transformation of co-ordinates, the first to parallel axes through 
A, k, the second to polars. 

Substituting for x and y in the equation of the curve we 
obtain f{h-\-lp, k-\-mp) = 0 

to find the points Pj. Pg, ■- in which a radius vector through 
the point It, k cuts the curve. 

If this be expanded by the extended form of Taylors 
Theorem, tlie equation becomes 


/(A, + 





which is exactly analogous to equation (b) of Art. 291. and 
corresponding results follow. 

I. If/(A, k) = (), one root of the equation for p vanishes and 
the point A, k lies on the curve (which is otherwise obvious). 

II. In this case, if the ratio Inn be now so chosen that 


dli dk 



then another root vanishes, and this relation gives the direction 
of the tangent, whose equation is therefore 



as found in Art. 191. 


III. But if ^^ = 0 and = as well as /(A, k) = 0, then all 

lines through A, k cut tlie curve in two contiguous jioints. 
But if the ratio l:m he so chosen that 





we have in general, as in Art. 291.111., two directions in which 
a radius vector drawn through {h, k) cuts the curve in three 
contiguous points. The point (A, k) is a double point on the 
curve, since two branches of the curve pass through thi.s point; 
and of the three contiguou.s points in which each of the above- 

E.D.C 
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mentioned radii vectores meets the curve, two lie on one branch 
and one on the other. The equation of the two tangents is 

(. - hf% +2(» - A)(y - +(y - kf%= 0. 

IV. Farther, if m = 0, :^^ = 0, and ^^=0, in addition to 

W aidk df^ 

^- = 0, g^=0, and J{k, k)=0, identically for the same values of 

h, h, and if on going to terms of the third order we find that 
all these do not identically vanish, the point (h, k) is a triple 
point on the curve. 

V. And generally the conditions for the existence of a mid- 
tiple point of the order at a given point h, k of the curve 
are that f{pc, y) and all its difiereutial coefficients up to those 
of the (r— order inclusive should vanish when x — h and 
y = k; and then the equation of the r tangents at that point 
will be 

-(i/ - ••■ + (»- 0. 

203. Special Case of Double Point. 

Recurring to the case of a double point at a point (/t, k), since 
the equation of the tangents is 

(X - + kyg= 0. 

the angle between these tangents is given by 

tan0 = JlkML^^LJ^ 

S"/ . w 

-dh^'^-dk^ 


and the point h, k is a node or conjugate point according as 

/syy - 3 ^/ 

\3k3kJ <» 3^2’ 
and is in general a cusp if 

\3hok) ~3h^ ' dk^’ 

with the preliminary conditions in each case that 

Ah. i-) = 0, |' = 0, and |{=0. 



SINGULAR POINTS. 


227 


We say in general a cusp; for it will be seen that in some 
cases when the above conditions hold the curve becomes imagin- 
at'y in the neighbourhood of the point considered, which must 
therefore be classed as a conjugate point. In the case of the 
coincidence of tangents, further investigation is therefore neces¬ 
sary. The mode of procedure is indicated below in the method 
for the investigation of the character of a cusp. It appears that 

/ ay 

\dxdy) ox- 'dy- 

represents a curve which cuts /(x, y) = 0 in all its cusps; and 

id a curve which cuts /(x, )/) = 0 in all the double poinU at 
which the tangents are at right angles. 


294. To search for Double Points, 

The rule therefore to search for double points on a curve 


equate each to zero 


f(x, y) =0 is as follows. Find and ^ ; 

and solve. Test whether any of the solutions satisfy the equa¬ 
tion of the curve. If so, apply the tests for the character of 
each of the points denoted, i.e., try wliether 


\dxdy) ^ dr/ 


295. To discriminate the Species of a Cusp. 

Method I. Suppose the position of a cusp to have been 
found by the foregoing rules. Transfer the origin to the cusp. 
The transformed equation will be of the form 

(ax-l-by)*-hu3-|-U4+•■■ = **.. 

where ax-^by = 0 is the tangent at the origin, and Uj, 
are homogeneous rational algebraical functions of x and y of 
the degrees indicated by their respective suffixes. 

Let P be the length of the perpendicular drawn from a point 
X, y of the curve, very near the cusp, upon the tangent 

ax-^by = 0. 

ax + by 


Then 


( 2 ) 
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If 2 / be eliminated between equations (1) and (2), an equation 
is obtained giving P in terras of x. It is our object to consider 
only the two small perpendiculars from points on the curve 
near the origin, and having a given small abscissa hence in 
comparison with P- we reject cubes and all higher powers of 
P and also all such terms as P^x, P^xr ,... which may arise on 
substitution. 


Fig. 47*—Single cuep, second species. 



« 

Fig. 40.—Single cusp, first species. 





Fig. 50. “Double cusp, change of species, OscuHnflexion, 

We shall then have a quadratic to determine P. If, when x is 
mado very small, the roots be imaginary, the branches of the 
curve Uirough the origin are unreal, and therefore there is 
a conjugate point at the origin. If the roots be real, but of 
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opposite signs, the two small perpendiculars lie on opposite 
sides of the tangent, and there is a cusp of the jirst species at 
the origin. If the roots be real and of like sif/n the perpendic¬ 
ulars lie on the same side and the cusp is of the second species, 
and the sio-n of the roots determines on which side of the tan- 

O 

gent the cusp lies. 

Complete information is also afforded by this method as to 
whether the cusp is single or double, i.e., as to whether tlie 
branches of the curve e.vtend from the cusp towards one 
extremity only of the tangent, or towards both extremities 
as shown in the annexed figures. 

The reality of the roots of the quadratic for P will in some 
cases depcTui u;)on, and in others be independent of the sign 
of X. In the former cases the cusp is single ; in the latter, 
dx)vUe. Moreover, if double, we can detect whether the cusp 
is of the same or of different species towards opposite extrem¬ 
ities of the tangent When the cusp is of different species 
towards opposite extremities the point is called by Cramer a 
point of Osculinjiexion. 

In adopting the above process it will clearly be sufficient to 
put P = ax + by, thus dropping the s/u‘ + b- for the sake of 
brevity; the effect of this being to consider a line whose length 
is proportional to that of the perpendicular instead of the per¬ 
pendicular itself. 

Ex. 1. Examine the character of the origin on the curi e 

X* - + -ig- = 0. 

Here the Ungent at the origin is .i/*0. A<cor<ling to tl>c rule put y=P. 
The quadratic for P in 

/''-(4 - 2j) - 4/V + .V* = 0. 

The roots of this equation are real or imaginary according a-s 

4.1* is > or < .r**(4 - 2.r), 

i.e., according as x is positive or negative. Hence tlie cusp is "single" 
and lies to the right of the axis of y. Moreover the pr<Hluct of the roots 

ia and is iiositive when x is verv Hiiiall, ami the roots are therefore 

4-2x ' 

of the same sign. Thu origin is therefore a single cusp of the second species. 
Moreover the sum of the roots is iK.8itive, so th-at the two branelies near 
the urigiii He in the firet qnadrant. 
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Ex. 2. Examine the character ofth^ curve 

^ 0 

at the origin. Here y=0 is a tangent at the origin. Put y—P. The 
quadratic for P is 

i»(9 - 3x) - 33 :*P+x*=0. 

The roots are real or imaginarj according as 9x* — 4(9 — ar)ar* is positive or 
negative,as - 27jr«+ 12jfi is positive or negative. 

Now, when x is very small, x* is Ttegligible in comparieon vith x*, and 
therefore the above expression is negative for very small positive or nega¬ 
tive values of x. The roots of the equatioit for Pare therefore imaginary, 
and the origin is a conjugate point on the curve. 


Ex. 3. Examine the character of the curve 

im-H 

y=.F(x)±ix-h)^/(.x) .(1) 

in the neighbourhood of the point x=A, y=F{h), m and n being poeitive 
integers. 

By Taylor’s Theorem we may write 

/n(x+A)=A)-I-ox + -i-.., 

and +^)P=<*i + + • • •! 

where being [/(A)P is necessarily positive. 

Hence on transforming our origin to the point (A, /"(A)} we obtain for 
the transformed equation 

ant+l 

(y~ax — b.r^-...y=x " (ai + 6jX.(2) 

Examining the form of the curve at the origin, there are obviously coin¬ 
cident tangents if be > 2. 


n 


Put y ~ ax =Py then 


»m+l 


I^-2P{hjfi + ...)+b‘^x^-aiX ** -...= 0 . 

That the roots of this quadratic are real, if x be positive and small, is 
obvious from equation (2) ; also, that the roots are imaginary for small 
negative values of .r. There is therefore a single cuep extending to the 
right of the new axis of y. 




Again, the product of the roots^A’x* —oix 

If 2>n +1 4 ^ tjjja product has the s.'une sign as x* when x is taken 

n 

sufficiently small, and therefore is positive, giving a cusp of the second 
species. 

If -"lii < 4, the term -aj.? " is the important term in the product 

n 

and is negative, x being positive. There is therefore in this case a cusp of 
the Jirst species. 

We have assumetl that the coejicierit h or is not zero. If how- 

A « 

ever this coefficient vanish, it is easy to make the corresponding change 
in the subsequent investigation. 
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Ex. 4. Examine the nature of the double point on the curve 

(x + 3/f-s/2(^-J+2)- = 0. 

Here = Six + 2 ^/2(y - j: + 2) =0,] 


= 3 (jr+y)* - 2 s.>Kv - + 2) = 0. 


These give 
and 


or 


j-+y=o,\ 

-x+2=0,/ 


j* 1, 

y 


Now this point obviously lies upon the curve, and there is therefore a 
multiple point of some description there. 

Again, ^ = 6(x+j^) - 2 ^/ 2 =-2v'2 at the point ;i, -1), 

^^=Kr+!/)--2^l'2^-2^/2, 

^ = 6(x+y) + 2^/2 = 2v'2. 


Hence at this point 


^4> 

3x^ By* V5x?y/ ’ 


and we have a double point at which the tangents are coincident. 

Next, transforming to the point (I, - 1) for origin, the equation becomes 

(^+y)^-s'20/-■*■)'=0- 

According to the rule we put y-.r=P. Tlicn reac ting tcrin.s in and 

P*x we have [’’•-Gjr 

Tlie j'oots are real if 18x* + 4 v^2.r^ > 0, 

which is the case if x be very small and positive. Tliere is therefore a 
tingle cusp at the point (I, - 1). 

Again, the product of the roots= -4x’ s'2, and is negative when x Is 
small. This indicates that the cusp is one of the first species. 

[This curve is obviously only a transformation i>f the sciui*c\ibical jKim- 
bolay« = .r^.] 

Ex. 5. Search for a multifile point upon (he curve 

x^ 4 - 2 x’ + 2x^y 4 ' 2 x‘’ + x^+ 2.ry i-y* + 2x+ 2y + 1 ®0. 

Here 5*^ = 7a«+8a^ + C.i-y + Cx^ + 2.r + 2y + 2 = 0. 

ax 


5‘^' = 2x’+2x-»-2v + 2=0. 

From the second equation y*-x*-x-l. 
Substituting in (I.) 7 x*-Cx'‘ = 0, 

whence x = 0 or f, 

and therefore y—-1 c»r —^Ag' 


.(i.) 

(ii.) 
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It is obvious that the latter solution cannot satisfy the equation to the 


curve. 

Transforming to the point (0, - 1), the equation becomes 

+2x'’y+(x+y )*=0, 

indicating that there is either a cusp at the new origin to which :r+y=0 
is a tangent> or a conjugate point. 

PutT+v=P,then 

The roots will be real if is positive, which is true when x is positive 

and less than 1, and also when x is negative. Hence there is a double cusp. 
The product of the roots is which is positive or negative according as ar 
is positive or negative. It is therefore ramphoid on the right-hand side 
of the new y-axis and keratoid on the left-liaiid side, and therefore there 
is an osculinflexion. Also the sum of the roots is -2x\ and is therefore 
positive when x is negative ; hence on the left side of the new y-axis the 
upper portion of the curve deviates from the tangent more rapidly tlian 

the lower portion. 


296. Method II. Another method of discrimination of the 
species of a cusp depends upon the test for concavity or convex¬ 
ity. Find the two values of (or see Art 280). If these 


have opposite signs very near to the cusp, the two branches 
starting from the cusp are in general one concave and the other 
convex\o the foot of the ordinate, and the cusp is of the Jivst 
species. But if the signs be the same, the two branches are 
either both concave or both convex to the foot of the ordinate, 
and the cusp is of the second species. In the case however 
when the a:-axis is a tangent at the cusp, the cusp will be 
keratoid when both branches are canvex to points on the axis 

near the cusp. But in this case the values of ^ are of 


opposite sign. Hence the above test still holds. 

Ex. DiscHsa the form of the curve y=x±x^ at the origin. 

Here y,= ±3'4v'x. 

Houce only positive values of .r are admissible and the two values ot y, 
have opposite signs. The origin is therefore a single cusp of the first species. 


297. Singularities on the Reciprocal Curve. 

Since to a tangent to a curve corresponds a point on its 
polar reciprocal, it will be evident that to the points in which 
a straight line cuts the one correspond the tangents which can 
be dra'wn from a given point to the other. If the one has a 
imiHii>le point of the p^ order the other has a multiple tangent 
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touching its curve at p distinct poinU; to a double point on 
the one corresponds a double tangent or bi-tangent to the other; 
to a stationary point on the one corresponds a stationary tan¬ 
gent on the other. 

These considerations tend to show that the multiple-tangent 
should be classed as a distinct singularity. 

Examples. 

1. Show that for the senii-cnbical parabola 

ay- = a-‘ 

the origin is a cusp of the hrst species. 

2. Show that the origin is a cusp of the fii-st s{iecies on the curve 

3. Show that the cun-es 

w5=:x=sin-, v*=J^tan- 
^ a 

have cusps of the first kind at the origin. 

4. Show that at the origin on the curve 

. t • 

= 8111 - 
^ a 

there is a node or a conjugate point according as a and b have like or 
unlike signs. ^ 

5. Show that for the Cissoid y- ~ 

the origin is a cusp of the first 8|>ecies. 

6. Examine the nature of the jxiint on the curve 

where it cuts the ^-axis. 

7. In the cur\e a^y--2(tbr;f = 3* 

show that there is an osctilinflexion at the origin. [Ciuucr.] 

8. Search for the double point on 

(y-2)’ = x(x-l)% 

and find the directions of the tangents there. 

J>. Determine the positioji and species of the cusps of the following 
curves:— 

(a.) ( 2 .y + x+l)® = 4<l -x>\ 

(6.) (y4-x)*-Cy--r)* = l. 

(e.) + 

10. Examine the nature of the point ( - o, a) on the curve 

x4 _ ayS + 4</jJ + 3a*y • -i- 4rt-xy + = 0. 

11. Show that at the point ( - 1, - 2) there is a cusp of the first species 

on the curve .r* + 2x* + 2.ry - »/* + 5.i* - 2y = 0. 

12. Show that at each of the four |>oiiit8 of intersection of the curve 

Cax)l + (%= (a- - i'O* 
witii the uxe>i there 18 u cuaj) of the finst species. 
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13. Show that the origin is a conjugate point on the curve 

= 0 . 

14. Show that at the origin there is a single cusp of the second species 

on the curve j;*- 2 ajrV-aJ 3 r+aV‘= 0 . 

15. Show that the curve = + 

has a single cusp of the first species at the origin. 

16. Show that the curve = + 

has a double keratoid cusp at the origin. 

17. Show that the curve = 
has a conjugate point at the origin. 

298. Singularities of Transcendental Curves. 

In addition to the singularities above discussed others occur 
occasionally in transcendental curves, due to discontinuities in 

the values of y, etc. For instance, if the value of y be 

discontinuous at a certain point the curve suddenly stops there 

and the point is called a point d’arret" or « stop pointr 

1 

Con8i<ler the curve y = a^; (a>\). 

When -oc, y = l, and as x increases from - ® to zero y is always 
positive anil decreases down to zero. As soon, however, as x becomes 
poiutivc, being still iurlefuiitely small, y suddenly becomes infinitely great, 
and as x increases to + « y gratlually diminishes down to unity. The 
origin is a point darret on this curve, and the shape is that shown in the 
ajjnexi'd figure. 



Fig. r,\. 

Next .suppose that the value of y is continuous, but that at 

a certain point becomes discontinuous, so that two branches 

of the curve meet at a certain angle at the same point and stop 
there. Such a point is called a '’point saillant" 
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299. Branch of Conjugate Points. 

It sometimes happens that a curve possesses an iD6nite aeries 
of conjugate points, 8 atisf 3 ’iDg the equation to the curve and 
forming a branch of isolated points. M. Vincent, in a memoir 
published in vol. xv. of Gergonne’s “ Annales des Math., has 
discussed several such cases, and calls such discontinuous 
branches by the name branches pointille'es. 

Ex, In tracing the curve it is clear that, when x=x. ,v = « ; 

and when x = l, y=l. Also that a.s x decreases from x to 1. .v also 
decreases from ® to 1. Between x=l and x=0 ,, i.s less than 1 ; and 
when x=0, (see Chap. XIV.). There is therefore a continuous 

branch of the cur>’e, viz., * PB, above the axis of x. 

Again, whenever x is a fraction with an even denominator there are 


/ 



two real values of y, differing only in sign ; f.y., 

( 1 ) 1 = 

whilst, whenever the denominator of x is otld, tliere is but one real value 
for y. There is therefore a set of conjugate points below the axis 
forming a discontinuous brancli, of the same shape as the continuous 
branch above the axis. 

Next consider what !iap|Mtns when x is negative. Let the c(^-f»rdinates 
of any point P on the branch in the 6rst quadrant be (.r, y), then 
Take On* -x along the negative portion of the axis of x, then, if// be the 
corresponding point on the cur>’e, we have 

and therefore yn • P^^ ^( “ 0^ 

which may be - 1, - 1, or imaginary, according to the particulai* value of 
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X. Hence, when the ordinate pa is real, its magnitude is inverse to that 
of the corresponding ordinate PN. Hence on this curve we have two 
infinite series of conjugate points, as shown in the figure. 

For an account of M. Vincent’s memoir and criticisms upon it see 
Dr. Salmon’s “ Higher Plane Curves,” 2nd ed., p. 275, or a paper by 
Mr. D. F. Gregory, “Camb. Math. Journal," vol. i., pp. 231, 264. 

300. Maclaurin’s Theorem with regard to Cubics. 

If a radius vector OPQ be drawn throxigh a point of in¬ 
flexion (0) of a cubic, cutting the curve again in P and Q, to 
show that the locus of the extremities of the harmonic means 
between OP and OQ. is a straight line. 

If the origin be taken at the point of inflexion and the tan¬ 
gent at the point of inflexion as the axis of y, the equation of 
the cubic must assume the form 

y3-fa;u = 0.(1) 

where u is the most general expression of the second and lower 

degrees, viz., ax~-^'2.hxy + by^-\-'^gx-\-^fy + c, 

for it is clear that the axis of y cuts this curve in three points 

ultiinatel}' coincident with the origin. 

The equation (1) when put into polai*3 takes the form 

where L = sin^O + (a cos-e + 2/t sin 0 cos 0 + 6 sin^fl) cos Q, 
M~{^g cos 04*2/,sin 0) cos 0, 
iV = c cos 0. 

If 7 *j, 7*0 be the roots of this quadratic, and p the harmonic 
mean between them, we have 

2 1 1 M _ 2/7 cos 0 + 2/ sin 0 

wliicli shows that the Cartesian Equation of the locus of the 
extremity of the harmonic mean is the straight line 

gx+fy-\-c = 0. 

301. It is obvious from Art. 211 that the equation of the 
polar conic of the cubic (1) with regard to the origin is 

x{‘lgx + 2/i/) + 2fj- = 0, 

+/i/+ '■) = <>• 


or 
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Hence the polar conic of a point of inflexion on a cubic breaks 
up into two sti'aight lines, one of which is the tangent at the 
point of inflexion, and the other the locus of the extremities of 
the harmonic means of the radii vectorcs through the point of 
inflexion. It appear from this that only three Uiigeuts can 
be drawn from a point of inflexion on u cubic to tlie cui\e, 
viz., one to each of the points in which the line i/.c+/y + t' = U 
meets the curve, and consequently also that their three points 
of contact lie in a straight line. 


302. If a Cubic have three real points of Inflexion they are 
Collinear. 

It follows immediately from Maclaurin's Theorem above 
proved that if A and £ be two points of inflexion on a cubic, 
the line AB produced will cut the curve in a third point C, 
which is also a point of inflexion on the cubic. For if B, B^. B., 
be the three ultimately coincident points on the cubic, which 
lie in a straight line (li being a point of inflexion), let AB, 
AB^, AB^ cut the curve in C, C^, fo. and let All, AHy AH„ be 
the harmonic means between AB, AC', AB^^, ; AB.,, AL^ 

respectively, then H, H^, lie in a straight line by Maclauriii s 
Theorem, and B, J5,. B^ lie in a straight line; therefore by a 
theorem in conic sections C, C^, C., also lie in a straight line, 
and they are ultimately coincident points. C is therefore a 
point of inflexion. 


303. Number of points necessary to define a Curve of the 
n*** Degree. 

The number of terms in the general equation of the degree 
is l+2 + 3+...+(n + l) = ^-^^^^i— 


It therefore contains _ 1 or ^ indepen¬ 

dent constants. 

Hence in general a curve of the degree may be drawn to 
pass through — arbitrarily chosen points. 
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304 Maximum Number of Double Points on a Curve of the 
Degree. 

There cannot be more than i(n—1)(7 j-— 2) double points on 
an -n-tic curve. 

For if there could be + 1 double points, a curve 

of degree —2 could be drawn to pass through them and 
through any n —3 other arbitrary points on the curve, for 

(^-l)(n-2) ^ _ 3 ^ (n-2)(n± r) 

and therefore these would make just sufficient points to com¬ 
pletely define the new curve. But the number of intersections 

would be + 1} + (« - 3). 

or 7i(n —2)+l, 

which is one more than possible for curves of degrees n and 
n — 2. 

Examples. 

1. Show that a cul)ic curve cannot have more than one double point, 
and cannot have a triple ])oint. 

Examine the case of the curve 

2 (j-s +y) - 3(3u- +y-) + 12a-= 4, 

and show tliat there are apparently two nodes at (1, 1) and at (2, 0) 
respf-.-tivcly. EZxplain this result. 

2. Siu*w tliat a (juartic cannot have more than tliree double points, and 
cannot have a double point ainl a triple point. 

3. The curve whose equation is 

ha.H four double points. Kiiul them ; account for this, and trace the curve 

[Crameb.1 

4. All curves of the third deforce which pass through eight given poinU 
also |>as.-» through a ninth common jx.int. 

5. All the double ptiints of a family of oubics determineil by seven given 
points lie on a se.xtic. 

305. Use of Homogeneous Co-ordinates. 

Let ;■(.»•, y, c) = 0 be the equation of any curve of the 
degree, which may be considered expressed either in trilinears, 
areals or Cartesians made homogeneous bj’^ the introduction of 
a prc'per power of -( = 1) where requisite. 
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Let (a;,, y,. z^) be the coordinates ot any fixed point A, and let 
{X, T, Z) be the current co-ordinates of any point P on the 

secant AP. Let AP cut the curve in the points Q,. . 

Let any of the points Q(a*, y, z) divide AP in the ratio X : fi 
where X + )u = l- 

Then x = XX-f;iXj, 

y = xr-|-^yi. 

z = XZ + fiZj, 

Hence f(XX + fja\, Xr+^xy,, XZ+m-i^ = ^' 

This may be expanded in two ways by Taylors Theorem*, 
and to abbreviate the algebra let fiX, Y, Z) be written / and 
fi^v Vv ^i) written also denote the operations 

a . ^ 


and 


/ a ^ ^ ^ V 

V'dX'^''^^dY'^‘'^dZ- 


by V' and F/ respectively. 
Then we have 

X"-V,r. . X'-V-^ry ^ 


xy 4 


1! 


Vf + 


n 


2 ! 




= 0 


( 1 ) 


or 


= 0.(2) 

Either of these equations gives the 7i values of the ratio 


n-2X2 


/X"- 


X" 


fi viz 

V Q,A' Q^’ - 


Comparing the coefficients we have the series of identities 

\yuf-f 

yr^L=yf> 


(n-iy. 


etc., 

^ V if — ^ - Vn~if 

2! *•'‘“(71-2)! 
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306. Polar Curves. 

The several loci defined by the equations 

n/i=o. 

= 0 . 

VxVi=o. 

etc., 

are respectively called the polar line, the polar conic, the polar 
cubic; and so on. 

The curve or, which is the same thing, yf=0, 

has been called (Art. 211) the first polar of the point x^, y^, s,. 
Similarly the curves r^f=0, 7^=0, etc., are called the second, 
third, etc., polar curves. It is clear then that 

the 71 —1^^ polar curve is the polar line, 
the n —2‘^ polar curve is the polar conic; 

and so on. 


307. Geometrical Interpretations. 

The geometrical meanings of these equations will be 
obvious:— 

If = the sum of the roots of Equation (2) vanishes, i.e. 

^^ = 0. 

-“AQ 

or putting = etc., tLndAP = R, 


or 


r 


giving 


OX' 




_= H—hr + ---+:;r 

' n 


R~ Vo ^3 

This property is due to Cotes, and the special case of it when 
the curve is a conic gives rise to the name polar line. 

If T7A = 0 . 've have 0, 

which may be interpreted as before, and similarly for the 
higher polar curves. 

It appears that since each of these curves is complete y 
defined by its geometrical property it is totally independent 
of any system of co-ordinates used in its description. 
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308. Polar Curves of the Origin. 

Taking Cartesians, if the origin be chosen at the point A. 
= and it appears that the polar line, polar conic, polar 

cubic, etc., of the origin respectively reduce to 

g_j7r-l 


9"lV = 0. ?^=0. etc. 


If the Cartesian equation be written 

»o + »i + “-2+ Ua+ - + «.. = ** 

this becomes when the z is introduced 

UqS" + UiZ" ■ ^ ^ = O' 

and the equations of the several polars of the origin aie 

A# « 

t + 7 .-*' + - 3 >- ■'. = «. 


etc., 


i.e. oiUQ + u^ = 0, 
n(n^l) 


" 1 .2.3 1 --i ' 


etc 


309. General Conclusions. 

If the point A which has been taken for origin lie on the 
curve, then Uo = 0, and the polar curves all have m,=0 for 
tangent at the origin. 

If also the iii-st degree terms are absent from the equation of 
the curve, they are ab.sent too from all the polars, and the terms 
of lowest degree throughout the whole system are u.,. \\ e 

therefore draw the following conclusions:— 

(a.) The polar curves at any point on the original curve all 
touch it at the point in question. 

(b.) The polar curves at any multiple jioint all have a mui- 
tiple point of the same order, with the same tangents 
a-s the multiple pidnt on the original curve. 

I 


IC.D.C. 
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(c.) The polar conic at a double point on a curve breaks up 
into two straight lines, viz., the tangents at the 
multiple point. 

(d.) The polar conic at a cusp breaks up into two straight 
lines coincident with the tangent at the cusp. 

(e.) The polar conic at a point of inflexion breaks up into 
two straight lines, one of which is the tangent at the 
inflexional point and the other does not in general 
pass through that point. 

[For in this case must contain Uj for a factor, 
say, so the polar conic becomes 

the line + —1 = 0 is called the Harmonic Polar of 
the point of Inflexion (see Art. 301).] 


310. First Polar. Cases of Node or Cnsp. 

If a curve have a node at any point let the origin be taken 
there and the tangents at the node for axes. 

The curve then takes the form 

u = + ... = 0. 

The first polar of y,, s,, viz. 


Ou. , dit , du ^ 

becomes .^^( 2 /;”-2+.. -2 ^ 

the lowest degree terms only being retained. And since these 
terms are linear it appears that the first polar of any point x^, 
2 / 1 , goes thj'ough the origin and therefore through all the 
otlier double points on the curve. 

If the curve have a cusp and the origin be taken there with 
the tangent at the cusp as u>axis the equation of the curve 
takes the form 


u ?= y-c" - 2 _|_ - 3 _j_ ^-,1 - 4 

and tlie first polar of any point 1 /,, is 

+ + = 0 

the term of lowest degree only being rc-tained. 

Hence this curve al.so touches the ar-axis at the origin. 

Thus the fir.st jiolar of any point goes through all the cusps 
and touches the curve at each. 
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311 . The Hessian. 

We have seen that at all double pointa and points of inflex¬ 
ion the polar conic degenerates into two straight lines. Hence 
its discriminant vanishes. Also, conversely, ^o^v the equation 
of the polar conic of the curve^u =/{x, y. corresponding 

to the point y^, Sj is 


Y- -f ... + ‘2 +.., = l). 

-V •> I * * A>j 

dxr 


o^f 


Hence if x„ y„ z, be a double j.oint or a i.oint of inriexion, 

I ay _^.r: ay-' = 0 : 


we have 


dy,^x; dy" 

i 

1 dzfix; dy,dz; 


^x^dy,' ac.cV, 

^ 3y_ 

ayr i 

sy ^ ' 

3c.- I 


that is, the curve 

ir(it) — 1 Uxj> 


=0 


cuts the original curve « = 0 in all its multiple points and 

points of inflexion. . r r 

The determinant H(u) is called the Hess,an of n l..m 

M. Otto Hesse, the discove.er of the relation between the 
curves w=0, //(«) —0. 

312. Number of the Points of Inflexion. 

The de.^ree of this curve is clearly - 2). Hence it cannot 
have more than 3n(n-2) intei-sections with the original tu.v e 
Thus in a curve with no multiple points upon it there will 
be 3 n( 7 i- 2 ) points of inflexion veal or imaginary. 

If the curve has a node let the origin he taken tl.ero, and 

the tangents to the node for axes. 

The equation to the curve now becomes 

u = xys”'"-l-w33"'^+«42“ ■* + ••• 
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Hence 
y^xx- 


a^u. 


+ •*• 




; Wt,z=(n—2)a:5“-3+-..; 

; 'w„=(7i-2)y3"-3+...; 


'W'” 3j/2 

-u„ = (7i — 2)('n. —3)a;ys"*^+...; u*y=«"‘®+... ; 

the lowest degree tei*ms only in x and y being retained in each 
case. 

Hence in 

I£(u') ~ Uxz • ^yy • 2'ltyj; . Vzz • ^zy ““ ^xx • ” "^yy ■ '^zi ” "^zz • "^xy 

= 0 . 

the lowest degree terms are of the form Axy. Hence the 
Hessian has a node also at the origin and the tangents to the 
node of the Hessian coincide with the tangents to the node on 
the original curve. 

It is easy to prove further that when the curve has a mul¬ 
tiple point of order k the Hessian has a multiple point of 
order 3/c —4 at the same point and that each of the tangents at 
the multiple point is a tangent to one or other of the 3A‘—4 
branches of the Hessian. (See Dr. Salmon’s Higher Plane 
Carves, 2nd ed., page 58.) 

We next consider the case of a cusp. Let the origin be 
taken at the cusp and the tangent for the a*-axis. Then the 
equation to the curve becomes 






r 

© 

II 

% 

# 

+ 

Here 






Uxz = 

'dx- 


• 

> 

Uy, 

= 2 (to — 2 ) 3 / 2 ""^ + ... 

«yy = 



• 

> 

UiX 

= (.,-3)|^.2- + 

((,; = 

(n- 

■2)(n-3)y2c«'^-|-. 

• • 1 


^x-by" 


the lowest degree terras only in x and y being retained. 

Hence in //(n) = 0 the lowest degree terms in x and ?/are of 

the form .. 1 . . y-. 

cx- 


Si) the Hessian has a triple point with two coincident tan- 
gents ^ = 0 and a third tangent 
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314. Pliicker’s Equations. 

We are now in a position to establish Plucker s Equations for 
the number of tangents which can be drawn fn>ni a given 
point to a curve of the «*** degree and for the number of points 

of inflexion upon it. 

It was established in Art. 208 that the fii-st polar cuts the 
curve in 1) points. The first i)olar however goes through 

all the double points and in the case of a cusp touches the 
curve there. Hence a node counts as two and a cusp as tfnrp 
points of intersection. Thus if there be d nodes and v cusps 
the class of the curve, viz. nfu —1), i-s diminished by _d + 3\. 
Hence if m be the class 

9;t = h(u — 1) — 2d — 3if.(n 

Again, let i be the numherof inflexions on the curve. Then 
it has been established that if there are no multiple points 

But it has been .shown that the Hessian passes also through 
all the double points ami has tangenU coincident with those 
of the curve. Hence each node counts for su' intellections of 
the Hessian with the curve. And since at each cusp on the 
curve the Hessian has a ti iple point, two tangents being the 
coincident tangents to the curve at the cusp, each cusp counts 
for 8 intersections (3 + 3 + 2). Thus the mimher of inllexions 
is diminished by 6d+ 8»f ami stands as 

, = .( 2 ) 

By considering the reciprocal curve for which 

a stationary point gives rise to a stationary tangetit, 
a double point gives rise to a double tangent, 
a stationary tangent gives rise to a stationary point. 

it follows that if t be the number of double or bi-tangents, 
i.c. tangents having contact at more than one jxiint of thoii 
length, and rti the degree of the reciprocal curve, i.c. the class 


of the original curve 

/( 1)— 2t —3i,.(3) 

= 3m(/u — 2^ — fi-r — 8(.(4) 

*J'hese four equations are due to Pliicker. 
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315. Deficiency. 

The number h(n-i){n-2)-S-K,hy which the number of 
double points falls short of the maximum possible is called the 
deficiency of the curve. 


Examples. 

1. Prove that the four equations established in Art. 314 are not inde¬ 
pendent. 

2. Show that the geometrical property of the jwlar conic may be 

, n(n — 1)1 n 

expressed as —5 -“7/ r.r^ 

3. If A be a point of inflexion on a curve and J, Pi, J’<, ..., Pn~i be a 
secant cutting the Harmonic polar of the point of inflexion in Q, prove 


that 


■ .-1 (J ~APiAP.^ '^AP...i 


4. Form the Hessian of j:3+y> = 3a.ry, ami find the number of points of 

inflexion. [Oxford. 188 r,.) 

5. ICstablish the equations 

1) + 128k-1-9k(>c-1X 

25 = m {m - 2)^7)r - 9) - 2{ m" - j« - 6)'2t -I- 3i)-t- 4 tCt - 1) + 12Tt + 9i(i - 1). 

[rLVCKEB.] 

6. Prove that the delicieiicy of a curve is the same jus that of its 
reciprocal. 


31G. Unicursal Curves. 

When a curve has its full number of double points, so that 
its deficiency is zero, tlie current co-ordinates can encli he 
expressed as rational algebraic functions of some single para¬ 
meter. 

For supposing that there are ^- 2 -double points, a 

curve of the (71 — 2)^^' degree may be made to pass through them 
and through 71 — 3 other points on the curve. Then since 

(jI.-lXu-2) „ ()!-2)(71 + 1) , 

— ^ +71 — 0-2 J. 

the points now cho.sen are insufficient by one to completely 
determine the new curve. Its equation will therefore contain 
one arbitrary constant and may therefore be written 

(/+Xr = 0, 

with an undetermined parameter \. 
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Eliminating y between this equation and that of the given 
curve, we have remaining an equation between x and X of 
degree n{n-2) determining the abscissae of the points of 
intersection. Of the 11(71-2) roots all but one are known, 
being the abscissae of the A(7i - l)(7i -2) double points each 
counted twice and tlie abscissae of the chosen ii-3 points 


for 




If then the corresponding factors be divided out we are left 
with X, the abscissa of any other point on the original curve, 
expressed as a rational integral function of X. In the same 


way y may be similarly expressed. 

317. Though it is impossible to compress into the limits of 
the present volume a complete account of the singularities of 
curves, it is hoped that the later articles of this chapter will 
form a fair introduction to a study of their general properties 
in Dr. Salmon’s Treatise, to which the student is referred for 
more detailed information and to which also the Author desires 
to acknowledge his indebtedness. 


EXAMPLES. 

1. Write down the equations of the tangents at the origin for each 


of the following curves :— 


X 


(a) y + c = cosh 

0 



y = « tan - 


(y) y-*.rlog(l+x). 

(5) ar> + y ‘ = 3(ixy. 

2. Show that on the curve 

(«y - xr = 

there is a cusp of the first species at the origin, and a point of 
inflexion whose abscissa is 

3. Show that the Trident curve 

axy + «^*x3 

has a point of inflexion at the point in which it cuts the axis of x, 
and show that the tangent at the point of inflexion makes with the 
axis of X an angle tan'^S. 
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4. Show that the curve 6(ay - x*)-= ** 
has a cusp of the second species at the origin. 

5. Show that, if n be greater than 2, the curve 

has a cusp at the origin of the first or second species according as n 
is less or greater than 4. 

6 . Find the two points of inflexion of the curve 

y 

c 9a''^ \ a / 

and draw figures showing the characters of the inflexions. 

7. Show that the points of inflexion on the cubic 

are given by x = 0 and x = + aJ3. 

Show that these tliree points of inflexion lie on the straight line 

x = 4y. 

8 . Show that the curve au = S’* has a point of inflexion where 


aM= {w(l —n)}-. 

9. Find by polars the points of inflexion on the curve 

2x{x- + y-) = a(2x- + y~). 

10. Show that the origin is a triple point on the curve 

x* + y = axy-, 

and that there is a cus]) of the first species there. 

11. Sliow that the abscissae of the points of inflexion on the curve 

y" = /lx) 

are roots of the equation 

—{/'W}-=/(x)/"(*). 

71 

12. Show that the abscissae of the points of inflexion on the curve 

y~e~^‘ tan/IX 


arc given by 2/i sec 7 tr(/i tan fix - \) + A-tan fix — 0. 

.r* 4- + rt-' 


13. Show tliat the curve y = 


•1 •> 
a:- - 


hafi a point of in6exion at the point whose abscissa is 


V 5 + 1 
- a—-• 

^3-1 

14. Show that there are two paints of inflexion on the cubic 

•» ** >• 
ar+ a'* 


at tlic points (a, 0), (0, a) respectively. 
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15. In the curve a-"* + 

show that there is a cusp of the first kind at the origin, and a point 
of inflexion where a: = n. 

16. In the curve yS _ (a; _ - 6)(jr - <•) 

show that if a = 5 there is a node, cusp, or conjugate point at a-*a 

according as a is >, =, or <c. Also show that the points of 

inflexion have for their abscissae show that the 

points of inflexion on this curve are real or imaginary according as 
the curve has a conjugate point or a node. 

17. Sltow that for the curve 

r = a(l - cos 0) 

there is a cusp of the first kind at the origin. 

18. Show that the curve 

r^cos-^ — o*cos 26^ 

has a double point at the origin. 

19. Show that the curve r = rtsiri»jt^ 

has a multiple [loint at the origin of onler n or 2ri according as n is 

odd or even. 

20. Show that tlie curve r— —-77 

1 + r- 

has a cusp of the first kind at the pole. 

21. Show that if the cubic 

xy- + e,j = <tjt? + hr- + r.r 4- tf 

have a centre, then will b = 0 and * 0 an<I the centre is at the origin. 

In this case show also tliat the origin i.s a })oint of inflexion on the 
curve. 

22. Show that there is a conjugate point on the locus 

ar' + y” + 3cj-y * c=- 

at the point ( —r, -c). Trace the curve. 

23. Show that the curve . 1 -''+ y''= Srti-y- 

has two cusps of the first .species at the origin, and that .v + y n is 
an asymptote. 

24. Show that the curve i*y-' = x^‘sin*- 

has a cusp of the first species at the origin and is sy'mmetrical with 
regard to the axis of x. Show ako that it has an infinite scries oi 
conjugate points lying at equal distances from caeli other along the 
negative portion of the axis of x. 
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25. Show that the curve y-x- 
has a node at the point (1, 2). 

26. Show that the curve 

{aP + y~f = a{Z3py - yS) 

has a triple point at the origin, and that the angles between the 
branches through the origin are equal. 

27. Show that the curve 

{x- + y-y = iaxy{x~ - y^) 

has a multiple point of the eighth order at the origin, and that the 
curve consists of eight equal loops. 

28. Show that for the Conchoid 

aPy^ = (a + y)-(6- - y-), 

if h be >a there is a node at x = 0, y = - a, and if 6 = a there is a 
cusp at the same point 

29. Tlie curve whose tangent is of an invariable magnitude is 
always conve.x towards tlie foot of the ordinate. 

30. Examine the nature of the origin on the curve 

+ ax^ - h'xy^ = 0. 

31. Examine the nature of the origin on the curve 

op - ay op + by^ = 0. 

32. Examine for multiple points the curve 

X'* - 2«y^ - _ 2a-x- + = 0. 

33. Examine the singuKarities of the curve 

ar* - 4rtx-'* - 2oy^ + 4a-x' + — a* = 0. 

There arc nodes at the points (0, a), (a, 0), (2a, o). Find the direc¬ 
tions of the tangents at these points. 

34. Show that the curve 

X* - 2 jV ~ - 2xy + y--x + 2y+l = 0 

has a single cusp of the second kind at the point (0, - 1). 

35. Search for double points on the curve 

1 /* - Sy^ - \ 2.ri/~ + 16y- + 48xy + 4x2 _ 64x = 0. [Rolls.] 

36. Show that there are two double points in all respects similar 

on the curve - 2aa:^ ^/2 + 2a2j;2 - ay^ - a^y- = 0, 

and that there is an inflexion at each double point. 

[Cbauer, Lign&s Cour&M.] 


[Crauer. ] 
[Rolle.1 
[Peacock.] 
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37. Determine the double points, distinguishing their species, on 

the sextic (x^ - 2y‘^Y{ 2(x2 + 2 i/ 2 ) - 3} = { 3(x2 + 2y2) - 4} =. 

[O.XFOBD, 1886.] 

38. Determine the double points on 

(x2 ~ y‘^){x - l)(2x - 3) + 4(x= + 3/2 - •2xf = 0. [Plcckek- ] 

39. The points of contact of parallel tangents to a cun'e of the 

n“* degree lie on a curve of the (n- 1)‘** degree. [Serret.J 

40. If .4 be any point on a curve, and AP^P^ ... be a secant 
cutting the curve in P,, P,, ... P„.i and the polar conic of A in Q. 


prove 


n-1 1 1 1 


41. A nodal cubic intersects in the points P and I*' two lines which 
are harmonically conjugate with respect to the tangents at the node. 
Prove that the tangents at P, F meet on the curve. 

42. Prove that the locus of the cusp of a cubic with three given 

asymptotes is the maximum ellipse inscribed in the triangle formed 
by the asymptotes. (Plvcker.] 

43. If (x, y, z) be a double point on a curve u = 0, and if 


/ A ' 4 - mr +«^=0 


be a tangent at the double point, then will 

/ m u 

and Pxu^ + m-yn^ + = 0. [Oxford, 1686.) 

44. If the equation to a plane curve be <#> = 0, where </> is a function 

of X and y which fulfils the condition = 0, prove that if n 

ox* oy 

branches of the curve meet in a multiple point their tangents will 

form 2n ancles with each other, each equal to ^ , 

° n (Smith .•< Prize. Ib7«.] 

45. Prove that the Hessian ol the cubic 


X® + 1/3 + r’ 4- (imxyz •= 0 



, „ , 1 + 2m3 

x3 + j/3 33 - xyz = 0 , 

m- 


and show that the curve and its Hessian have the same points of 
inflexion. (Saimox, //. P . C.] 
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CURVATURE. 

318. Angle of Contingence. 

Let PQ be an arc of a curve. Suppose that between P and 
Q there is no point of inflexion or other singularity, but that 
the bending is continuously in one direction. Let LPR and 
MQ be the tangents at P and Q, intersecting at T and cutting 



a given fixed straight line LZ in L and M. Then the angle 
RTQ is called the amje of contingence of the arc PQ. 

The angle of contingence of any arc is therefore the difference 
of the angles which the tangents at its extremities make with 
any given fixed straight line. It is also obviously the angle 
tvo'ned through by a line which rolls along the curve from one 
extremity of the arc to the other. 

319. Measure of Curvature. 

It is clear tliat the whole lending or curvature which the 
curve undergoes between P and Q is greater or less according 
as the angle of contingence RTQ is gi-eater or less. The 


('L’RVATUKK. 


•253 


fraction contiDgence average bending oi 

length 01 arc 

average curmature of the arc. We shall define the curvaiuie 
of a curve in the immediate neighbourhood of a given point to 
be the rate of deflection from the tangent at that point. And 
we shall take as a measure of this rate of deflection at tlie 

angle of contingence 

given point the limit of the expression len'^tli of arc~ 

*o ^ 

when the length of the arc measured from the given point 
and therefore also the angle of contingence are indefinitely 

diminished. 


320. Curvature of a Circle. 

In the case of the circle the curvature is the same at every 
point and is measured by the kecipiiocal of the radius. 



For let r be the radius, 0 the centre. Then 

RrQ^P0Q^^^^!% 


the angle being supposed measured in circular measure. Hence 

angle of contingence __ 1 
length of arc r 

and this is true whether the limit be taken or not. Hence the 
“ curvature ” of a circle at any point is measured by the recipro¬ 
cal of the radius. 


321. Circle of Curvature. 

If three contiguous points P, Q, R be taken on a curve, a 
circle may be drawn to pass through them. \\ lien the ]>oints 
are indefinitely close together, PQ and QR are ultimately 
tangents both to the curve and to the circle. Hence at the 
point of ultimate coincidence the curve and the circle have the 


254 


CHAPTER X. 


same angle of contingence, viz., the angle RQZ (see Fig. 55). 
Moreover, the avcs PR of the circle and the curve differ by a 
small quantity of order higher than their own, and therefore 
Tnay be considered equal in the limit (see Art. 34). Hence 
the curvatures of this circle and of the curve at the point of 
contact are equal. It is therefore convenient to describe the 
curvature of a curve at a given point by reference to a circle 
thus drawn, the reciprocal of the radius being a correct measure 



of the rate of bend. We shall therefore consider such a circle 
to exist for each point of a curve and shall speak of it as the 
circle of curvature of that point. Its radius and centre will be 
called the radius and centre of curvature respectively, and a 
chord of this circle drawn through the point of contact in any 
direction will be referred to os the chord of curvature in that 
direction. 


322. Tormula for Radius of Curvature. 

Referring to the figure of Art. 318, let the arc AP measured 
from some fixed point A on the curve up to P be called s, and 
AQ, s + os; let the angle PLZ=\lf, and QMZ^yfy + Syf^. Then 
the angle of contiiigence RTQ^SyJr and the measure of the 

curvature = = If therefore the radius of curvature 


be called p, we have ^=^^1 . 

323. This formula ma^* also be arrived at thus. Let PQ and 
QR (Fig. 55) be con.sidered equal chords, and therefore when 
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we proceed to the limit the elementary arcs PQ and QR maj 
he considered equal. Call each Ss, and the angle RQZ=o^- 
Now the radius of the circum-circle of the triangle PQR is 

PR 


Hence p = Lt:i 


PR 


= Li 


2 sin PQR 
2 ds 


=Lt: 


0'< 


SrP- 


Js 


'fih7PQ7i“'"'2sindV^ o\jr sinox/^ 

Also, it is clear that the lines which bisect at right angles the 
chords PQ, QR intersect at the circum-centre of PQR. i.e., in the 
limit the centre of curvature of any point on a curve may be con¬ 
sidered as the point of intersection of the normal at that point 
withthenormalatacontiguousand ultimatcUj coincident point 

324. The formula (a) is useful in the ease in whieh the e.iiiation of the 
curve is given in its intrinsic form, I’e. when the equation is given as a 
relation between a and V' (Art. 346). For example, that relation for a 
catenary is «=c tan yp, whence 

p = * = c secn/r, 

^ ayfr 

and the rate of its deflection at any point is measured hx 

1 _ cos'-^_ c 

p~~ c 4r + f* 

325. Transformations. 

This formula however must be transformed so as to suit each 
of the systems of co-ordinates in which it is usual to express 
the equation of a curve. These transformations we proceed to 

perform. 

We have the equations 

dx . , dy 

Hence, differentiating each of these with respect to s, 

dxp' d’y 

d-x d't/ 


. , d\p drx 

- sm 


whence 


1 

P 


da 


ds- 

dx 

ds 


(B) 


and by squaring and adding 

1 {d-^xWfd^^,^ 

. 

These formulae (b) and (c) arc only suitable for the case in 
which both x and y are known functions of 8. 
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326. Cartesian Formula. Explicit Functions. 
Again, since 

dx^ 


* I 


we have 


sec* 


by differentiating with regard to x. 

dxj^ _ dyj/ ^ 1 

dx^ ds dx~pcos\p- 


Now 


therefore 

and 



= 1 + tan^x/r = 1 + 



therefore 



This important form of the result is adapted to the evalua¬ 
tion of the radius of curvature when the equation of the curve 
is given in Cartesian co-ordinates, y being an explicit function 

of X . 


327. Cartesians. Implicit Functions. 

We may throw thi.s into another shape specially adapted to 
Cartesian curves, in which neither variable can be expressed 
explicitly as a tunction of the other. 

Thus \i <l>{x, y)==0 be the equation to the curve, we have 

df/ 


and differentiating again 



dy\dy d^ 
cy'dxJdx^^^dx^ 



or 





Hence substituting for 


dy 

dx 



in the formula 
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1 + 


•>v a 


_ ( fi > x + ^ w)l ...( e) 

328. A curve is frequently defined by givin- the two Car¬ 
tesian co-ordinates *, y in terms of a third variable, e.y.. e 
equation of a cycloid is most conveniently expresse.l as 

x = a(0-l-sine), y = a(l-cose). 

Formula (n) is very easily modified to meet the requirements 

of this case. . . 

Let iC=F{t)\ be the equations of the 

y=j\t) I curve. 

<Jy 

m. _/ (0 

Then dx^dJ'FV)’ 

(/x- dt ' ^dx) dx 

il'y dx d'~x djf 
dt-"dt~'dt^' dt 

©■ 

fit) ■ F''{t)-rit ).F'\i) 

= - ■ \F\t)\^ 

and formula (d) becomes 

K dx\^ s 

d()+bt7/ .(p) 

l‘ = Wy ,U_d^x-dy-jMi. nt) -/'(t) • 7'"(0' 

dV^ ' dt dl- ' di 

Ex. Ill the ahove-meiitione.l case of tUc cycloid 




(E) 


Let 


curve. 


Then 


and 


‘(f=r/(i+co« e)y 
do 

de 


d--f^ -rtsin e, 
dd- 

d’!> = « e(.s 0. 

dd^ 


and by fonnula (k) /j 

^ 2 8f/ 

^ CO80(r+CO80) + 8i»'</ 2cOb'^^ 


» 4fi cos ‘ • 
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329. Curvature at the Origin. 

When the curve passes through the origin the values of 
and = at the origin may be deduced by substi- 

9 

tuting for y the expression (the expansion of yby 

Maclaurin’s Theorem) and equating coefficients of like powers 
of X in the identity obtained. The radius of curvature at 
the origin may then be at once deduced from the formula 


» 


p— + (^ +?>) _ j^Forraula (d)]. 

Ex. Let the curve be ax+by 

+ a'x^ + Zh'xy + b'y^ 

+ . 


= 0 . 


Putting 
we have 


y=p.v + ^-^-h-.. 


sO, 


therefore 

and 

giving 

wlience 


a \ a*+ «' J'*+ • 

+ bp\ + 2ft p • 

+ 6'//^ 

+1^ 

<i + bp = 0, 
a'+2h'p + bp-+^-f = 0, 

etc. 

a , „a +2h'p + h'p^ 

_ and 7=-2-f 


_ 4.( 1+/>•)' -t 


p=x. 


b 


o 2 a'b^-'2/i\tb+b'a^' 

Tins result of course might be deduced at once from formula (e). 

330. It will be nuticed that, if the lowest terms of the 
equati(ui be of the .second degree, we should get a quadratic 
equation giving two values for p, and consequently also two 
values for q. Tliese iiulioate the two values of p coiTesponding 
to the two branches of the curve passing through the origin. 

£x. /V/uf tfic rndn of curvature nt (He origin for the curve 

yi - Wty + 2.r2 - 4^ +^» = 0. 

Sub.stitutiug px + l.‘--+... fory wc have 


p2i.r=+ 

-^p\ -ii? 

+ 3 i -I 


=0, 
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whence 


whence 

and 

and therefore 


p2-3/>+2=0, 
pq-^^q-^ = 0 , 
etc., 

= 1 or 2, 

-’2 or 2, 

={LtP^=^- = -s':;= - 

q 


— •■> 


51 


5 


or 


'5 = 5 - 390 .. . 

The difference of sign introduced by the q indicates that tlietwo branches 
passing through the origin bend in opposite directions. 

B 



X 


331. Newtonian Method. 

The Newtoniun Method of finding the curvature of the curve 
at the origin is instructive and interesting. Su]>po.se the axes 
taken so that the axis of a: is a tangent to the curve at the 
point .A, and the axis of y, viz,, AB, is tlierefore tlie normal. 
Let APB be the circle of curvature, P tlie peint adjacent to 
and ultimately coincident with A in which the curve and the 
circle intersect. Then 

PN'^=AK .XB, 


or 


Now ill the limit 


/> va 


H 


ence 


NB = A B = the radius of curvature. 




(«) 


'Z an ’ly 

Similarly, if the axis of y be the tiingent at the origin, wo 

1/2 

have 
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Ex. Find the radiue of carvaitire at the origin for the curve 

2.r< + Sy* + +.ty - +2x=0. 

In this case the curia of y is a tangent at the origin, and therefore we shall 

endeavour to find Lt^. 

2.r 

Dividing by x 2j5 + 3 y-* .^+4jy+y —2=0. 

X X 

Now, at the origin x=0, y=0, and the equation becomes 

X 

-2p + 2=0, or p — 1. 

332. The same method may be applied when the taogent to 
the curve at the origin does not coincide with one of the axes; 
but as the method of Art. 329 is very simple we leave the 
investigation as an exercise to the student. 

Ex. Establish in the above manner the result of the Example in Art. 329. 


EXAMPLli^S. 

1. Apply formula {.\) to the curves 


s 


asaaV', s=as\uylr, a=aaec^yfr, x/r = gd-. 


.r 


2. Apply formula (n) t^j the curves 

= y = ccosh-. 

c 

3. Apply forimila (e) to the curve 

ax + bi/+a'jr + 2h'jy + b'i/‘+...=0 
to find the raditis of curvature at the origin. 

4. Ajiply formula (f) to the ellipse 

.r=tf cos d'y 
y = bsiii $) 

0. Prove that in tlie case of the equiangular spiral u’hose intrinsic 
equation is s = a(e”"f'~- 1), 

p = mae”"f'. 

G. For tlje tKictri.x « = clog8ec^ prove that p = ctan yjr. 

7. Shoa’that in the curve y = r-u 3 j:-— 

the radius of curvature at the origin =‘4714..., and that at the point 
(I, 3) it is infinite. 

8. Show that in the curve 

y- - Zxy - 4^-=^ + x* + i*y + >/* = 0 
the ladii of curvature at the origin are 

^^'17 and 5^^2. 

9. Shoa- that the radii of curvature of the curve 


for the origin 

and for the point ( - a, 0) 


' a - X 

« ±a^ 2 , 
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10. Show that the radii of curvature at tlie origin for the curve 

= 3oj7/ 

are each —:> • 

11. Prove that the chord of curvature parallel to the axis of y for the 


curve 


y = a log see¬ 


ls of constant length. 

12. Prove that for the curve s = m{sec^rir-\\ 

p = 3m tan V^sec^, 

and hence that 3«i / 

<tr (i,r 

Also, that this differential equation satisfied by the semicubical parabola 

27/Hy =Rr\ 

13. Prove that for the curve . 

( jT v\ sm V 

p = 2« sec’V'; 

and hence that 

a.r* J.<i 

and that this differential equation is s.atisfied by the parabola 

jr * 4oy. 




and hence that 


14. Show that for the curve in wliich 

cp = g{s--<r)^- 

16. Show that the curve fur which « = (the cycloid) has for its 

intrinsic equation < — 

Hence prove p=4uyj\ — 

16. Prove that the curve for which _)/■’ = <“ + -»- (the catenary) has for its 

intrinsic equation * — ^ '!'• 

Hence prove p = ^ = ihc part of the normal intercepted between tlie 

curve and the x-axis. 

17. Sliow tliat for the curve = 

we may write p in the form 

/ 1 ^. 1 -.-. 2 

1‘ \cos^ "* 04^8in •f>/ , where j’ = ir cos^c^. 

m -1 

cos* " </>sin* ”• </> 

Examine the cases m = 2, 5 , 1. 

18. For the rectangular hyperbola 

TI/ = P, 

_ H 

prove that P ~~ 

r being the central radius vector of the point considered. 
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333. Formula for Pedal Equations. 

Since a curve and its circle of curvature at any point P 

intersect in three contiguous and ultimately coincident points 

they may be regarded as having two contiguous tangents 

common. Therefore the values of and are 

dv 

common in addition to those of r and p ; i.e. the value of ^ 
is common. Now let 0 be the pole and C the centre of curva¬ 



ture corresponding to the point P on the curve. 

Then 0(72 =: r 2+,>2 _ 5 ,.^ ^os OPC 

= sin 0 

= r2 2pp. 

Considering this as referring to the circle (for which OC and p 
arc constant) we obtain by differentiating 


0 = 2 --|- 2 .. 


dr 


(H) 


and it has been pointed out that the values of r and ^ are 

the same at the point P for the curve and for the circle. 
Hence for the curve itself we also have 

dr 

^ . 

Kx. In the equation which represents any epi- or hypo- 

cycluiJ [p. 1(53, Ex. 6], we have 

, rfr 

ami tiiereforo P ^ P- 

The eqviiaiigular .spiral, in which ^ « r, is included as the case in which 

i?=0. 
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334. Polar Curves. 

We shall next reduce the formula to a shape suited for 
application to curves given by their polar equations. 

We proved in Art. 205 



Hence 

1 df> ( ,d’u\ da 

~Pde~V d&') d~d’ 

or 

da^ ^ \ ^dey 

Now 

rdr , 1 . 

n = ~, - and <•= » 

' dp a 

therefore 

1 dn 

u^ifp 3 J 


1 





335. This may 
Since 

we have 
and therefore 


easily be put in tlie r, d fonii thus :— 

1 

u. = . 
r 

du _ 1 ^ dr 

dO “ /■' dO’ 

d'^a_2(dr^_\ dh\ 

d&-~'tAde) r^de^* 



therefore 
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336. Tangential-Polar Form. 

In Art. 221 it was proved that 


P=l?4 


dyfr^‘ 


(K) 


trivin" us a formula for the radius of curvature suitable for 

O O 

p, yj/- equations. 

Ex. It ia known that the general p, equation of all epi- and hypo- 
cycloids can be written in the form 

p=A sin B^lr (p. 163, Ex. 6). 

Hence p^Asiw - ABhin 

and therefore P ^Pt 

thus again proving the result of the Example in Art. 333. 

337. Point of Inflexion. 

At a point of inflexion the radius of curvature is inflnite. 
This is geometrically obvious from the fact that it is the radius 
of a circle which passes through three collinear points. We 
may hence deduce various forms of the condition for a point of 
inflexion ; thus if />=»> 


we get 


^^ = 0 from (a), 


dx- 


from (d). 


dx 


from (E) 

\dy) ~7\x^y 'dx 'dy^'dy^ \Zx) 


. dJhl - e 


some of which have already been established otherwise. 


338. List of Formulae. 

The formulae proved above are now collected for convenience. 



d-y 

dx 

da 


(A) 

(B) 
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. 

.(C-) 


.(D) 

p dhj 


dx- 



. (K) 




.(K1 

P 'FY'^fF . 


„ . 

.(G) 



dr 

A = . . 

. (H) 

^ ifji 



.(I) 


.(J) 

^ ?-2+2r,-—JTo 


d^p 

P P + ^fy^^ . 

. (K) 


Examplks. 


1. Apply fornuila (h) to the curves 


/>* = or, ap = 




2. Apply formula (i) to the reciprocal spiral 

a\t = 0. 

3. Apply the polar fonnula for radius <»f curvature to show that the 

radius of the circle r=rtro.sW is "• 

2 

4. Show that for the car<lioide +cos Q) 

\a Q • f 

p = — cos - ; cc 
3 ^ 

Also deduce the same result from the pedal e({uatii)n of the nn vc, viz., 

5. Show tliat at the points in which the Ai*rliiim*d»*.ui r at* 

intersects the reciprocal spiral = their curvatures an' in t)ir lutio 3; 1 
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6 . For the equiangular spiral r=a^^ prove that the centre of curvature 
is at the point where the perpendicular to the radius vector through the 
pole intersects the normal. 

7. Prove that for the curve r=cr8ec25, 

r* 

8 . For any cun’e prove the formula 

1 ♦ A. 

where 

Deduce the ordinary formula in terms of r and 6. 

9. Show that the chord of curvature through the jwle for the curve 

P=A’‘) 

is given by chord = 2^^ = 2j^^y 

10. Show that the chord of curvature through the pole of the cardioide 

r=rt(l+co80 ) is =r. 

•> 

11. Show that the chf*rd of curvature through the pole of the equi¬ 
angular spiral is 2r. 

12. Show that the chonl of curvature through the pole of the cur\'e 

r’^ssa”'cosm$ is — 

m + l 

Examine the cases when »i = -2, — 1, -A, 1, 2. 

13. Show that the radius of curvatiue of the curve 

r*« sin n$ 

... 

at the ongm is • 

14. For the curve r*" = «"Vosm^, 

_ rt”* 

prove that 

Examine the jtarticular cases of a rectangular hyperbola, lemniscate, 
parabola, cardioide, straight line, circle. 

330. Centre of Curvature. 

Tlie Cartesian co-ordinates of the centre of curvature may 
he found thus :— 

Let Q be tlie centre of curvature corresponding to the point 
P of the curve. Let OA’ be the axis of a;; 0 the origin ; x, y 
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the co-ordinates of P ; x,y those of Q , yfr tl»e angle the tan¬ 
gent makes with the axis of x. Draw QM perpendiculars 



upon the ic-axis and PR a perpendicular upon QM. 

x=OM=OX-RP 


and 


Now 


therefore 


= Oy~QP sin 
= x~p sin >/<•, 

y=MQ=NP+RQ 

= y-\-p COS 




Then 


and 



Also 


Hence 
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Involutes and Evolutes. 

340. Def. The locus of the centres of curvature of all points 
of a given plane curve is called the evolute of that curve. If 
the evolute itself be regarded as the original curve, a curve of 
which it is the evolute is called an involute. 

The equation of the evolute of a given curve may be found 
by eliminating x and y between equations (a), (/3) of the last 
article and the equation of the curve. 

Ex. To find tht locus of the centres of curvature of the parabola 




Here 

II 

II 

Hence 

^ 4aP 




- 

cr‘,, 


dS- 

wlienee 

J 27.r® 27«.T® 


th** e«|Viati«)ii «if tlio evohite ia 

4{y-2a)^ = 2TnjA 


.‘141- Evolute touched by the Normals. 

Lot P.„ /’.( he contiguous points on a given curve, and 
lot the normals at P.> and at Po* intersect at Qi, Q 2 
respuctively. Then in the limit when P„, P^ move along the 



curve to \iltimate coincidence with Pj the limiting positions of 
Q., are the centres of curvature corresponding to the points 
7L of tlie curve. Now and Q., both lie on the normal at 
P.„ and therefore it is clear that the normal is a tangent to the 
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locus of such points as Qj, Q.,, i.c., each of the normals of the 
original curve is a tangent to the evolute ; and it will be seen 
in the chapter on Envelopes that in general tiie best method ol 
investigating the equation of the evolute of any proposed curve 
is to consider it as the envelope of the normals of that curve. 

342. There is but one Evolute, but an infinite number of In¬ 
volutes. 

Let ABCD ... be the original curve on which the successive 
points A, B, C, D, ... are indefinitely close to each other. Let 
a,b,c,... be the successive points of intersection of normals 
at .4, B, C, ... and therefore the centres of curvature of those 
points. Then looking at ABC... as the original curve, tiled... 
is its evolute. And regarding abed... as the original curve, 
ABCD... is an involute. 



If we suppose any equal lengths AA', BB, CC,... to be 
taken along each normal, as shown in the figure, then a new 
curve ]& formed, viz., A'/i'C"..., which may be called a parallel 
to the original curve, having the same normals a.s the original 
curve and therefoje having the same evolute. It is tlieiefore 
clear that if any curve be given it can have but one evolute, 
but an infinite number of curves may have the .same evolute. 
and therefore any curve may have an infinite nuinbcr o/ 
involuleft. The involutes of a given cui’ve thus form a s^’stem 


of 'parallel curvee. 
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343. Involutes traced out by the several points of a string 
unwound from a curve. 

Since a is the centre of the circle of curvature for the point 

A (Fig. 60), aA=aB 

_5jg4.elementary arc ah (Art. 34). 

Hence aA — 65 = arc ah. 

Similarly 65—cC=arc 6c, 

cC—dD — Bxc. cd, 
etc., 

fF-gG==s.Tcfg. 

Hence by addition 

aA—gG=iiTC a6+arc 6c+...d-arc/gf 
= arc ag. 

Hence the difference between the radii of curvature at two 
Ijoints of a curve ie equal to the length of the corresponding 
arc of the evolute. Also, if the evolute a6c... be regarded as a 
rigid curve and a string be unwound from it, being kept tight, 
then the 2 >omts of the unwinding siring describe a system of 
parallel curves, each of which is an involute of tke curve 
abed..., one of them coinciding with the original curve ABG.... 
It is from this property that the names involute and evolute 

are derived. 


344. Radius of Curvature of the Evolute. 

It is easy to tind an expression for the radius of curvature at 
that point of the evolute which corresponds to any given point 
of the original curve. 

Let 0 (Fig. 60) be the centre of curvature for the point a of 
the evolute. The angle S\fr' between the normals at a, 6 
= the angle between the tangents at a, 6 
= the angle between the tangents at A, 5 to the original 
curve 


= 6x/r. 

And if s' be tlie arc of tbe evolute measured from some fixed 
point up to a, and p' the radius of curvature of the evolute at 
a, and p that of the original curve at A, we have, rejecting 
infinitesimals of order higher than the first, 

cs' = arc ah = Sp, 

and therefore p = Lt 
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8 being the arc of the original curve measured from some fixed 
point up to A., and \fr the angle which the tangent at A makes 
with some fixed straight line. 

345. From Articles 337. 340, it will follow that to an 
Inflexional or undulatory point on a curve will correspond an 
asymptote on the evolute. For an inflexional point the evolute 
will be asymptotic at opposite ends ot the normal and on 
opposite aides. For an undulatory point it will be asymptotic 
on opposite aides at the same extremity. 

Examples. 


1. For the parabola 
prove 


ss= 4a.r, 

J-= 2« + S.i\ 







a 


4 


SP being the focal distance of the point of the jarabol.-x whose co-ordinates 
are (x, y). 


2. Show that the circles of curvatare «.f tlu- iKinibohi y* = 4.».«- for the 
ends of the latxi» rectum have for their e<iuutions 


- 10a.r±4f<//-3a-«0, 

and tlxat they exit the curve again in tlic {►oiuts 

3. Show that the evolute of the jwnibola y" = 4u.r is the semioubioal 

parabola 27ay’ = 4(x - 

and tliat the length of the evolute from the cusp to the jMjiiit where it 
meets the parabola *= 2<i(3s^ — 1 ). 

4. Show that in a parabola the radius of curvature is twice the pai t of 
the normal intercepted between the cvirve and the ilirectrix. 

5 . Prove that in an ellipse, centre C, the ladius of ctirvatme at anv 


. . „ . . , CfP a^b- (rr')5 

point P IS given by p= -^^-= - 5 - = — 

where a, b are the semi-axes, r, r are the focal <Hstaiiccs of P, p the |>er- 
pendicular from the centre on the tangent at and CD the semi-diameter 
conjugate to CP. 

6 . Show that in any conic 

_ (normalp 
^*”'(Bemi-latus-rectuui)^ 
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7. For the ellipse 


prove 


•4 ** 

'"•i « r«— 

b“ 

(T 

y=—3^ 


Hence show that the equation of the evolute is 

(aa:)*+(ty)^ = (a--’-6=)*, 

and prove that the whole length of the evolute 


6, Show that the co-ordinates of the centre of curvature of any curve 


luav be written 



Intrinsic Equation. 

34G. The relation between the length of the arc (s) of a 
given curve, measured from a given fixed point on the curve, 
and the angle between the tangents at its extremities (^) has 
been aptly styled by Dr. Whewell the Intrinsic Equation of 
the curve. Fur many curves this relation takes a very elegant 
form. The name seems specially suitable to a relation between 
such quantities as these, depending as it does upon no external 
system of co-onlinates. Tlie method of obtaining the intrinsic 
equation from the (.’artesian or polar relation is dependent in 
general upon processe.s of integration. If the equation of the 
curve be given as y=j\-v), the axis of x being supposed a 
tangent at the origin, and the length of the arc being measured 
from the origin, we have 

tnnyp- = f\x) .(I) 

and ,^=«.^r+l7W.(2) 

If « be determined by integration from (2) and x eliminated 
between the result and equation (1), the required relation 
between s and yjr will be obtained. 
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Ex. 1. Iniringic equation of a circle. 

If yfr be the angle between the initial tangent at A and the Ungent at 
the point /', and a the radius of the circle, we have 

PaA=PfX = ^fr, 

and therefore s=ayf^. 



Ex. 2. /n the cage of the catenary xchoee equation is 

y — c cosh - 


the intrinsic equation is 
For 

and 


s 

tan 

ds 


= c tan yfr. 
a.v c 




1 + siiilr- 
c 


<• 


and therefore 

the constant of integration 
whence 


5 = c sinh ■*"> 
c 

being chosen so that x and s vanish together, 
« = c tan yfr. 


Examples. 

1, Show that the cycloid jr®=a(0+sin ^)| 

y = a(l — cos $)) 

has for its intrinsic equation »=4a sin 

2. Show that the epi- or hypo-cycloid given by 

x = {a + fc)co3 0~b cos —^ ^ $ 

y = (a + 6)sin 0-b sin^-^^ 

has an intrinsic equation of the form 

a^A sill 


347. Intrinsic Equation of the Evolute. 

Let 8=f{\lr) be the equation of the given curve. Let s' be 
the length of the arc of the evolute measured from some fixed 
point A to any other point Q. Let 0 ami P be tlie points on 

B.D.C. K 
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the original curve corresponding to the points A, Q on the 
evoiute; po, p the radii of curvature at 0 and P; yf/ the angle 
the tangent QP makes with OA produced, and i/r the angle the 
tangent PT makes with the tangent at 0. 



Then = and Pw 

or ® “/ (V' )~Po’ 

the intrinsic eo[uation of the evoiute. 


348. Intrinsic Equation 
With the same tigure, 
eijuatidii 

we havt* 
whence 


of an Involute. 

if the curve .dQ be given by the 


s'=SW), 

P = and = yj/, 

A=f [fi'^')+Po]^i'- 


349. Evolutes of Cycloids or Epi- and Hypo-Cycloids. 

If we apply the result of Art. 3+7 to the intrinsic equation 
8-A smBxp’, we get for the equation of the evoiute 

.v’ = A B cos Byj/' — 


or, drop])iiig the dashes, 

8 — AB cos Byjf, 

if .s be supposed measured from the point where 

This proves that the evoiute of ati epi- or hypo-cycloid is 
./ Aintilar epi- or hypo-cyclokl. Also, the case in which P=1 
sliuws tliat the evoiute of a cycloid is an equal cycloid. 

1 For further information on Intrinsic Etpiatious the student is referretl 
to Huole. Diift'rcyiluk Equations, p. 263, and tO'Canift. Phil. TVajw., vol. 
Vm.. p 6>9. ami vul. IX., p. 150.1 
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Examples. 

1. If A be the area of the portion of a curve inchuled between the curve, 
two radii of curvature, and the evolute, prove 

2. Show that the evolute of an equiangular spiral is an equal equiangular 
spiral. 

3. Show that the intrinsic equation of the evolute of a parabola is 

X = 2'i(sec*>/' — 1). 

4. Given the pedal equation of a curve, viz., p=/{’')', show that the 
pedal equation of its e%’olute may be found by eliminating p aiul r between 
this equation and the equations 

= p--k-n — 2ppy . 

p'^ = r^ -p- . ' ) 

Again, that if the equation p' of a curve be given, the genend 

differential equation of its involutes may be o\)taine'l by eliminating p, r 
between this equation and the equations («), (/i'. 

5. Show that the curve whose equation i.s 

16 au involute of a circle, ami tliat its intrinsic c<jnati<>n is 

6. Show that the evolute of the epi- or hypo-cycluul h> 

fr = An + B 

is another epi- or hyixncychiid tlenoted by 

p^=Ar^+n{\ - ’j)- 

7. Show that the pedal ecpiatioii of the evolute of the curve 

/•"• = 0"'.siu 7H0 

is obtained bN' eliminating r between 

* (/« + 1 


and 


//• = r- 


COXTACT. 

350. First, consider the point I* at whicli two curve.s cut. 

Q 



Fig. 63. 

It is clear tltat in ^renernl each has its own tangent at tlmt 
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point, and that if the curves be of the and ti**' degrees 
respectively, they’will cut in mu—1 other points real or 

imaginary. 

Next, suppose one of these other points (say Q)^ to move 
along one of the curves up to coincidence with P. Ihe curves 
now cut in two ultimately coincident points at P, and there¬ 
fore have a common tangent. There is then said to be contact 
of the first order. It will be observed that at such a point the 

curves do not on the whole cross each other. 

Again, suppose another of the nin points of intersection 
(viz., P) to follow Q along one of the curves to coincidence 
with P. There are now three contiguous points on each curve 



common, and therefore tlic curves have two contiguous tangents 
common, namely, the ultimate position of the chord PQ and 
the ultimate position of the chord QR. Contact of this kind is 
said to be of the second order, and the curves on the whole 

cross each other. 

Finally, if other points of intersection follow Q add R up to 
P, so that ultimately h points of intersection coincide at P, 
there will be /c- I contiguous common tangents at P, and the 
contact is said to be of the (/.■-l)'^ order. And if k be odd 
and the contact of an even order the curves will cross, but if 
k be even and the contact therefore of an odd order tlie}' will 

not cross. 

351. Closest Degree of Contact of the Conic Sections with a 
Curve. 

The simplest curve which can be drawn so as to pass 
through two given points is a straight line. 


do. 

throe 

do. 

circle. 

do. 

four 

do. 

parabola, 

do. 

five 

do. 

conic. 
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Hence, if the point'i be contiguous and ultimately coincident 
points on a given curve, we can have respectively the 


Straight Line of Closest Contact (or tangent), having contact 
of the first order and cutting the curve in tvo ultimately 
coincident points, and therefore not in general crossimj 
its curve ; the 


Circle of Closest Co7i^«c^ having contact of the second order 
and cutting the curve in three ultimately coincident points, 
and therefore iti general crossing its curve (this is the 
circle already investigated as the circle of curvature); the 


Parabola of Closest Contact, having contxct of the third order 
and cutting the curve in four ultimately coijicitleiit points, 
and therefore in general not crossing ; and tlie 


Conic of Closest C'o7^^ac^ having contact of tlie fourth order 
and cutting the curve m fire. ultimately coincident point-s. 
and therefore in general crossing. 


It is often necessary to qualify such proiK)siiions as these by 
the words in general. Consider for instance the circle of 
closest contact” at a given point on a conic section. A circle 
and a conic section intersect in four points real or imaginary, 
and since three of these are real and coincident, the circle ot 
closest contact cuts the curve again in some one real fourth 
point. But it may ha2>j>en, as in the case in which the tinco 
ultimately coincident ])oit>ts arc at an end ot t)ne ot tlie axes *)f 
the conic that the fourth 2)oiiif is coincident icith the, other 
three, in which case the circle ot closest contact has a contact 
of higher order tliati usual, vi/.,, t)f the third order, cutting the 
curve in four ultimately coincident points, and therefore oji 
the whole not crossing the curve. The stmleiit .should draw 
for himself figures of the circle of close.st contact at various 
])oints of a conic section, remembering that the common elioul 
of the circle and conic, and the tangent at the point of contact 
make equal angle.s with either axis. The conic wliieli has the 
closest possible contact is said to osculate, its curve at tlie 
point of contact, and is called the oscnloting conic. Thus the 
circle of curvature is called the oscnlating circle, the puiabola 
of closest contact is calleil the osculating jutrahola, and so on. 
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352. Analytical Conditions for Contact of a given order. 

We may treat this subject analytically as follows. 

Let 

be the equations of two curves which cut at the point P{x, y). 

CoDsider the values of the respective ordinates at the points 
Pj, Pg whose common abscissa is x-^h. 

Let itfiV = A. 

Then jVP^ = <f>{x + h), 

NP^ = ylf{x+h), 

and PJP^ = KP-^^ — NP^ = fl>{x-\-h) — '^{x-\-h) 

= 

4 



If the expression for PoPj be equated to zero, the roots of 
the resulting equation for h will determine the points at which 
the curves cut. 

If ^(.r) = the equation has one root zero and the curves 
cut at P. 

If also (p\x) = -4r'{x) for the same value of x, the equation 
has two roots zero and the curves cut in hvo contiguous 
])oints at P, and therefore have a common tangent. 
The contact is now of the first ord^. 

If also = same value of x, the equation 

for h has three roots zero and the curves cut in three 
ultimately coincident points at P. There are now two 
contiguous tangents common, and the contact is said to 
be <»f the second order; and so on. 

Similarly for curves given by their polar equations, if 
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r=f{Q), r = <{){B) be the two equations, there will be 
equations to be satisfied for the same value of 0 in order tliat 
for tliat value there may be contact of the order, viz., 

m=<p{e). f\e)=<t>m f'{e)= 4 >\e ),.... f\e)=r{^). 

353. OBCulatlng Circle. 

The circle of curvature may now be investigated as the 
circle which has contact of the second order with a given 
curve at a given point. 

Suppose y=f{^) .(1> 

to be the equation of the curve. 

Let — — = .(2) 

be the equation of the circle of cur\’ature. 

By differentiating (2) we have 

Ilf 

i'h 

-ax 

and differentiating again 

■+(£)’+(.»-s>S-“.<« 

Now the X, y, of equations (2), (3), (4) refer to the 

circle. But, since there is to be contact of the second order 
with the curve y=f{x) at the point (x, y), and hare the 
same value ax when deduced from the equation to the curve, 

• •». ^Vy 1* 1 a"" J ±‘ 

we may write J (x) lor -j ainl / (x) lor 
From equation (4) 

y-y= - 


- --.dy . 

x-x->r{y-y)^ = 0. 


dhi 

dx^ 


.r(.ri 


whence 


i An[i + {./»}=] 

Ay - f\x) 
dx- 

and by squaring and adding 




y,= X 


d'-y 

dx- 


j (./•) 
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such a sign being given to the radical as will make p positive, 
^ g ^ if be positive we must choose the + sign for the num¬ 
erator, and if ^ be negative we must choose the — sign. 

cte" 

The values of 5 and y are the same as those found geometri¬ 
cally in Art. 339, viz., 

x^x 



y=y^—dhj 

ch^ 


354. Conic having Third Order Contact at a given point. 

The locus of the centres of all conics having third order 
contact with a given curve at a given point (t.e., cutting the 
curve in four ultimately coincident points) is a straight line 
which passes through the point of contact. 

Let P be a point on the curve and G the centre of one of 
the conics having third order contact with the given curve at 



Fig. S6. 

P. Let CD be the semiconjugate to CP and CT a perpendi¬ 
cular on the tangent at P. 

Let CP = r, CD = t\ CY=p, and let PC make an angle 0 
with the normal at P. 

Then we have r--{-r" = a-+lr, 
and pr' = ah, 

and therefore rdr+r'dr=0; 

p = = ; (See Ex. 5, p. 271) 


and for a conic 
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therefore 


_ rdr 

d$ ab d--i ab ds 

_ 3r 

p c/.s cos <f> 


dr 


for = cos C'PT'=—sin 0, the arcs of the curve and of the 

ds ^ 


conic being measured from the points 0 and 0' up to P, and 


therefore 


^ = cos <p ; 

^P=Z tau 0, 
ds 


1 d, 


and tan 0 — r wiiere -p is found for one of the con ics. 

But since the conic and the curve have contiict of tlie tliird 

, dr . d-r 

order they have the same tangent, the same the same 
and the same at the jjoint of contact. They therefore also 


dBP 


have the same p and the same for p depends on and 


dh' 


on 


d^ 


r 


d$^' 


Hence the value of 0 found above is the same for all the 
conics, and depends only upon the shape of the curve at the 
])oint of contact. The locus of all siich centres is therefore a 
straight line through the point of contact inclined in front of 

the normal at an angle where is found /rom 

the cui've. 

365. This result may be establishe«l analytically as follows 
Referring the conic to the coinniou tangent ami normal as axes, its 
equation takes the form 2y ax- + 2 /mv/ + • 

If y be expanded in powers of x, by Maclaurin’s 'Iheorem wc have 

+rg, + ... , 

as ill Art. 320 ; p, q, and r being the values of and ^ at the 

origin. Since there is contact of the third <u*dcr the values of these are 
thesiune for the conic and for the curve and are therefore known quiinti- 
ties. Moreover, since the tangent has been chosen fur thex<axis, we have 
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Substituting in tlie equation of the conic we have 


giving 


a=y, 

qh=t. 


and thus determining a and h in terms of the known quantities q and »v 
Also the centre of the conic lies on the line 

ax+Ay=0, 

or 3j*x+7y=0, 

which is a straight line through the point of contact inclined in front of 
the normal at an angle tan“’^ - ^)' 


Also since 


which, when 
becomes 


p = (l+;>=)V‘ 

^=0 and J=l, 


dp _ r 

ds 9 ® 

Hence the above angle may be written 

±) 

\3 

as in tlie preceding article. 

356. Osculating Conic. 

We can now pick out the particular conic which has fourth 
order contact with the given curve at the given point 

Let 0 be the centre of curvature of the point considered and 
(7 tlie required centre of the conic of closest contact. Let 



be a point on the curve adjacent to the given point P. Join 
C'P. Cl\ and draw P^K at right angles to CP. 
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Let OPC= <t>. 01 \r= ^ PC=R 
Then PPP^ = POh'+4,, 

and also = P^<’E+tfi-i-Sfp, 

whence POE = P^CE+S^. 

Also, nefflecting infinitesimals of higher order than the first, 

PPi = 6X 


POE= 


and 


Hence 


~ P,C~ R ' 

os Ss cos (f> 


H 


+ o>. 


or, proceeding to the limit, 

cos 0 1 \ 

7r”p”d.s’ I 


where 


= ills 

y 


d4> . 


And since the contact is of the fourth order, is the same 

for the curve as for the conic, and may therefore be supposea 
derived from the equation of the curve. 

These equations determine the position of C. 

357. Tangent and Normal as Axes. Co-ordinates of a Point 
near the Origin in terms of the Arc. 

When the tangent and normal at any point of a curve are 
taken as the axes of x and y it is sometimes requisite to ex])res.s 
the co-ordinates of a point on the curve near the origin in terms 
of the length cif the arc measured from the origin up to that 
point. 

Assume x = (i + OyS -f +.... 


S' 


.3 


• • • * 


y= h+hiS-h 

the lettera a, b. b^... denoting constants whose values are 

to be determined, and s being the length of the arc. I hen, 
when 8=0, x and y botli vanish, ami therefore 

a = 5 = 0. 
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Again, by Maclaurin’s Theorem 

'dx^ 

0 




[the suffix zero denoting 
the values at the origin] 



_ fcosyjf siii^ dp\ 1 
U ( •‘^hl \<r cos \/r dp\ 1 rfp 

ds)o~~'^-~ds 

etc., 

whence j; = 8— 7 rT»+ •••, 

6/j* 

_ 8- (7p 

(/s” •• 

EXAJIPLES. 

1. Determine the curvature of the curve 

[Coll. Ex.\m.) 

2. Find the radii of curvature of the two branches of the curve 
{a- - .v)={.T - 2i/)(.»: - 3y) - 2a(.TS - if) - 2o2(a; + y){x - 2y) = 0 

at the origin. [Oxford, 1S88.] 

1 (/i/ / 1 2 

3. For the curve y” - .V” 

prove that the radius of curv'ature is m times the normal. 

4. Establish the formula 


at the origin. 


p=r 


dd 

ds 


I 


[■ 



rf»‘ 


] 


а. Find the equation of the circle of curvature at any point of the 

curve y/a=vers~'^x/a. 

б. If p bo the radius of curvature of a parabola at a point whose 
distance, measured along the curve, from a fixed point is s, prove 

d^p _ fdpf 




that 


[Oxford, 1889. J 
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7. A curve is such that the normal at any point passes through 

the centre of curvature of the corresponding point on the pedal with 
respect to a given point. Show that the curve is an equiangular 
spiral [Oxford, 1890.] 

8. If p and p be the radii of curvature at corresponding points of 
a curve and its evolute, and p, q, r are the first, second, and third 
differential coefficients of y with respect to x, prove that 

P jP = ^p-))lT- 

9. The projections on the x-axis of the radii of curvature at corre¬ 
sponding points of y = logsecx and its evolute are equal. 

[Coll. Exam.] 

10. Show that the radius of curvature of the point of the evolute 

of the curve = fl"cos nO 


corresponding to r, 6 is 


« - 1 


fsec tan nB. 


(n + l)- ' [OxFOKD, 1S89.1 

11. A tangent to the evolute of a parabola at the point where it 

meets the parabola is also a normal to the evolute at the point where 
it again meets the evolute. [Coll. Exam.] 

12. If p. be the radius of curvature at any point of a parabola, 
the radius of curvature of the corresponding point of its first nega¬ 
tive pedal with respect to the focus, show that 


27/V = 32/p2=» 

where I is the latus rectum. [Oxford, 1889.] 

13. P, <?, if, S, Tare five points on a curve of continuous curva¬ 
ture whose abscissae are in arithmetical progression, the common 
difference being Sx; show that as Sx diminishes without limit, iT, 
QS, and the tangent at R ultimately intersect in the same point, and 
that in the parabola y^ = mx the locus of this point is a parabola 
with the same vertex and axis. [Coll. Exam.] 


U. The radius of curvature at the point t on the curve 


r=M \ 

0 = F(t) J 

is given by the equation 

- 1^,-1 = 2r-0 + rrff - i-rB + r-B^ 

, ds .. d-r 

where * ^ (Oxford. 1888.] 

15. Show that the parabola whose axis is parallel to the axis of y, 
and which has the closest possible contact with the curve 

at the point (a, a), has for its equation 

n(M - l)x- = 2ay-l-2«(n - 2)«x- (/i - 1)(« '• 
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16. If X, y be the co-ordinates of a point of a curve OP passing 
through the origin 0, then the radius of curvature at 0 

X sm a — y cos a 

where y = t tan « is the equation of the tangejit at the origin. 

Hence show that the radius of curvature of the curve 

X* +y^ - 2a{x + y) 

at the origin is 2aJ'2. 

17. Show that the arcs of the two curves 


xif = a-, 3^ = 3a®y 

turn through the same angle between any the same pair of ordin¬ 
ates. Also show that the ratio of the radii of cur\’ature at points 
on the two curves wliich have the same abscissa varies as the square 
root of the ratio of the ordinates. [Oxford, 1887.1 

18. The radius of curvature of the first negative pedal of p -^r) 
at a point corresponding to {p, r) on the original curve is 

2r^ dp 
p- p^ dr 

19. Show that the curvature at any point of the pedal of an epi- 
or liypo-cyoloid is 


where a is the radius of the fixed circle and r and p refer to the 
pedal curve. [Sidney Coll., Camb.] 

20. II r, p be res{)ectively the radius vector, perpendicular from 
the origin on the tangent and the radius of curvature at any point of 
a curve, jirove that the radius of curvature at the corresponding 
point of the reciprocal jiolar with regard to the origin is 

p^p 


where X - is the constant of reciprocation. 

Hence show that tl»e reciproj-al of a circle is a conic with the origin 
as focus. 

21. If r, p, p be the same as in the last question, show that the 
radius of curvature at the corresponding point of the inverse with 


regard to the origin is 


x-V 


'2pp - r- 


k- being the con.stant of inversion. 


22. I'ind the radii of curvature of the confocal orthogonal Lima^ons 

r sin-a n^oos 6 - cos a), 
r sinh-/3 =«(cosh ^ - cos B) 

at .a point of intersection, in terms of a and 3. [Matu. Trivos, 1884.1 
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23: Show that the intrinsic equation of tlie curve 

s 


€• = secis " = 
a a 


24. If X"’, )h‘ the latios of any arc of the curve 

it = c tan yp 

measured from the point ^-0, to the coiTes])on<ling arcs of the 
evolute, and of that involute which meets tlie curve at the point - 0. 
find the relation between X and /i. fOxKORt>. ISS8.] 

25. An inextensible wire in the form of a jilane curve is bent so 
that each point of the wire moves a 4iistancc u in the direction of the 
normal to the curve at that point : ])rove that 

u\ds) /) ■■ (CiMBKiboE. I8S;<-] 

26. Show that the locus of the centre of the rectan^nilar hyperbola, 
having contact of the third order with the conic 

+ By- = 1. 

has for its equation x- -k y^ = -1 -r- + By-. 

27. Show that the locus of the centres of the rectangular hyper¬ 
bolae, having contact of the lliini onler with the }):ir:il)ola 

.V- 

is the equal parabola y- + 4«(x + 2fi) = 0. 

28. If the equation to a curve passing through the origin he 


Uj + «2 + “3 


wliere is a homogeneous function of x, y of n dimensions, show 
that the general equation to all conics having the .same curvature at 
the origin as the given curve is 

'* 

Thence fijid the circle of cur\ aiurc, 

29. .Show that the rircle of curvature at the origin for the curve 

X + // = + by- + r.r‘ 

LB (a + i)(x- + y'-) = 2x + 2y. 

30. Obtain the equation of the conic which osculates the cur\ e 

ay = a:2 + «,xy + a.^- + b^x^ + b^x-y + b^y- -t- * 

at the origin. 

PQ is the common chord of a parabola 

y- - 4«a; 

and its osculating circle at P. Prove that the locus of the point of 
intersection of PQ with the perpendicular drawn on it fnmi the 
vertex is the cissoid y^(3a - x) = a:^. Ioxkuru, 18!K>. J 
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31. Show that when the osculating circle has third order contact 
with its curve the curvature is measured by 

« 

32. A line is drawn through the origin meeting the cardioide 

r = a(l - cos $) 

in the points P, and the normals at P and Q meet in C. Show 
that the radii of curvature at P and Q are proportional to PC and QC. 

33. If PQ be an arc not containing a point of maximum or mini¬ 

mum curvature, the circles of curvature at P, Q will lie one entirely 
within the other. [Math. Tbipos.] 

34. Determine the equation of the circle which touches the curve 

r=A^) 

at the point (r^, and goes through another point (r^, 6^) on the 
curve; and hence derive the expression for the radius of curvature 
in polars. [Math. Tripos, 1884.] 

35. Show that the osculating conic of the catenary 

y^e cosh - 
c 


c 1 - 

at a point whose ordinate is ^vlO is a parabola. [Oxford 1889] 

3G. An equiangular spiral has contact of the second order with a 
given curve at a given point ; prove that its pole lies on a certain 
circle, and that, if the contact be the closest possible, the distance of 
the pole from the point of contact is 

_P_ 

^ (</»} [Math. Tripos.] 

37. If accented letters refer to a point on a curve and unaccented 
letters to the corresponding point on the involute, prove 


x = x'^p 


dx 

ds' 


y=y^p^.- 


Show how, by means of these equations and 

s^P = l. 

the equation of an involute of a given curve may be found ; s' being 
supposed known in terms of the co-ordinates of the extremities of 
the arc. 

38. If a right line move in any manner in a plane, the centres 
of curvature of the paths described by the difierent points in it in 
any position lie on a conic. 
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39. If, on the tangent at each point of a curve, a constant length 
be measured from the point of contact, prove that the norma to t e 
locus of the points so found passes through the corresponding centre 

of curvature of the given curve. ^ 

40. If through each point of a curve a line of given length be 

drawn, making a constant angle with the normal to the curve the 
normal to the locus of the extremity of this line passes through the 
corresponding centre of curvature of the proposed cur\e. [Bertram*-] 

41. If on the tangent at each point of a curve a constant lengt i c 
be measured from the point of contact, show that the rai ms o cupa 
ture of the curve locus of its extremity is gi\en hy 

p -- 


+ 

^ a\{r 


where p and ^ refer to the corresponding point of the original 

42. If through each point of a curve a line of given h-iigt i c ic 
drawn, making a constant angle a with the normal at t lat i oui 
radius of curvature of the locus of its extremity is given by 


P = 


+ c- - 2pc cos a)^ 


Jp 


p- + c- - 2pc cos a - c sin 

where p and ^ refer to the corresponding point of the original tiine. 

43. Prove that in the curve whose intrinsic equation is 

s = o log cosec 'I- 

the product of the radius of curvature and the normal is coiutui , 
the normal being terminated by the asymptote ihsiT.l 

. - I 

What relation does this curve bear to the catenary ^ 

44. Show that the equation of the involute of the catenary 

y = CCOSh^ 

which begins at the point where v—0, y - v. 


is the Tractrix x = ccosh - Jc- - y- 

If 

45. If a straight line be drawn through the pole per[.eii.liniUu 
the radius vector of a point on the equiangular spiral 


to 


to meet the corresponding tangent, show that the distance ^ tween 
the point of intersection and the point of contact of ilie t.ing< nt is 
equal to the arc of the curve measure^l from the polo to the jioint 
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contact. Hence prove that the locus ot this point of intersection is 
one of the involutes of the spiral, and show that it is an equal equi¬ 
angular spiral. 

4G. A fixed oval curve on a smooth horizontal plane is surrounded 
hy a smooth endless string, and a particle is projected inside the 
string so as to move round, keeping the string stretched. If t and t' 
are tlie lengths of the straight portions of the string at any time; 
•/i, <f>' the inclinations of these lengths to a fixed line; and p, p the 
radii of curvature at the points of contact; prove that 

. f/l . lit _ 

^ (iifi ^ [Math. Tripos, 1885.] 


47. A curve is givm by tlu’ ei]uatinn 

connecting the distances of a point on the curve from n fixed points 
ill its plane, and V'. denotes the angle which r, makes with the 
tangent to tlic curve ; prove that the curvature at any jioint is given 

h\ * sin = ^Isin-V + 221 cos ip cos 

,, ^ -r r ,*/• y- ordr 

[Math. Tripos, 1889.] 

l>. rrnve that in the Cartesian oval 


Vi /.,ro = constant 

where /•, and ' , at-- tlie distances of a point P from two fixed points 
.1 iiinl /<'. the i'nr\':iture at /’ is 


/,(/, + /.VOS X'f /,cos X)"'*! 


4 2/,/.cos X + f.r}- 

\i lieie X the angle .1/7/. [Math. Tripos, 1886.] 

4'.', I’rove tliat the radius of curvature at any jioint of the curve 

»ir + fr' = Ic 


{Pc-m(lr+_,nr)}^_ 

/- HI- (4A' - »(*')(•- 37H[r/ + r'Hi) 

where r and r are the distance.s of a point from two fixed points, and 
' is tlie distance between these two points. [Coll. Exam.] 

■‘>0. Two equal circular discs of radius a with their planes parallel 
ale fastened at tlieir centres to a bar, the discs being inclined to the 
bur at an angle «. The two wheels thus formed being rolled along a 
[tlaiie. prove that the intrinsic equation to the track of either wheel 

sm ^ = cos It sin -• 

<7 


nil the piano is 
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Prove that in this curve the product of the radius of curvatiin* and 
the normal is constant, the normal being terminated by the straight 
line which divides the curve symmetrically. (Math. Tripos, 187S.] 

51. If the tangent and normal to a curve at any point be taken as 
the axes of s an<l y respectively, and if * be the distance. meai-ure<l 
along the arc, of a point very near to the origin, show that the 
Cartesian co-ordinates of that point are approximately 


s} a/) 


V = f ^ 1 - .. . 

-Ip Up- Js \<h’ 'fs-j 

the values of />, and being those at the origin. 

afi aS“ 

52. If a line be drawn parallel to the common tangent of a curve 
and its circle of curvature, and so near to it as to intercept on the 
curve a small arc of length s measured from the point of contact, of 
the first order of small quantities, show that the distance between 
the two points on the same side of the common normal in which the 

line cuts the cun’e and the circle of curvature is i> nl 

bp ih 

the second order of small quantities, the values of p and l»eing 

those at the point of contact; and again, if a line be drawn parallel 
to the common normal, the distance between the points of intersec¬ 
tion with the curve and the circle is and is of the third order 

bp* aii 

of small quantities. 

53. Provo that the circle 

has contact of the third ordei- with tl>e conic 

- Gxy + 5y- = 8. 

54. Show that for the portion of the curve 


«’y 


» X 


very near the origin the shape of the evoliite is ai»proxiniatt‘ly given 

by 1225x-'y = 16«'*. 

55. The conic whoso focus is at the pole and which has se< i»nd 
order contact, with u =J\0) at the point 0 = n ha.s for its etpiatiun 

« + cos*(6# - <i)'j ( !■ - /('») -f /'"(«). 

lUi' cos( W — II) I 
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56. If a chord of an ellipse be drawn to cut the evolute of the 
ellipse at right angles, three times the difference between its seg¬ 
ments intercepted between the evolute and the ellipse is equal to tlie 

diameter of curvature of the evolute at the point of intersection. 

[Math. Tripos, 1878.] 

57. If in the plane curve <f>{x, y) = 0, 


we have at any point 





prove that the curvature of one of the branches of the curve which 
passes through that point is 


5 [CaiusColl., Camb.] 

58. If 6 be the angle between the normal at any point Pof & plane 


curve <f>(x, y) = 0, 

and the line drawn from P to the centre of the chord parallel and 
indefinitely near to the tangent at P, prove that 

bpr - 2hpq + aq^ 


cos = 


Jp- + 9 *v/ ((/>- + h'-)p- - 2(a + b)hpq (a- h-)p-} 


where 







[Townsbnd.] 

50. A curve is such that any two corresponding points of its 
evolute and an involute are at a constant distance. Prove that the 
line joining the two points is also constant in direction. 

60. Provo that at corresponding points of a plane curve traced on 
a cylinder and its development when the surface of the cylinder is 
develojjod into a plane, the ordinates drawn to corresponding axes 
which are perpendicular to the generating lines of the cylinder are 
Ml a constant ratio; prove also that the product of the radius of 
curvature and the normal intercepted by the axis is the same at 
corresponding points of the curve and its development. 

[Math. Tripos, 1878.] 
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ENVELOPES. 

358. Families of Curves. 

If in the equation ^{x, y,c) = 0 we give any arbitrary numeri¬ 
cal values to the constant c, we obtain a number of equations 
representing a certain family of curves; and any member of 
the family may be specified by the particular value assigned to 
the constant c. The quantity c, which is constant for the same 
curve but different for different curves, is called the parameter 
of the family. 

359. Envelope. Definition. 

Let all the members of the family of curves ^{x, y, f) = 0 be 
drawn which correspond to a system of infinitesimally close 
values of the parameter, supposed arranged in order of magni¬ 
tude. We .shall designate as consecutive curves any two curves 
which correspond to two consecutive values of c from the list. 
Then the locus of the ultimate points of inteisection of con.sccu- 
tive members of this family of curves is called the envelope 
of the family. 

360. The Envelope touches each of the Intersecting Members 
of the Family. 

Let A, B, C represent three consecutive intersecting mem- 


-- 



Fig. C8. 

bers of the family Let P be the point of intei'section of A 
and B, and Q that of B and C. 

2iO 
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Now, by definition, P and Q are points on the envelope. 
Thus the curve B and the envelope have two contiguous points 
comraon, and therefore have ultimately a common tangent, and 
therefore touch each other. Similarly, the envelope may be 
shown to touch any other curve of the system. 


(A) 


361. To find the Equation of an Envelope. 

To find the equation of the envelope of the family of curves 
of which (p(x, y, c) = () is the typical equation. 

Let y, c) = 0, 

i^{x, y, c+(5c) = (), 
be two consecutive members of the family. Expanding the 
latter we have 

(fi{x, y, y, c)+... = 0. 

Hence in the limit, when 8c is infinitesimally small, we obtain 

2/. c) = 

IS the equation of a curve passing through the ultimate point 
of intersection of the curve.s (a). 

If we eliminate v between the equations 

<p(x, y, (;) = 0 

and i/< = ^ 

we obtain the locus of that point of intersection for all values 
of the parameter e. That is, we obtain the equations of the enve¬ 
lope of the family of curves of which ip{x, y,c) — 0 is the type. 
The polar curves 0, e) may be treated in the same manner. 

Kx. Fiiiil thf ''ucehipf ot thr .yistfm vf K(rui;/hl li/iei of which y = (ir4-- 

* c 

i.s tK** the r aad {a) t f\»r a/l lines of the system. 


<ih>i 

tlifi 


-.-■+"=0. 
1 f' €• 


•//=+t\/“h -=±2N'a?, 


*r 


>/• s A'f i\ 
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a j)arabola, which is tlicrcfore the envelope. In otlit-r wciils, j-vfrv 
straight line, obtained by giving any arbitrary special value to c in tin- 


equation y= cr +®, touches the parabola y^ = 4ax. 

c 

362. The Envelope of *lX* + 2i?X + C=0 is 

If A, B, C be any functions of x and y, .and tlie equation of 

any curve be AX" + 25X + C=0, 

X being an arbitrary parameter, the envelope of all sucli curves 
is ir-=Aa 

For we have to eliminate X between 

a\2+2;a + c-o 

and 2.1 X-l- 2 ^ = 0 , 

and the result is clearly B- = AC'. 

The result of the example of Art. 3(51 may be obtained in this \v?i' ; fm 
the equation 

may be written «iV - my + a = i), 

and therefore the envelope is //* = 4«.r. 

363. Another Mode of Establishing the Rule. 

The equation AX^ 4 ' 2 ^\ + C'=0 iiiny be regarded us a quad¬ 
ratic equatioi. to 6 nd the values of X for the two purticular 
members of the family which pa.ss tlirougli a given point (J\y). 
Now, if {x, y) be supposed to bo u point on the envelope, these 
members will be coincident. Hence for sucli values ot y tin* 
quadratic for X must have two e<|urit roots, and tlio locus ot 

such points is therefore li' = A('. 

The envelope of the system 0 (.r. y, c) = 0 migld be considered 
in a similar manner. And it is proved in Theory of Kquations 
that if y’(c) = 0 is a ratimial algebraic e«|iiation lor c. the con¬ 
dition that it sh<»uld have a pair ot equal roots is obtained by 
eliminating c between the equations 

fin = 0. 

a result agreeing witli that »»f Art. 361. 

Kxami’i.ix. 


1 . Show that the eiiveU.f>v «f the line ' ^ 1 . where a .•.ni'tanf, 


it 


I 
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2. Find the equation of the curve -whose tangent is of the form 

m being independent of x and y. 

3. Find the envelope of the curves 

a Vos 8 6%in 8 _ ^ 

~ y 

for different values of 6. 

4. Find the envelope of the family of trajectories 
6 being the arbitrary parameter. 

5. Find the envelopes of straight line-s drawn at right angles to tan¬ 
gents to a given parabola and passing through the points in which those 

tangents cut (1) the axis of the parabola, 

(2) a 0xed line parallel to the directrix. 

6. Find the envelope of straight lines drawn at right angles to normals 
to a given parabola and passing through the points in which those normals 
cut the axis of the parabola. 

7. A series of circles have their centres on a given straight line, and 
their radii are pro]>ortional to the distances of their corresponding centres 
from a given point in that line. Find the envelope. 

8. P is a point which moves along a given straight line. PM, PN are 
perpendiculars on the co-ordinate axes supposed rectangular. Find the 
envelope of the line -V.V. 

!). A straight line has its extremities on two Axed straight lines and 
forms with them a triangle of constant area. Find its envelope. 

10. Show that the envelope of the lines whose equations are 

X sec’^+y cosec'^ =s c 

is a parabola touching the axes of co-ordinates. 

11. Show that the system of conics obtained by varying A in the 

equation 

a- (to 6* 

have for their envelope the parallelogram whose sides are 

x=±a, y=±h. 

12. Show that the envelope of the line 

/x-t-my-l-1 =0, 

where the panimeters I, m are connecte<i by the quadratic relation 

2^^-f2/7n-f-c=0, 

i.s the conic J.r--|-2//jy-}-5‘y*-t-2(?x-f2/y-fC=0, 

A, D, C, F, U, II being minors of the determinant 

«, ft , 9 
ft, b, f . 

■ g, f, c 
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364. The c-Discriminant. 

The function of x and y, whose vanishing expresse.s that 
1 /, c) = 0 has equal roots for c. is, when expressed in its 
simplest rational integral form, called the c-discriininant of 
and may be denoted b}' 

Hence the envelope for different values of c will be given in 
the equation Ac^ = 0. 


365. Singularities. 

The equation Ae^ = 0 may contain loci other than the true 
envelope. 

Imagine a curve with a double point A to he inadi- to move 
in a given manner altering its shape as it ti’avels but retaining 
the same general characteristics, lake a point P near the 
locus of the double point. First one an<l then the other of the 
branches which form the node pass through P, and when P is 
ultimately on the locus of the node the two positions of the 
curve in which a branch passes through P ultimately coincide. 

We can now generalize this idea. hen fixed values are 
a8.signed to x and y the eqiiation 0 (j', //, <‘) = 0 may be regardeii 
as giving the several values of f, corresponding to the several 
members of the family which pass tlirough a specified point. 
If this equation be of the degree in c, there will be n real 
or imacrinary solutions and therefore n members of the family 


each passing through tliis j)oint. 

When successive values of c give a locus of multiple points 
of the order for the family y, c)=0 and the chosen 
point (x, y) happens to lie uj)ou tliis lucu.s, r of these members 
will coincide, and therefere the equation ^{x, y, c) = 0 will 
give for such a point /• ejjual values of c. 

Hence it may be expected that the equation A<0 = ^> \Nill 
contain, besides the true envelope solution, the loci «d any 
nodes, cusps or conjugate points which tliu members of the 
family may possess. 

366. The more advanced student is referred for further 
information to Papers hy Cayley, Messcuyer of Matlwmatics, 
voIm. II. and XU.; Henrici, vol. II., Pror. Land. Math. Soc.; 
ami M. J. M. Hill. vol. XIX., Pror. Land. Math. Soc.; where it 
has been shown that the c-discriminant in general contains the 
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envelope locus as a factor once, the node locus twice, and the 
cusp locus thrice. 


Ex. 1. c(y+c)*=i:®. 

Here differentiating with regard to c 

(y + tf)®+2c(y+c)=0, 

giving y+c=0,.. 

or .y + 3c=0.. 

Substituting from (i.) in the curve we get 

x=0.. 


Substituting from (ii.) we get 


"27" ' 


Of these (iv.) is a cusp locus 

and (v.) is a true envelope 3x= — 4'iy. 

This is exhibited in the accompan^'ing figure. 


.(t) 

,(it) 


(iv.) 

.(v.) 



Fig. 69. 


Kx. 2. Tt may happen accidentally that the node or cusp }ocus is the 
true envelope locus, 

'rhua in the family of aemicubical jxarabolas 


X 


(lie r disci iuii nun t i.s or the x-axis, and as this line touches each mem- 
b»T of the family it may be regarded as a true envelope. The cusps ai'e 
ncAY arranged as shown in Fig. 7o. 
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Ex. 3. + cY = x^x +1). 

Here there is a notie or conjugate jwiiit at (n, —c) according as <? is positive 
or negative. 

Differentiating we have 

(y + f)(> + 3c) = 0. 

Eliminating c we have the results 

x^(x+ !) = (>, 

or -i^=r=(j-+l). 

Of these .r=0 is the node locus l^r the j)ortion of the,v-axis below the 
origin, and the conjugate point locus for the portion above the origin. 

The linex+l-s--0 is a true envelope solution, as also the cubic 

4y’ + 27jr(.r + I) = 0. 

£x. 4. Examine the cases of 

(i.) (>f + cY = .r^ix+\), 

(h.) ^ = cix + cY, 

(iii.) y = c{x-c)3. 

367. It may happen that the consecutive niembei>i cf the 
family ^{x, y, c) = 0 do not all intersect in real points. In this 

case the curve A«^ = 0 

does not touch all the members of the family at real points. 

Ex. Let circles be describetl having for tlieir diameters the tlouMe 
ordinates of the parabola y'‘ = 4aj‘. Fi!ul tlieir envelope. 

If 2c be the double ordinate, the typical eipiatioii of such a circle is 



or c*— Bac%x + 2a) +1 Cm\x^ + i/-) *=0,.(H 

and the envelope Is (x+iaf—x^+y^ 

or y* = 4ti(.r + rt),. 2) 


I.C., an equal parabola whose focus is at the vertex of the original curve. 
To 6nd where the circle (1) touches the envelope solve fora' between 

(l)and(2). We obtain c-® = 4a(j’+2a) 

=y> + 4a^ 

which gives an imaginary ordinate for the point of contact if c<’2<t ; j'.c., 
if the centre of the circle lies between the focus and tlie vertt-.v of the 
original paralxila. The stu«lent will be able to illuhtrate this result by a 
figure. 
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368. Case of Two Parameters. 

Next, suppose the typical equation of the family of curves to 
involve two pammeters a, connected by a given equation. 
Then two courses are open to us. We may eliminate one of 
ihe parameters by means of the connecting equation and thus 
reduce the problem to that solved in Art. 361, or, as is 
frequently better from considerations of symmetry, consider 
one of tJie parameters capable of independent variation and 
the other dependent upon it We then proceed as follows. 

Let *p{x, 2 /, a, j8) = 0.(1) 

be the typical equation of the curves whose envelope is to be 


iiive.stigated, and /(a, ^) = 0.(2) 

the relation connecting a and 

Then, supposing a the independent parameter, we have 

^+1 • f=0 .(3) 

Oa op da 

, df,df d8 . 

ia-^t^da=^ . 

Wo thus have four equations and three quantities to eliminate, 
viz., a, The result of elimination is the equation of the 


envelope. 

'I’he parameters a, connected by the relation /(a, /3)“0, 
may be regarded as the co-ordinates of a parametric point 
which lies on the curve f{x, 2 /) = 0. 


369. Indeterminate Multipliers. 

The equations (3) and (4) may be wiitten 


g^a + |^,/;S = 0 (Art. 158), 

|0a +5/^ = 0. 

The rt'sult of eliminating r/a, between these equationn is 

Cijb 
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Call each of these ratios X. We then have 

1—^ t • • • • 


(5) 


^ ^ A-< /V 


t(;> 


This quantity \ is called an “ Indeterminate Multiplier.’ 

It remains to eliminate a. /3, and X between equations ;1). 
(2), (5). and (6). 

This method is peculiarly adapted to the case in wliich 

<p(x, y, a. = y. a, 

and /(a, j8)=/i(a./3)-o, = 0, 

where and are homogeneous in u and /3, and of the 
and degrees respectively, and being absolute constants. 
Multiply equation (5) by u and (0) by /3. and add. Then by 

Euler’s Theorem pa^ = qa.^, 

so that in such cases X is easily found. 

Ex. Find the envelope of ‘^+^=1, ichere a and b are connected bi/ the 

^ a b 

relation + i" = <r, 

c being an absolute constant; t.e.y tbc envelope of a hne vonstunt length 
xehxck slides with its exU'evxities upon (xco fixed rods at right angles to each 
other. 


Hero 


^da-^'idb — Qs 

fd ir 


and therefore 



II 

Multiplying by 

a and b respectively, and adding. 


f+.y = A(«|2 + i»' 

a o 

or 

1 * Ac-. 

Hence 

«3 = <;V ) 

b^='~i/ y 

and Bince 


we have 


or 
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Examples. 

1. Find the envelopes of the luie 

^+f=l 

a b 

under the following conditions :— 

(1) (i+6=i-, 

(2) a" + 6" = -fc", 

(3) 

X* being a constAiit in each case. 

2. Find the envelopes of the systems of coaxial ellipses whose semiaxes 
« aiul b are connected by the equations 

(1) « + 6 = X-, 

i2)Ja + Jb=^k, 

(3) a"‘+6'“=X," 

(4) a6 = X*2, 

X' being a constant in each case. 

3. Find tl)e envelopes of the parabolas which touch the co-ordinate axes 
and are such that the jlistaiicea (a, from the origin to the points of con* 
tiict are connected by the relations 

(1) a + /? = X-, 

(2) a"‘ + ^ = X-«, 

(3) aj8 = X-2. 

X- being a constant in each case, 

3<0. Case of Three Parameters connected by Two Equations. 
Next, .svippose the e({uation of a curve to contain three para¬ 
meters connected by tico equations. 

Let the equation of the curve be 

(/iix, y, a, B, y) = 0,. (1) 

/i(«. (3, yi-O,-) .(2) 

yl = 0j.(3) 

be the two connecting equations. Then we have 

+ + = 0.(4) 

+ = (5) 

+ = (G) 
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The result of eliminating da, d/S, dy between these three equa¬ 
tions is i 00 00 ' 

'da' 0/8’ Oy ; 

m =0.(7) 

?«’ 0/3’ Oy ' 

5 / 1 - 5 /, 

Oa’ 0/3’ Oy' 

If a, j8, y be eliminated between the four equations (1), (2), 
(3) and (7). the result will be the equation of the envelope. 

It is to be noted that the same determinant would arise from 
the elimination of the “indeterminate multipliers" \ and X, 
from the equations 


. 

oa oa da 

. (^) 

^ . 

.(J>) 

^>8+^45=0. 

.(10) 


and it is often advantageous to use these latter equations in 
place of (4), (5), (6), involving da, d(i, dy. 

The result of eliminating a, /3, y, Xp Xg between the six 
equations (1), (2), (3), (8). (9), (10) will then be the equation to 
the envelope. 

371. The general investigation of the envelo}>e of a curve 
whose equation contains r parameters connected by »• —1 
equations proceeds in exactly the same way, and is the result 
of the elimination of the r parameters and r —1 indeterminate 
multipliers between 2r equations. 

372. Converse Problem. Given the Family and the Envelope 
to find the relation between the Parameters. 

Suppose we are given the equation of a curve 

0 (j:, y, a, /3) = 0.(1) 

containing two parametei-s. Suppose also the envelope given, 

viz., F(x.y) = i) .(2) 

Required the relation between a and /8. 

Eliminate y between (1) and (2). We obtain an equati(ui of 
the form f(x, u, 8) = 0, .(.3) 
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giving the abscissa of the point of contact of the curve with its 
envelope. Since the curve touches its envelope, equation (3) 
must also be true for a contiguou.s value of x, viz., x-\-Sx (unless 
the tangent at the point of contact be parallel to the axis of y, 
in which case we could have eliminated x between (1) and (2) 
and proceeded in tlie same way with y). Hence 

/{.r, a,b) = 0,] .(4) 

/(x + ^, a, h) = 0.} .(5) 

The latter may be expanded in powers of Sx, when it becomes 

J[x, a, 6) + ^^a:+... = 0,.(6) 

and therefore in the limit 



If, then, X be eliminated between 


/(ic. a, /9) = 0, 


we obtain the relation sought. 

It will be observed that this is precisely tlie same process as 
finding the envelope of 

2/. a, ^) = 0, 

consUlenny a, fi as the current co-ordinates and x, y as jiara^ 
mf^ters connected by the relation 

F{x, y) = 0. 


Ex. Gicen. that m the etwelope of find the neceesary 

relation hetween a and b. ” " 


We liave 







a 0 


therefore 

II 



II 


Hence 

rt 

II 

and by addition 



This gives 
• • 

^ k 

a = 

h = 


aivl liv pquariii" and adding 

+ M = 0^, 

thf ridatU.i) require.!. (See Ex., Art. 369.) 
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373. Evolutes considered as Envelopes. 

The evolute of a curve has been defined as the locus of the 
centre of curvature, and it has been shown (Art. 341) that the 
centre of curvature is tlie ultimate point of intersection of two 
consecutive normals. Hence the evolute is the envelope of the 
noi'Tfnals to a curve. It is from this point of view that the 
equation of the evolute of a given curve is in general most 
easily obtained. 


Ex. To find the tvohUe of the ellipse 



The equation of the normal at the point whose eccentric angle is <f) is 

J££__ .CO 

cos<l> sin </> 


We have to find the envelope of this line for different values of the 
parameter <f). 

Differentiating with regard to <f>, 


or 

Hence 

Substituting these 


sin d> , , cos 
co8^<p siir^ 

8in^</> ^ cos^<^ _^ 
~by oj: 


( 2 ) 


sin ^ cos <f> _I_ 

- i/by ifax J{a.r)’^ + (by)^ 


(3) 


values of sin</> and cos(/> in equation (1) we obtain, 


after reduction 


{cfj)3+(6j/)^ =(a* - 


374. Pedal Curves as Envelopes. 

It has already been pointed out (Art. 223) that if circles be 
described on radii vectores of a given curve as diametei-s tliey 
all touch the first positive pedal of the curve with regard to 
the origin. It is obvious, therefore, that the problem of finding 
the first positive pedal of a given curve is identical with that 
of finding the envelope of circles described on the radii vectores 
as diameters. 

Again, the first negative pedxd is the envelope of a straight 
line drawn through any point of the curve and at right angles 
to the radius vector to the point. 

E.D.O. T 
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Ex. 1. Find thefirtt positive pedal of the circle 2a cos B with regard to 

the origin. 

Let d. a be the polar co-ordinates of any point on the circle, then 

<f=2a cos a. 

Again, tlie equation of a circle on the radius vector d for diameter is 

r=rfc08(^-aX.(1) 

or r= 2a cos a co8(^- a)..(2) 

Here a is the parameter. 

Differentiating with regard to a, 

—sin acos(d —a)+cos a8in(^-a)=0, 
whence sin{^-2a) = 0, 

. “=f-.(3) 

Substituting this value of a in equation (2) 

r=2a cos *-1 
2 

or r=a(H-cos^, 

the equation of a cardioide. 

Ex. 2. hind the equation of the first negative pedal of the cardiaidmi 

. r=a{l-t-cos^ 

nth regard to the origin. 

Here we have to find the envelope of the line 

jcosa sin a=rf, 

where d, a are the polar co-oi-dinates of any point on the cardioide ; t.*., 
'''*‘ere rf=aCl+co 3 a). 

The equation of the line is therefore 

i-costt+y sin a* 0(1 -l-cosa), 
or (•r-a)cos a+y sin a = a, 

a line which, from it.H form, is easily seen to he a tangent to 

(x-,T)=+y = aS 

r = 2rtC08 6?, 

wliic-h is thiMvfoje its envelope. 

■‘^75. Envelope of a Line regarded as a Negative Pedal. 

If a straight line be in motion in any manner, suppose 0 to 
be any arbitrary origin and OY a perpendicular on the moving 
line. It is evident that the envelope of the moving line is the 
Srst negative pedal of the locus of K 

As several curves have well-known first negative pedals, the 

envoi..],e may in thl.s manner often bo inferred. 

I ho lollowing results frequently recur and mav be found 
useful. 
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Orioikal Curve. The Given Point. First Negative Pedal. 


Straight line, 
Circle, 


(any point not upou^ 
\ the line, / 

any point within, 


Circle, any point without, 

Circle, any point u|>on it, 

Cardioide [r=a(l ±co8 d)\ pole, 

Lima 9 on [r=a + 6 cos d), pole, 


r"=a"co8n0, pole, 

Bernoulli’s Leniniscate, pole, 
Equiangular spii-al, pole, 

r=a sin 710, pole, 


Parabola. 

^Ellipse with j«ole for 
\ focus, 

j'Hyperbola jK)le for fo- 
\ cus. 

Point. 

Circle through ]K>le. 
Circle. 

r'-'‘ = a'~Vos,-0. 

1 - n 

Rectangular liyj>erbola. 
Equiangular spiml. 
I'Epi-cycIoid or hy|K>' 

\ cycloid. 


Ex. 1. If a laiuina have three straight lines traced upon it anti is moveil 
so that two of the straight lines pass through 6xed points, hnd the envelope 
of the third carried line. 



Let S and S' be the fixed j>oint.s, All, AC the lines fixed in the lamina 
and passing through S and S\ 5}’’a perpendicular from on the carried 
line BC. 

Let SY^r, YSX=d, SS' = X, and AB=c. 

Then dS5'=0-(9O-i/), 

and r = SD sin /! = (<’ — .■{<9)ain B 

= [c - - aiu(d + /i + 0 - DOJjaiu B 

Hiii «1 
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r=a+)3cos(0-y) 

where <l, fi, y are constants and the locus of 7" is a limagon with S for 
pole. Hence the envelope of any caiTied line BC is a circle. 

Cor. Thus if two of the sides of a polygon pass through 6xed points, all 
other sides, diagonals, or carried lines envelope circles or pass through 
fixed points. 

Ex. 2. If a lamina with a curve traced upon it be in motion in any 
manner, to find the envelope of the instantaneous directions of motion of 
all points upon the carried curve. 

Let J, 5 be two of the points of the curve. Draw lines AO, BO at right 
angles to the instantaneous directions of motion of A and B respectively. 
Then 0 is the “instantaneous centre”; and if P be any other point of the 
curve, PO is a normal to the jwth of P. Hence the envelope of all the 
directions of motion at any instant is the first negative pedal of the given 
curve with regard to the instantaneous centre. 


EXAMPLES. 


1. Find the envelope of the line y = mx - 2am - am^ for different 
values of vi ; i.e., find the equation of the evolute of the parabola 

2. Show that the envelope of the family of curves 

.dX» + 3Z#X= + 3CA + Z) = 0, 

where X is tlie arbitrary parameter and A, B, C, D are functions of 
a: and y, is {BC - ADf = A{BD ~ C-){AC ~ B^). 

3. Find the envelope of the line which joins the feet of the two 
perpendiculars from any point of a circle upon a given pair of per¬ 
pendicular diameters. 

4. Show that the envelope of straight lines which join the ex¬ 
tremities of a pair of conjugate diameters of an ellipse is a similar 
ellipse. 

5. Show tiuit if PM, PX be perpendiculars from any point P of 
tlie curve y = v\a^ upon the axes the envelope of MX is 

27y + 4mx’ = 0. 

G. Find tlie envelope of circles described on the radii vectores of 
an ellipse drawn from the centre as diameters. 

7. Show that the envelope of the family of curves 

A cos"(^ + B sin"0 = C, 

where 0 is tlie arbitrary parameter and A, B, C are functions of x 


and 




IS 


A‘ 


a 
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8. Show that the envelope of a circle whose centre lies on the 
parabola y- = 4aa: and which passes through its vertex is 

2ay2 + a:(x2 + = Q. 

9. Show that the envelope of a circle whose centre lies on the 
parabola — 4ax and whose radius = the abscissa of the centre is 
made up of the tangent at the vertex and a circle with centre at the 
locus. 

10. Two particles move along parallel straight lines, the one with 
uniform velocity and the other with the same initial velocity but 
with uniform acceleration. Show that the line joining them always 
touches a fixed hyperbola. 

11. A series of circles is described having their centres on an 
equilateral hyperbola and passing through its centre. Show tliat 
the locus of their ultimate points of intersection is a leraniscate. 

12. Find the envelope of the lines 

a;(8in 0)"^ + y(cos (9)“i = a. [Oxfori>, 1889.] 

13. Prove that the equation of the normal to the curve 

+y3 

may be written in the form 

y cos ^ - X sin = a cos 2</i. 

Hence show that the evolute of the curve is 

(x + y)S+(x-y)3 = 2<i3. 

14. Show that the envelope of the lines 

m 

X cos ma. + y sin mu = (i(cOS ««)", 
where a is the arbitrary parameter, is 

r"*-"=.a”‘-"cos— 

m —11 

15. Circles are described having for diameters the radii vectores 

from the origin to the curve a'^ + y^ = 3ax2. Prove that their on* 
volopo is the inverse of a semicubical parabola. [O.vkord, 1889.] 

16. The tangent at any point P on a parabola meets the tangent 

at the vertex in <?, and the normal at V meets the axis in R, find 
the envelope of QR. [Oxford, 1S88.] 

17. Show that the radius of curvature of the envelope of the line 

X cos u y sin u = /(o) 
is /(u) +/'(“) 
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and that the centre of curvature is at the point 

X ~ -/'(a)sin o-~f (a)cos 
y = /'(a)cos a -/''(a)sm 

18. If 0 be the pole and P any point of the curve 

r~a cos m$. 



and if with 0 for pole and P for vertex a similar curve be described, 
the envelope of all such curves is 



mB 


19. li 0 be the pole and P any point of tlie curve 

r"* = a"cos m$, 

and if with 0 for pole and P for vertex a curve similar to 

r" = a"cosn0 


be described, the envelope of all such curves is 




mn 


r”+" = a’"+"co8 


m + n 


e. 


20. If 0 be the pole and Y the foot of the perpendicular from 
0 on any tangent to the curve 

r"* = a'"co8m^, 

and if with 0 for pole and T for vertex a curve similar to 

r" = a’’cos 11 $ 

bo flescribeil, the envelope of all such curve.s is 


T^ = a’’cosp0, where » -- 

m + n + inn 

21. If a point on the circumference of a given circle bo taken as 
pole, and circles he described on radii vectores of the given circle as 
diameters, the envelope of these circles is a cardioide. 

22. Show that the envelope of all cardioidcs on radii vectores of 
the circle r - o cos 6 for axes, and having their cusps at the pole, is 

jd = cos 

23. Show that the envelope of all cardioides described on radii 
vectores of the cardioide r = a(l +cos 0) for axes, and having their 
cusps at the pole, is 

rl = (2a )l cos 

4 

24. On radii vectores of cos 2n$ as axes, cun'es similar to 

it are described, the curves being all concentric. Show that the 
envelope of all these is r" = a"cosnft 
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26. A and B are two polar curves [r = and r = If 

curves similar to A be similarly described upon radii of .5 as initial 
lines, their envelope will be similar to that of curves similai- to B 
similarly described on radii vectores of A as initial lines. 

26. A variable parabola is drawn having its vertex on a given 
parabola, the two curves having the same focus; prove that the 
envelope of its directrix is the curve 


r cos»- = I, 


referred to the common focus as pole ; and trace this curve. 

[Oxford. 1890.} 

27. Prove that the pedal equation of the envelope of the line 

X cos 2 ^+ 1 / sin 26 = 2a cos 6, 
is pi^*(r2-a‘). 

28. Prove that the pedal equation of the envelope of the line 

X cos m6 + y sin mS ~ a cos n6, 
is TTiV® = (w^ - ”■)/** + 

29. Two central radii vectores of a circle of radius a rotate from 
coincidence in a given initial position with uniform angular velocitie.'-- 
(0 and w'. Show that the pedal equation of tlie envelope of a lino 
joining their extremities is 

(li + Cli yv’ « 4u>u> jr + (o> — <i> )"rt% 

30. The envelope of polars with respect to the circle 

+ y" S-. 2iix 

of points which lie on the circle 


T- + y- = 2 * 0 * 

is {(a — 6).f + «/*}- = (j; - II)* y*). 

31. A square slides with two of its adjacent sides passing through 
fixed points. Show that its remaining sides toucli a pair of fi.xed 
circles, one diagonal passes through a fixed point, and that the 
envelope of the other is a circle. 


32. An equilateral triangle moves so that two of its sides jiass 
through two fixed points. Prove that tlie envelope of the third siile 
is a circle. 


33. Prove that the envelope of the circles obtained by varying the 
arbitrary parameter a in the equation 

c~{y - a)'^ + (ex ~ a-)® = {a~ + c-)- 

consists of a straight line an<l a circle. 
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34. Two points are taken on an ellipse on the same side of the 
major axis and such that the sum of their abscissae is equal to the 
semi-major axis. Show that the line joining them envelopes a para¬ 
bola which goes through the extremities of the minor axis and whose 
latus rectum is equal to that of the ellipse. 

35. Given the centre and directrices of an ellipse, show that the 
envelope of the normals at the ends of the latera recta is 

272^ ± 256cx3 = 0. 

36. Prove that the envelope of a circle which passes through a 
fixed point F and subtends a constant angle at another fixed point F' 
is a Hma 9 on. 

37. Find the envelope of a parabola of which the directrix and 
one point are given. 

38. Show that the envelope of the common chords of the ellipse 

x2/a2 + = 1 

and its circles of curvature is the curve 

\o 6/ \a bj [Math. Tripos, 1884.J 

39. Find the condition between a and b that the envelope of the 

line 5 + 

a b 

may bo tlie curve 

40. 5 is a fixed point, and with any point P of a curve for centre 
and witli radius PS 4-1* a circle is described. Show that the envelopes 
for different values of k consist of two sets of parallel curves, one set 
being circles^ and find what the original curve must be that both 
sets may be circles. 

41. Rays emanate from a luminous point 0 and are reflected at a 
plane curve. OV is the perpendicular from 0 on the tangent at any 
point P, and OV is produced to a point Q, such that YQ^OY. 
•Show that the caustic curve is the evolute of the locus of Q. Show 
that the caustic curve may also be regarded as the evolute of the 
envelope of a circle w'hose centre is P and nadius OP. 

[If a ray of light in the plane of a given bright curve be incident upon the 
curve, the reflected ray and the incident ray make equal aiiglcB with the normal 
to the curve nt the point of incidence, and the reflected ray lies in the plane of 
the curve. If a given system of rays bo incident upon the curve, the envelope 
of the reflected rays is called the caustic by reflection.] 
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42. Parallel rays are incident on a bright semicircular wire (radius 
a) and in its plane. Show that the caustic curve is the epicycloid 

formed by a point attached to a circle of radius 

circumference of a circle of radius ^ 

43. Rays emanate from a point on the circumference of a reflecting 
circular arc. Show that the caustic after reflection is a cardioide. 


^ rolling upon the 


44. Show that if rays emanate from the pole of an equiangular 
spiral and are reflected by the curve the caustic is a similar equi¬ 
angular spiral. 


45. Rays of light parallel to the y-axis fall upon the reflecting 
curve y = f{x). Show that the eqtiation of the reflected ray is 

(y-y)2p + (l-A-K-V-x) = 0 

where p =/'(x). Also that the length of the reflected ray between 
the point of reflection and the caustic is one quarter of the chord of 
curvature parallel to the y-axis. 

46. If rays of light emanating from the pole fall upon a reflecting 
curve, show that the length (/) of the reflected ray is given by 

47. A straight line meets one of a system of confocal conics in 
Pi Q, and RS is the line joining the feet of the other two normals 
drawn from the point of intersection of the normals at P and Q. 
Prove that the envelope of RS is a parabola touching the axes. 

[Math. Tarpos, IS.'M.] 

48. Show that the tangents to a system of conics inscribed in a 

given quadrilateral, at the points where a fixed straight line meets 
them, envelope a curve of the third class touching the given line and 
the sides of the given quadrilateral. [Math. Tripos, 1885.] 


49. Show that the vanishing of the c-discrirainant of the eliminant 


of;^ from the equations 
and 


- 2y/> + o = 0 I 
+ " = 0 [ 


gives exactly the same locus as the vanishing of the /^-discriminant of 
the first equation. Show that this is not a true envelope but a cusp 
locus. {.Math. Tripos, 1878.] 


60. Find the condition that every curve of the family/(r, y, c) = 0 
may have a double point, i.e. that there may be a node locus. 

[Prop M. J. M. Hill.] 



CHAPTER Xn. 


CURVE TRACING. 

376. K&ture of the Problem. Cartesian Equations. 

If in the Cartesian equation of any algebraic curve, various 
values of a: be assigned, we obtain a number of equations whose 
roots give the corresponding values of the ordinates. The real 
roots of these equations can always be either found exactly or 
approximated closely to by methods explained in the Theory 
of Equations. We can by this means, laborious though it will 
in most cases be, find as many points as we like which satisfy 
the given equation of the curve; and by joining these points 
by a curved line drawn freely through them we can form a 
fairly good idea as to its shape. The experience, however, 
wliieh we liave gained in previous chapters will in general , 
obviate any rjecessity of resort to the usually tedious process 
of approximating to the roots of equations of high degree; and 
wc propose to give a list of suggestions for guidance in curve 
tiacing which in most cases will enable us to form, without: 
niueh difticulty. a sufficiently exact notion of the character of 
tlu* eui ve represented by any specified equation. 

377. Order of Procedure. 

1. A glnrice will suffice to detect symmetry in a curve. 

(a) If no odd powers of y occur, the curve is .symmetrical with 
respect to the axis of x. Similarly for symmetry about 
the axis of y. 

{h) If ail the powers of botli x and y which occur be even, the 
curve i.s symmetrical about both axes, as. for instance, 

in the case of the ellipse ^ 4- — = 1 

O' 
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(c) Again, if on changing the signs of x and y the equation 
of the curve remain unchanged, there is symmetry in 
opposite quadrants, as in the case of the hyperbola 
xy^l^. The origin is then said to be a centre of the 
curve. 

(cZ) If the equation remain unchanged when x and y are inter¬ 
changed there is symmetry about the line y = x. 

If the curve be not symmetrical with regard to either axis, 
consider whether any obvious transformation of co-ordinates 
could make it so. 


2. Notice whether the curve passes through the origin ; also 
the points where it crosses the co-ordinate axes; or, in fact, 
anj points whose co-ordinates present themselves as obviously 
satisfying the equation to the curve. 

3. What linear asymptotes are there ? First find those 
parallel to the co-ordinate axes ; next, the oblique ones (Art. 
237). These results point out in what directions the curve 
extends to infinity. 

Find also oti which side of each asymptote the curn'c lies 
(Art. 2G0). 

If there be a parabolic branch it is useful to obtain a para¬ 
bolic asymptote and to ascertain on wiiich side of this parabola 
the curve lies (Art. 2G3). 

4. If the curve pass through the origin, equate to zero the 
terms of lowest degree. These terms will give the tanyent or 
tangents at the origin (Art. 291), and thus tell the direction in 
which the curve pa.sses through the origin. A more complete 
method of finding the shape of the curve near t<f and at a great 
distance from the origin is to follow in Art. 3b2. 

5. If there be a node, cusp, or conjugate point at the origin, 
or a multiple point of higher order than the second, t^ike note 
of the fact. If there be a cusp, test its sjiccies (Art. 205). 


6. Find what other multiple points the curve has (Art. 29-f), 
and ascertain the position and character of each. 

7. Find and for what points it vanishes or becomes 

dx 


infinite. These results will indicate the points at which tlie 
tangent is parallel or perpendicular to tlic axis of x. The 
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direction of the tangent at other points may also be ascertained 
if desirable. 

8. Find, if convenient, the points of inflexion. 

9. A straight line will cut a curve of the n^ degree m n 
points real or imaginary, and imaginary intersections occur in 
pairs. These facts are often useful in detecting a false notion 
of the shape of a curve. 

10. If we can solve the equation for one of the variables, say 
y, in terras of the other, x, it will be frequently found that 
radicals occur in the solution, and that the range of admissible 
values of x which give real values for y is (hereby limited. 
The existence of loops upon a curve is frequently detected thus. 

11. It sometimes happens that the equation is much simpli¬ 
fied upon reduction to the polar form. This is especially the 
case when the origin is a multiple point on the curve. 



(a) y;Lx 
Straight Cin4 



(e) 

In/Uxicn atO 



(i) y‘.^x* 




1 

1 

0^ X 

1 



(b) 


Parabola 



if) 

Parabola 



fO) 

Cubical Parabola 
Inflexion at 0 



Pair of St.Lines 



U) 

Cus/> at 0 



To S 



(hj 

Cubical Parabola 
Inflexion at 0 


Fig. 72. 



(h) y^=x^ 
Semieubieal Parabola 
Cusbato 


ft) y^x^ 
Semieubieal Parabola 
Cusfl at 0 


378. It is not necessary of course in every case to take all 
the sle]>s indicated above, or to keep to the order laid down, 
but the student is advised in any curve he may attempt to 
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trace to note down the result of each investigation he may 
make. For instance, he should remark, the absence just as 
much as the existence of symmetry, asymptotes, or singular 
points, and the total information gained will generally be 
sufficient to give a tolerably good diagram of the curve. 

379. It will be useful to be able to draw at once a graph of 
any of the cases which come under the head 

xP = y^. 

Accordingly the student should carefully consider the figures 
of diagram 72 and verify the drawing in each case. 

380. We add a few examples to illustrate the jioints enum¬ 
erated. 



1. To tract the curve y = (.r — l)(r-2X.f - 3) 

(tt) Tlib curve is not syniinetrical about either axis ; but if the origin 
be transferred to tlie point (2, 0) the equation becomes 

y = x{^3?- 1 ), 

showing symmetry in opposite quadrants when referred to tlie new axes, 
and that the tangent at the new origin is inclined at an angle ]3r>'’ to the 
axis of r. 





318 


CHAPTER Xn. 


(jS) Recurring to the original equation, 


If 

y=o, 

x=l, 2, or 3 

If 

x=0, 


If 

x=ec, 

y = «; 

If 

- CO , 

y= -CO. 

When 

X id 

>3 y is positive. 


jr<3 but >2 y is negative, 

x<2 but >i y is positive, 

x<l y is negative. 

(y) Tlie curve does not go through the origin, and, although extending 
to infinity, it has no rectilineal asymptote. 

(8) Since y=.r®-6x2 + ll.r-6 

we have 5('^ = 3a-*-12a:+U, 

cLx 


which vanishes when 


(c) Also 




which shows that there is a point of inflexion at 


the point where 2. 

The shape of the curve is therefore tliat shown in Fig. 73. 



C.\»E 1. .Suppo•^e a>h (Fig. 74). 

(u) Tiie curve is symmetrical with regard to the axis of x. 

{li) While x<b, y is imaginary, 

and y is real for all values of x from i to oo, and the curve meets the axis 
"f .»• when a' = </ and when x^b. 



iix ■ 


0 when x = a, and =cc when x—b, so that the curve touches 


flic :t.xis .r at tlie point («i, 0), and cuts it at right angles at (6, 0). 

(o) There is no asymptote ; but, when x= a:, y ami ^ are both « in 

the limit, the curve ultimately taking the shape of 

6 
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Case 2. Next consider a<b (Fig. 75). 

(o') There is in tliis case also symmetry about the axis of x. 

(/?') The equation to the curve is satisfied by the point (a, 0), but by no 
other point in its vicinity, for if x be <b, y is imaginary except when 
rssa. The point (a, 0) is therefore a conjugate point. 

(y') Moreover when x=6, and the curve cuts the axis of x at 

' d.e 

right angles at this point. 

y 








(S') Aiso^ when ^3 !!=gc; so the curve in depiirting from (4, 0) 

dx 

whe point B in Fig. 75) must bend t<iwar<ls the direction of the 

axis of Xy and, again liecotnes iniiniti*, showing that there luxist 

be a point of inflexion at some point f* between /) and x. Its exact 
7K)sition is of course given by ilie equation 

dx^ 

The shapes of the curves in the two cases are given in Figs. 74 and 75 
respectively. 


KXAMrLKS. 


1. Trace the curve 1), 

showing that its tangent \s {>ariiliel to the axis of x at the origin and at 
the j>oint x=g. 

2. Trace the curve ^b) + x^ = 0. 

3. Trace the curve (./•-f/)- + (y-4)^ = 0. 

4. Trace the c urve 

wiiere 4»c are in descending order of magnitude, and examine the cases 

(1) a = 4. 

(2) 4==c. 

(3) u=0*a 
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III. To trace the curve y= — 


jr2-a2 


o 6«‘ny ^<mV*V«. 

(a) There ia no symmetry about either axis and the curve does not pass 
through the origin. 

(^) The curve cuts the axis of y at the point (0, -a) and the axis of x 
at the point given by the real root of 

a-^+or^ + a^^O. 


(It is clear that two roots of this equation are imaginary, for the sum of 
the squares of the reciprocals of its roots is negative.) Also, the real root 
is obviously negative and numerically greater than a. 

(y) When x is >a, y is positive. 

When X lies between a and — t/, y is negative. 

When X is < - a, y is positive until x passes the negative root above 
referred to, and then is negative afterwards. 



(5) The asymptotes paj-allel to the axes are x= ±a. To find the oblique 
asymptote we liave 


l+'i + 'l 


y=x- 


X J 





=j-[i + 





y=j; + a+‘’' + 
U' 


or 
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Hence y=x+a is the oblique asymptote, and, if x be positive, the ordinate 
of the curve is obviously greater than that of the asymptote, and the curve 
lies above the oblique asymptote. If x be negative, the curve lies below it. 

, ^ dy ar(x’- 3a*x - 4a’) 

(x*-a’)» ’ 

which gives ^ = 0. ^ = ^ o** - 3a*x - 4a’= 0, which clearly 

has a positive root lying between x*=2a and x=3a, and which can be 


shown to have only this one real root. 


A)so, ^ = ao only when x = 
clx 



(f) A point of inflexion lies between x=--5a and x——6a (Ex. 13. 
p. 248). 

The shape is therefore that given in Fig. 76. 


IV. To trace the curve y’+ 2 x’y 4 -x^ = 0. 

(a) The curve is not symmetrical about either axi.s and there are no 
asymptotes. 

(/3) The curve passes through the origin, but cuts Jieither axis again, 
(■y) There is a cusp at the origin, the equation of the tangent being 

y*0. 



Proceeding according to Art. 295 the quadratic for P is 

/»2 + 2/'i-’+x'=0, 

an equation whose roots are real if x be very small, positive or negative , 
for the criterion for real roots is that x»-x^ should be >0. This condition 
is fulfilled until x is >1, when P ory becomes imaginary. 

Moreover, the product of the roots =x^ and is positive or negative 
according as x is positive or negative. There is therefore a double cusp 
at the origin, and on the positive side of the axis of y it i.s of the second 
species, while on the negative side it is of the first .species. The point U 
therefore a point of oscul-inflexion (Fig. 50). 
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(5) y= -X, 

so that if x—l. Also, one value of ^ is zero when 

dx ctr 45# 

The shape of the curve is now readily seen to be that shown in Fig. 77. 

381. The following curve illustrates a particular artihce 
which may be occasionally employed, namely to express the 
ordinate of the curve as the sum or difference of the ordinates 
of two known or easily traceable curves. 



Fig. 7!-. 


V. To tmcf • = 4«j-(r . 

Hero //* = H-tx - .r±. '1\ ax^iox - +aj- 

; <Ktax-s‘±.\ax:- : 
therefore //=±*.^2(/.r -.r^±\'jx. 

or //=±//i±y... 

vJiore }/x !^nd //.. iii'o «.nrrospoiiding luiliiiatef of tlie circle a‘2+^y* = 2axand 
uf the parabola '/'-"j-. Heiu'o tlu* nrdiiiate of the curve ia the sum or 
itifVcreiice of the correspomliug <jrdiiiatea of these curves. The circle atid 
the parabola an- >lio\vn by dotteil lines in the accompanying figure, and 
tlie resultant enrve b\ the <*ontiiiuous line. 

I'l XA M IM.KS. 

i, I'racc the curve (.r+y + l)2 = (l - ry, 

sliowmg that there is a . usp of the first species at (1, — 2) ; also that all 
■ liofcls y>.ir.Ulel to the axi.s of // are bisected by the line 

.r + ?/ +1 = f'. 

% 

'1. 'i'raoe the curve r -- a sec O't.ti cos 

tiic lii'lio.s vector bcinj; llic sum or liillcrcucc of tlic nulii vectored of a 
slraii/lii I‘iic u l irclc. 
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382. Newton’s Diagram of Squares. 

When a curve whose equation is algebraic and rational passes 
through the origin, it is frequently desirable to ascertain the 
shape of the curve in the immediate neighbourhood of the 
origin more accurately than can be predicted from a mere 
knowledge of the direction of the tangents, and also to form 
some idea of the limiting form of the curve at a great distance 
from the origin. 

The following is a graphical method of determining what 
terms of an equation are to be retained or rejecte<l in such 
cases:— 

Let Ax^y^, Bx'y* be any two terms of the equation ot the 
curve ; and let us suppose them to be sucli that they are of tlie 
same order of magnitude. Take a pair of co-ordinate axes and 
mark down the po.sitions of the points (p. q) {r, s). which we 
shall call P and R respectively. Then, sittce ami x'y’ are 
of the same order of magnitude, and y*~'^ are also ot tlie 

t-i 

same order, and therefore the order of .r is that of y^''. 

Now -—- =tan 6, where 6 is the angle which tlie line PR 
r—p 

makes with OX. So that the order of x is that of and 

therefore the order of the term Ax^y^^ is that of Now 


1 



g— 2 ^tan 0=the intercept OA made by the line PR upon OY. 
so that the order of the terms Ax^y'^ and Bjfy* is that of y"^-* 
and is measured by the intercept OA. 
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Consider next any other term in the equation. Let 

its graphical point (m, 7i) be denoted by M in the figure. Then 
the order of this term is that of 

^n-mtane yOB^ 

the line MB being drawn parallel to RP, cutting off the inter¬ 
cept OB on the axis of y. OB therefore graphically marks the 
order of this term, which may therefore be rejected in tracing 
near the origin in comparison with the terms denoted by the 
points P and R if OB be greater than OA ; and in tracing the 
curve at a great distance from the origin it may be rejected if 
OB be less than OA. Thus if all the terms of the equation be 
represented graphically by the series of points P, Q, R^ 8... in 
the manner above described, and if when any two, say P and 
R, are chosen all the other points lie on the side of the line 
PR remote from the origin, they may all be rejected in tracing 
the portion of the curve in the immediate proximity of the 
origin; but if they all lie on the origin side of the line PR 
they may all be rejected in tracing the curve at an infinite 
distance from the origin. 

o 

Ex. If the equation be 

+ 'Ixii + +j-y- +y=0, 

the points A, /?, D, E represent tlie let, 2ud, etc., terms respectively, 



Fig. 80. 


and a glance at tlju diagram will show that the 


and the 


second and third 
second and fifth 


are pairs wliioh may be taken together in tracing near the origin, whilst 
the first and fhird'i 

aiul tlie first and fifth I 

an? pairs which may he takoQ together in approximating to the form of 
'JiQ curve at an infinite ilietance from the origin. 
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383. The above method is a modification of the one adopted 
in such cases by Newton, and is known as Newton’s Parallelo¬ 
gram. A further slight variation on the same method is due 
to De Gua, and is known as De Gua’s Anahjtical Triangle. 
[De Gua’s Usage de VAnalyse de Descartes, Paris, 1740.] 

VI. To trace + ^ — = 0. 

(a) Newton’s diagram shows at cnee that near the origin the first and 
third of these terms, or the second and third, may taken together, 



whilst at a great distance from the origin the tii*st and second may be 
taken together. This indicates that at the origin the curve assumes the 

parabolic forms y^= 

and that at infinity it approximates to the straight line x+y = (>, which is 
obviously the only asymptote. 

{/3) Moreover, the equation may be written 


X* 



X 


when in the limit 


y « very large f|UHntity. 
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4 

Hence again y= - r is an asymptote, but we gain the additional inform^ 
tion that if x be negative and very large the ordinate of the curve is 

greater than the ordinate of the asymptote. ,i 

(y) Since when the signs of x and y are both changed the equation 
remains of the same form there is symmetry in opposite quadrants. 

(S) Since 


we have 


dr 
dy 


dx 


»0 


at the points where the curve is intersected by the cubical parabola 
2a^=x^ (which is easily traced), and by the axis of y ; and 



f 


where the curve is cut by either of the parabolas y~— i<u. The form of 
the equation is therefore that shown in Fig. 81. 


Examples. 

1. Trace 

showing that at the origin there are two cusps of the first species, an 
asymptote j+y = a, two infinite branches below the asymptote, and a loop 
in the first quadrant. 

2. Show that the curve y*- 

consists of four equal loops, one in each of the four quadrants and lying 
entirely within the circle r=sa. 

384. Polar Equations. Order of Procedure. 

In tracing a curve from its polar equation it is advisable to 
follow some sucli routine as the Ibllowinsr:— 

1. If po-ssible form a table of corresponding values of r and 
B which satisfy the equation of the curve. Consider both pos¬ 
itive and negative values of 0. 

2. Examine whether there be symmetry'. If a change of 
.sign of d leaves the equation unaltered the curve is symmetri- 
Ciil about the initial line. If only even powers of r occur the 
curve is symmetrical about the origin and the pole is a “centre.” 

3. Obtain the value of tan <ft, Art. 202. This will indicate 
the direction of the tangent at any point. The length of the 
polar subtangent is often useful, Art. 203. 

4. Examine whether any values of 0 exist which give an 
infinite value of r. If so, find whether the curve has asymp- 
toifs in such directions (Art. 26.5) and find their equations. 
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5. Examine whether there he an asymptotic circle (Art. 270). 

6. Find the positions of the points of inflexion (Art. 283V 

7. It will frequently he obvious from the equation of the 
curve that the values of r or 6 are confined between certain 
limits. If such exist they should be ascertained. 

E.g., if r=a sin it is clear that r must lie in magnitude between the 
limits 0 and a. and the curve lie wholly within the circle r*a. 

8. It may be useful to know too whether the curve is convex 
or concave to the pole at certain points. This can be tested bj’ 
Art. 282. 


385. Curves of the Class r = a8in><d. 

These curves were called Rhodoneae by the Abb^ Grandi 
from a fancied resemblance to rose-petals.* 


VII. To trace r = fl9in5ft 

(a) We have the following Ul.U* of corresponding values of r and 6 


Values of 6 

1 

1 

'0 1 

1 

9 

Of 00 

ft 

Id 

1 

1 

1 

IJ 

^ 111 
w V * 

Z 

t X 

£ i 

- ^ 

Stt 

, 

4 

T t- 

u ^ 

V ft 

2 ^ 

^ y • \ 

47r 1 i 

Corresponding 
Values of r 

0 

1 

Pos. 

and 

Incr 

a 

Poa. ^ 

; and 0 
jDecr. 1 

Meg. 

' - a ' 

1 

1 

1 

Neg. 0 Pos. 

1 

Values of 6 

Stt 
, 10 

^ ft Pos. 

1 

lirr 

10 

i ?r 

i 


8?r 

in 

1 

» 

1 

1 1 

1 

; Corresponding 
Values of r 

u Nee. -o 

Nvg- 

H i*tC. 

1 

1 


(jS) r is never greater than and there is no iusynijitole. 

(y) tan = i tan and therefuie vanibhes wheiievei r vunislies .and 
= « whenever r= ±a. The curve therefore consi.sts of a series of similar 
loops as shown in Fig. 82, all being arrange.l symmetric.illy ab-mt tlie 
origin and lying entirely within a circle whose .eiitre is at the pole ami 
radius a. 


386. Any other curve of the clas.s 

;•= t/ sill nf^ 

may be traced in a .siinilur lunnin-r. 

• Flora Oeometrici au.l Phil f<T ir2;{. reforre.l to \<j I) F. Gregory. 

E3uitnf4e$. y 
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We annex a figure of the curve 

r = a sin 60 (fig. 83). 

It will be noticed for this class of curves that if n be odd there 
are n loops, whilst if n be even there are 271 loops. This will 


fO 



Fig. 83. 


he easily seen from the order of description of the loops, which 
we have deiiotetl by the numerals 1, 2, 3 in the figures. 

3S7. Curves of the class 


r .sin n0 = a 
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belong to a group of curves known as Cotes’s Spirals and are 
inverse to the above species. Their forms are therefore obvious, 
going to 00 along au asymptote whenever the radius of the 
companion curve r = a sin nO vanishes, and touching r=a sin nd 



Fig. 84. 


at the extremity of each loop. Since the polar subtaiigents 
corresponding to tlje values of 0 for which v becomes infinite 
(viz. n0 = K'rr) arc given by 

_d0_ a 

da co.s K-JT 

the asymptotes are not radial but can at once bo diawn. \\ e 
give in illustration a tracing of tlie curves 

r=a sin 40, 
a = r sin 40, 

with the asymptotes of the latter in one figure (Fig. 84). 
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388. Class r*‘=rt*co8«0. 

The class of curves of which 

r"=a”co8 nQ 

is the type, embraces, as has been previously noticed, several 
important and well known curves. For instance, we get 
Bernoulli's lemniscate ( 71 - = 2), the circle (71 = 1 ), the cardioide 
(n = h), the parabola ( 11 = — i), the straight line (n— —1), the 
rectangular hyperbola (71 — 2). 

VIII. To trace {Bemoull^s LemnucaXe). 

(a) Negative values of cos 2d give imaginary values of r. Hence the 
only real portions of the cun'e lie in the two quadrants bounded by 

d= - ?r and d=+-, and bv d=^ and d=^* 

4 4*4 4 

(fi) r=0 when or ^ or 

444 

and = ±a when d=0 or tt. 





Fig. 85. 

(y) Since the only power of r occurring is even, the curve is symmetrical 
about the origin. Again, since the equation is unaltered by writing —d 
for d, the curve is obviously symmetrical about the initial line. 

Also, r increases from d= - ^ to 0 and decreases again from d“0 to - 

;ind is nowhere infinite or in fact greater than a. 

The curve therefore consists of two similar loops as shown in Fig. 85. 
Other curve.^ of this .species may be treated in a similar manner. It 

will be easily seen that if n be fractional the curve will have p 

portions arranged symmetrically about the origin. 

For example, in the curve r' = a‘oos - d 

o 

we have the following scheme of values for rand 0 :— 


^ 0 

1 

0 

U 1 (5 i 

15r 

i 

1 

1 207r 
t> 

2:)7r HOtt 

(5 li 

etc. 

1 r 

1 

■ ‘ 1 

<1 1 - ‘t 

! i 

d ! 

1 

1 

0 

1 

etc. 

j 

1 
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whence we obtain a figure with three equal loops, the whole Iving within 
a circle whose radius is a and centre at the origin (Fig. 66). 


-\ : 




Fig. Sfi. 

EXAill'LK^. 

1. Trace the curves r = «cos20, rco^'20 = <i, 

r = a cos no, r * a cos -J $. 

2. Trace r3*a\-os30, r^cos:iO = a^, 

r* = aK*os JO, r4o3 J0 = u^, 
r^ = a^cos|0, r^cosjO = a^. 

3. Trace the curve = (I. C. S.. 1R85.J 

Show that the abscissa correa{>omling to any given central radius vector is 
equal to the corresponding radius vector in Bernoulli s Lemni.scate, and 
hence that the curve consists of two ]oo])s passing through the origin and 
resembling those of the Lemniscate. 

— aO 


IX. To trace 


l+H 


(«) By giving a set of values to 0 we have the following table 


^ w \ f 

Values of 6 iu \ 

Circular Measure | 

CD 

4 1 

i 

i 

3 

1 

, 1 

.> 1 

1 

1 

1 1 

•f ' 

• 1 

i ' 0 i 

i ' 

1 

i _ 1 

' 4 

1 

_ 1 

2 

Values of r 

a 

1 

V' 4* 1 
1 1 

T 

2<f 

3 1 

u 1 

1 

f 

a 

3 

<. 1 

'5 I 

1 if 

”3 

— a 

Values of 0 in 
Circular Pleasure 

3 

4 

-i| 

1 3 

4 

•1 

, 3| 

: 

1 ^ 

1 

' _ 2 

-3 - 4 ' 

1 1 

10 

— X 

Values of r 

-3// 

X 

1 

! '}4l 

i 

\ 

An 

' :u 

1 

1 

^2n 

4^1 

2 :r 

! 

; 10( 
''9 

a 

t 
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(;S) Since we may write the equation 

a 


r= 


^+5 


when 6 becomes very large, either positively or negatively, the form of 
the curve approximates to that of an asymptotic circle r=a, which it 
approaches both from within and without. 

(y) Art. 265 shows that r8in(0+l)+a=O 
is an asymptote to the curve. This line touches the asymptotic circle and 
is shown by the dotted straight line in the figure. 



(6) Tiie p<iint.s of inflexion (Art 283) are given by the equation 

^+^+ 2 = 0 , 

an equation which has oite real root which lies between • 1 and 
-2. The curve is therefore that shown in Fig. 87. 


Examples. 


1. Trace 


_ aff^ 


showing that it lies entirely within the circle r—a, which is an asymptotic 
circh*; also, that there is a cusp of the first species at the origin. 

a6^ 


2. Trace 


r— 




Show tliat there are two linear asymptotes and an asymptotic circle ; also 
a cusp of the first species at the origin and a point of inflexion when ^“3. 


EXAMPLES. 

o . «> 

1. Show tliat the curve y- = 3^-—^ 

if •> •! 

- X- 

consists of two branches each passing through the origin and extend- 
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ing to infinity, and that the whole curve is contained between two 
asymptotes parallel to the axis of y. 

- 4a^ 

2. Show that the curve y- = x'— -n- 

X* - a- 

has two infinite branches passing through the origin and lying 
between the asymptotes x = and that there are in addition 
two other infinite branches resembling those of the hyperbola 

x2-y= = 4a=. 


3. Show that the curve x® + y* = a’ 

consists of one infinite branch running to the asymptote x + y =0 at 
each end and cutting the axes at right angles at the points (o, 0 ), 
( 0 , a) at which there are points of inflexion. 


4. Show that the curve + yS _ 3 ^.^ 

consists of one infinite branch running to the asymptote x + y + o = 0 
at each end and lying on the upper side of that line. Also, that the 
axes of co-ordinates are tangents at the origin, and that there is 
a loop in the first quadrant. This curve is called the Folium of 
Descartes. 


5. Trace the curves 

(o) x®-hy^ = a-x. 

(P) 3^ + y^=-2ajr. 

(y) ay^ = x{a--3r). 

6 . Show that the curve 

ay- = x-y + x^ 

has a cusp of the first species at the origin and an asymptote x + y = a 
cutting the curve at Trace the curve. 


7. Trace the cur\'es 

(o) «y" - 2 axy -f- x^ = 0 , 

(P) y^ + axy + = 0, 

a and b both being positive quantities. 

8 . Trace xi/ = 4a^(’2a - x). (The Witch.) 

9. Trace the curve y\2a - x) ^x^. (Cissoid of Diodes.) 


10. Trace ^ ^ 

\x + a/ x+Jtt 

and show that the oblique asymptote cuts the cnrve at an angle 

tan "‘8 
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11. Trace 2 a;(a 52 + y^) = a(2x^ + y^) 

.'vnd find by polara the coordinates of the points of inflexion. 

12. Trace y{a^+s?) = arXy 

showing that there are points of contrary flexure where a:=0 or 
±aJZ, that the tangent is parallel to the axis of x where *= to, 
and that the axis of x is an asymptote. 

13. Trace x^^ = a\x^~y% 

showing that the curve lies entirely between its asymptotes y= ia, 
and that its tangents at the origin are y = ± x. 

14. Trace the curve {x^ - a^){y- - 

15. Trace = -y^). 

16. Trace (y^ - - 2a^). 

17. Trace axy = x^-aK (The Trident.) 

18. Trace the curve x* - + y* = a* 

when m is respectively greater than, equal to, and less than unity, 
and also when m is zero. [London, 1880.] 


19. Trace 

0 *>x + a 

t/- s ar- 

x-a 


20. Trace 

y* * ^“^5—5- 
.X- - 


21. Trace 

x(x + y)-=:a(x-y)*. 

[I. C. s., 1879.] 

22. Trace 

a^ = y(x- a)-. 

[Oxford, 1876.] 

23. Trace 

/ X y_y-a 
y+® 

[H. C. S., 1881.] 


24. Find the multiple points on the curve 

2(.ir* + y*) + 5a^y- + 4a* = 6a-{ar^ + y^) 

and the directions of the tangents at those points. [H. C. S., 1881.] 
Also trace the curve. 

25. Trace the curve + y^ + 3cxy = a^ 

and prove that as c diminishes to a the ultimate form of the loop is 
that of an ellipse whose eccentricity = .y|. [Math. Tripos.;, 

26. Trace {x-ij)-{xt y){2x + y) = a:'y\ [Came.. 1879.] 

27. Trace the curve r = a(l+co8tf). (Cardioide.) 
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28. Trace r = a + 6cos^ (The Lima^on of Pascal.) 

29. Trace r*o(2 cos 1). (The Trisectrix.) 

30. Trace the following spirals:— 

(a) T~aB. (Spiral of Archimedes.) 

(/3) rQ = a. (The Hyperbolic or Reciprocal Spiral.) 

(y) r‘^$ = a-. (The Lituus.) 

(S) r^aeT^. (The Logarithmic or Equiangular Spiral.) 

Show that in each case there is an infinite number of convolutions 
round the pole, and that rsin 9 = <i is an asymptote to (/3) and the 
initial line an asymptote to (y). 

31. Trace the curves 

r = acos5^, rcos5^ = a, r = a cos 

32. Trace the curves 

= a^cos|^, =«^8ec — ci^cos^t^. 

What is the relation between them I [Cams., 187 C.] 

a 


33. Trace the curve 


6^ 


r - a 


showing that a line parallel to the initial line at a distance a above 
it is an asymptote. Show also that there is an asymptotic circle r = a. 

B + sin B 


34. Trace 


r = 


6^ - sin 6> 

Show that this curve has an asymptotic circle ; also that as each 
branch of the curve comes from infinity it approaches the asymptotic 
circle from the outside on one side of the initial line and from the 
inside upon the other. 

35. Trace 

from the polar equation. 

36. Trace 


r = 2a—(The Cissoid) 

COS a 


a - a 


r = a - . 

-f u 

37. Trace r^ = tan(^, from 0 = 0 to 0=2jr. 

38. Trace r^sin 3(0 - a) = sin 0 - sin a. 

39. Trace the “ curve of sines ” 

•J 

40. Trace 

41. Trace 

for positive values of 0. 


(OxroRO, 1876 .) 
[Caul., 1879 .] 


, . X 

= h sin 

a 


y = tan fix. 


<i 


T = 


0^- I 


[Tri.v. Coll Caml., 1873 .) 
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42. Trace 

a 

1 - sin 26 

[Oxford.] 

43. Trace 

(a: + a)-{y - a) + (y + afix - a) = 0. 

[Oxford.] 

44. Trace 

(a;-a)(aj-6) 


45. Trace 

X = a(l - cos 9)'\ 
y = ad } 



(The companion to the Cycloid.) 


46. Trace 

y = c cosh (The Catenary.) 

c 


47. Trace 

y = ar + cosh x. 


48. Trace 



or 

r = n cosec 6±b. 



(The Conchoid of Nicomedes.) 


49. Trace 

{y= + (a + x )-} {y= + (o - x)^} = a-b^y 


examining the cases (1) a<b. 



(2) <1 = 6. (Lemniscate of Bernoulli.) 


(3) a >6. (Cassini's Ovals.) 


50. Trace 

y* + ^ 2y® - ar^ = 0. 

[Craubb.] 

51. Trace 



r = a(cos a cos 0 J cos 3a cos 3^ +1 cos 5a cos 5^ - 

...). 


[Mats. Tbepos, 1878.] 

52. Trace 

y = «“**. (The Probability Curve.) 

53. Trace the 

curves 



(a) y* ~ axy-+ X* = 0, 

(yS) «^y-- 2aAx^y-.r^ = 0. 

(v) + «ar* - b'xy~ = 0. 

[Cramer.] 

54. Trace 

X-* - ax^y + 6y3 = 0. 

[De Gda.] 

55. Trace 

(u) ar' + y^~ '2ii'-^xy. 

(/?) + y^ = xy(rt-a: + 6-i/). 

[Frost.] 
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ON SOME WELL-KNOWN CURVES. 

389. The present chapter is devoted to a short description of 
some special curves whose properties have been investifjated 
and which have acquired historical importance, being associated 
for the most part with the names of some of the greatest Geo¬ 
meters of past ages. It has been considered advisiahle to intro¬ 
duce at this point an enumeration of their principal properties 
for the sake of reference, though unnecessary to give in all 
cases full proofs of the results stated as the student will be 
readily able to supply them. In some cases several of these 
properties will be found to have been already proved or sug¬ 
gested for proof for the student in earlier pages. 

The Cycloid. 

390. This curve appears to have been discovered in the 
fifteenth century, and is a’^sociated with the names of 
Galileo, Descartes, Wren, Pascal, Huyghens, and many 
others. It derives its principal interest from its importance 
in Mechanics. 

391. Def. When a circle rolls in a jdane along a given 
etraight line, the locus traced out hy any point on the circum¬ 
ference of the rolling circle is called a cycloid. 


392. Description of the Curve. 

The nature of the motion shows tliat there is an infinite 


number of cusps arranged at equal di.stances along the given 
straight line. It is usual to cotifine the name cycloid to the 


portion of the curve lying between two consecutive cusps. 

B.D.C, y 337 
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Let A, B be two consecutive cusps, ACB the arc of the 
cycloid lying between them. The line AB along which the 
circle rolls is called the base. Let GPThe the rolling circle, G 
the point of contact, GT the diameter through G, and P the 
point attached to the circumference, which by its motion ti'aces 
the cycloid. The circle GPT is called the generating circle. 
Let C be the point of the curve at greatest distance from AB\ 
this point is called the vertex. Let CX be the tangent at C, 



and CY the normal, obviously bisecting the base AB \n the 
j)oint D. We shall take these lines as co-ordinate axes. It is 
clear tlmt the curve is symmetrical about CY. 

393. Tangent and Normal. 

Since a circle may be cousidered as the limit of an inscribed 
regular polygon with an indefinitely large number of sides, the 
circle GPT may be supposed to be for the in.stant turning 
about an angular point of this polygon situated at G. Hence 
the motion of the point P is instantaneously perpendicular to 
the line PG, which is therefore the direction of the normal at P. 
Moreover, since this motion is in the direction of PT, PT is the 
tangent at P to the locus of P. 

394. Equations of the Cycloid. 

Let DQC be the circle described upon DC for diameter and 
lot 0 be its centre. Draw PM, PN j)crpendicular to CX and 
respectively, the latter cutting the circle DQC in Q. Join 

DQ, OQ, CQ. 

Now, since the circle rolls without sliding along the line AB, 
every point of the circle comes successively into contact with 
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the straight line, so that the length AD is half of the circum¬ 
ference of the circle, and the portion 

QA = arc GP = arc DQ. 

Hence the remainder i)(? = arc CQ. 

Now, PQCT, PQDG are parallelograms ; whence, if a be the 
radius of the generating circle and 0 the angle COQ, 

PQ = DG = arc CQ = aQ. 

Hence, if x, y be co-ordinates of P, 

x = CM = NQ + QP = a{e + ^ine)\ ^ 

y = CN = CO-NO=a(\-Qose)] .^ ^ 

From these equations the Cartesian equation may be at once 
obtained by eliminating 0; the result being 

x = a vers " + s/'2ay - >/, .(b) 

but from the form of the result the equation is not so useful as 
the two equations marked (a). 


395. Length of the arc CP 
Since a: = a(0-hsin 

2 / = a(l — COS0)/ 

we obtain c?x = a(l+cos 

dy — ash\QdQ /’ 

squaring and adding, fhi‘^ = dx^ + dy- — 2a-(] -|-co.s B)dB- 

= 4a^cos'-^d0", 

or rf8 = 2« 

Q 

and upon integration = sin-. .(c) 

the constant of integration vanishing ii s bo measured from C, 
80 that 8 and Q vanish together. 

Again, since chord CQ = 2a sin 

wo have arc CP = 2 chord .(n) 

Q 

Further, since y~-*^ sin*.,. 

« = 4a .(i-:) 
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396. Geometrical Proofs. 

These results may be established by geometry as follows:— 
Let TPG be any position of the generating circle, G being 
the point of contact, GT the diameter through G, and P the 
iracing point. Let the circle roll through an infinitesimal 
distance till the point of contact comes to G'. Let the circle in 
rolling turn through an infinitesimal angle equal to POQ, OQ 
being a radius of the circle, and let P come to P', Then QP 
is parallel and equal to GG\ and therefore to the arc QP. PP 



is ultimately the tangent at P and therefore ultimately in a 
straight line with TP. Draw Qii at right angles to PP'; then 
Tn and TQ are ultimately equal, and Pn is therefore tlie 
increase in the chord TP in rolling from G to G'. Moreover 
PP' is ultimately the increase of arc, and since in the limit 
QP'= i\vc QP-chord QP, and Qn is drawn perpendicularly to 
PP', 71 . is the middle point of PP', and therefore the rate of 
'^rowth of the arc CP is double that of the chord TP, and they 
begin tlieiv growth together at C. Hence arc (7P = 2 chord TP. 

397. Intrinsic Equation. 

a 

If in Fig.88 PTX = \lf, we have = whence the intrinsic 
equation of the cycloid is s = 4a sin >/r. 


398. Radius of Curvature. 

The formula of Art. 322 gives 



= -to cos = cos - = 2PG, 



radius of curvature = 2 . normal. 
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399. Evolute. 

By Art. 347 the intrin.sic equation of the evolute of the 
curve is ^*=/('A‘)- 

Applying this, we have for the evolute of the above cycloid 

6' = 4(6 cos yf/', 

which clearly represents an equal cycloid (see Art. 340). 

400. Geometrical Proofs. 

These results inav also be established geonietiically a.s 
follows:— 

Let AD be half the base and CD the axis of a gi\en cycloid 
APC. Produce CD to F, making /^/’eipial to CD, and through 
F draw FE parallel to DA. Through any point G on the base 
draw TGG' parallel to CD and cutting the tangent at C in 


I' t. I. 



T and the lino FE in G'. On GT and G'G as diameters 
describe circles, the former cuttirig the cycloid in the tracing 
point P. Join PT, PG and produce PG to meet the circle 
GP'G' in P' anti join P'G'. Then obviously the arc G'P' = 
arc PT= DG — FG\ and therefore the point P' lies on a cycloitl, 
equal to the original cycloid, with cusp at /'and vertex at A. 
Moreover l^G is a tangent to this cychiid and P G n normal. 
The cycloid FA is therefore the envelope of the normals of the 
cycloid AO and therefore its ei'olute; and is the ceutie of 
•rwrvaturc. corresponding to the point P on the original cycloid. 
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If, therefore, a string of length equal to the arc FRA have 
one extremity attached to a fixed point at F the other end, 
when the string is unwound from the curve FRA, will trace 
out the cycloidal arc APC. Thus a heavy particle may he 
made to oscillate along a cydoidal arc, by allowing the sus¬ 
pending string to wrap alternately upon two rigid cycloidal 
cheeks such as FA, FB. 

Moreover, since PR is obviously by its construction bisected 
at G, the radius of curvature at any point of a cycloid is dovhle 
the length of the normal. 

401. Area bounded by the Cycloid and its Base. 

Let PGR, QG'Q be two contiguous normals. Then G, Q' 
are their middle points, and therefore ultimately the element¬ 
ary area GPQG' is treble the elementary area RGG'Q'. Hence, 
summing all such elements, the area APCD is treble the area 



ADFP'\ i.e., tl)e area of the cycloid is three-fourths of the 
ciroiimsci-ibing rectangle, for tlie area of ADFR is equal to the 

area CXAP. 

Now the length of .dZ) = liaIf the circumference of the circle 

= Tra. 

Hence the rectangle ^4 A' CD ~ ttu . 2a = 27 ra^ 
and therefore the 

seniieyeloidal area APCD= J . 27 ra-= ilTra-, 

and the area hounded by the whole cycloid and its base =37rn!* 
aiul is therefore three tnnes the area of the generating circle. 
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The Trochoids. 

402. If the point P (in Art. 392) be attached to the rolling 
circle at a point not upon the circumference, but at a distance 
6 from the centre, the curve traced is called a cuHate or a pro- 
late cycloid according as 6 is greater or less than the radius a. 

These curves as a clas.s are called Trochoids. 

It will be obvious from the mode of description that if b>a 
the series of cusps which characterize the ordinary cycloid are 
replaced by a series of nodes and loops. 

403. The equations of a trochoid referred to the same axes as 
the cycloid in Art. 394 will obviously be 

x = a6 + h S 

y = a — bcos6 

Epi- and Hypo-cycloids and Epi- and Hypo-Trochoids. 

404. When a circle rolls without sliding upon the circum¬ 
ference of a fixed circle, the path of a point attached to the 
circumference of the rolling circle is called an epi- or a hypo- 
cycloid according as the moving circle rolls upon the exterioi 
or the interior of the other. 

The path of any othei' carried jioint is called an epi- or a 
hypo-trochoid. 



40.'). 'file figure (92) represents the three-cusped epi- arid 
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hypo-cycloids formed when the ratio of the radius of the 
rollins circle to that of the fixed one is 1:3. 

406. Let the radii be respectively 6 and a. In the figure 
the rolling circle with its carried point P is represented as 
tracing the epi-cycloid. Let 0 be the fixed centre, Q the point 
of contact, A the point with which P is originally in contact, 
C the centre of the moving circle. Join OC, cutting the rolling 
circle in D. Join QP, CP, and DP, the latter cutting the 
initial radius OA, which we choose for x-axis, in P. 

Then, as in Art 393, PQ is the normal and PT the tangent 
to the path of P. 

Let QOA = Q and QC'P = ^. 


Then, since 

arc QP = arc QA, 

we have 

b<l> = a6. 

Hence 


and 

f = PJx=:0 + t = 


26 


407. Again, CP makes with the x-axis the angle 


Hence the equations of the curve are 


X = («-p 6)cos Q — h cos 
2 / = (a-!-6^sin 0 —6sin 




408. If the carried point P be not upon the circumference 
but at ii distance mb from C it is j)lain that the corresponding 
equations for tlie epitrochoid will be 


X = (a -p 6)cos 0 — vib cos 
y = (u-p6)siii O — mbsiw 




409, Tlie path of the carried point when the moving circle 
rolls upon the interior of the circumference is obtained from 
e quations (A) or (b) respectively by changing the sign of 6. 
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410. If p be the perpendicular from 0 upon the tangent PT 
to the epicycloid (Fig. 92) we have 

p = OD sin I = (a + 26)sin 

This furnishes us with the tangential-polar equation. 

411. From the triangle OCP (or otherwise) 

r® = (a 6)^ + 5“ — 2(a b)h cos <p 

= (a + 6 )^ 4 - 52 - 2(a -|- h)b(\ - 2 sin^f) 

= a2 + 4(a-|-5)6(^^^) . 

the pedal equation. 

412. Differentiating equations (A) 

—(a4-^')sin 6 + (a + 5)sin — 

(a-|-5)co3e —(a-|-5)cos— 

Hence, squaring, adding, and extracting the roof. 


a 


Hence 


±2(a-f-6)sin^. 
46(a4-5) 

t 1 w 

26 


s = 


a 


a 

cos 


8 being measured from the vertex, where 0 = 7r6/rt. 
Thus 


46(a + 6) a , 
8 = —i-^cos 


a a-\-'lh 

is the intrinsic equation to the curve. 

This may also be obtained quickly by applying the formula 

These results w'ill (as in Art. 409) all remain true for the 
hypocycloid when the sign of 6 is changed; or they may bo 
obtained independently. 

413. TI)U3 any epi- or hypo-cycloid may be represented by 
any of the equations, p = A sin B\l/, or A cos 

8 = A sin B\l/, or A cos B\^, 

)-2 = A -b Bp^, 

the constants A and B being readily determinable in any par¬ 
ticular case by aid of the preceding Articles. 
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414. Any of these formulae give the radius of curvature. 

For example, taking p = A sin we have 

p=7J + ^^^ = A(l-S2)sin Byfrccp, 

i.e., the radius of curvature varies as the central perpendicular. 

415. The evolute of any epi- or hypo-cycloid is a similar 
epi- or hypo-cycloid. (See Art. 349.) 

41C. The equations of the tangent and normal at any point 
on the curve where 6 = a may be written 

. a-i-2b a-l-26 , oi,\ • ^ 

.'tsin ^,^-a--ycos -.,^-a = (a-l-26)sin^^a 


26 

a- 1-26 . . a-1-26 a 

X cos a -{- y .sm —a = a cos 


417. The polar equations of the tangent and normal with 0 
for pole and OA for initial line are therefore 

/• sin(^*“ + a - 0 ) = (ft -f 26)sin ~a j 


/«u , ft 

+o-0) = ftcus^-^u 


If the initial line were chosen to bisect the arc joining 
two consecutive cusps A, B, we should have to change a to 

o + ^nd 0 to 0 -I- . If tlii.'i change Ite made, the equation 

of the normal becomes 


• ' iV \ . u , 

/•sm( 


which .shows ],y comparison with the tangent that the normal 
touches another epicycloid formed by the rolling of a circle of 
radius B upon another c>f radius A where 




a 


2Ii 2h 


Lt'., 




0 + 26 "’ 


ft 


ft+ 26 


This also follows from Art. 341 and verifies the result of Art. 
341), 
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418. Double method of generating Hypocycloids. 

Changing the sign of b in Equations (a) the equations of the 

hypocycloid are 

(X 0 " 

= —/>)cos0 + 6 cos 01 

1 .(c) 

y = (a — 6)sin 0 — 6 sin ^ -0j 
Writing for 6 and ‘^^0' for 0. we have 
X — -j— cos— 0 + -, - 0 

'> f '2 ' ■ I. 

a —c . a + c... ii + >- . " —j 
V = —sin - 0— , ''in— 0 

^2 f 2 c / 

and it is evident that a change in the sign of c does not alter 
these equations. It follows therefore that the same hypocycloid 
can be generated by the rolling of either of the circles whose 
(tic 

radii are-noun a circle of radius a. 

•i I 

And if wc write « for 6 and make the same change for 0 
as above, the equations of the hypocycloid become 

iL C 

X s= (« + (;)co.s 0' — r cos —;— S', 

c 

. . z,. • a-l-Crt/ 

y= ((r-f-c)sin 0 — c sin-0. 

* c 

These are the equations of an epicycloid. It appears then 
that the hypocycloid formed when the radius of the rolling 
circle i.s greater than that of the fixed circle may be regarded 
as an epicycloid generated by the rolling of a circle whose 
radiu,s is the difference of the original radii.* This can also be 
shown geometrically. 

419. If the ratio of a;6 be commensurable, there will be a 
finite number of cusps, the curve returning into itself. 

The equations 

. ^ » <t — b^\ 

x = {a—b)wH 0 + 6 cos —^-S 

y = (a —6)sin 0 — 6 sin —^—0 


♦Tencock, KxampU^. Cititig Eulor, Artn Pttrop., 1784. 
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of the hypocycloid become, when b—^a, 

x—acofid] 

y^O f 

indicating that the curve degenerates into a diameter of the 
fixed circle. This admits of easy geometrical proof. 

If 6 = Ja, we have 

X =^(3 cos 9 +cos 30) = a cos^0 
y = ^(3 si n 0—sin 30) = a sin50 

T 

giving a;^ + y^ = a^ 

the four-cusped hypocycloid. 

When a=b the equations of the epicycloid reduce to 

X — a(2 cos 0—cos 20), 
y — a(2 sin 0 — sin 20), 
and after elimination of 0 we obtain 

(x*+2/* ■“ ~ 4a^{ (ic—fit)*+y*} ■ 

If now the origin be transferred to the point (a, 0) and the 
resulting equation transformed to polars, it will be apparent 
that the epicycloid becomes a cardioide (Art. 424). 

The trochoidal curves corresponding to this case become 
lima9ons. 

It follows from Art. 415 that the evolute of a cardioide is 
also a cardioide. 

420. The portion of the tangent to x^+y^=a^ intercepted 
between the co-ordinate axes is of constant length. 

The portion of the tangent of the three-cusped hypocycloid 
intercepted by the curve itself is of constant length. 

421. It may be observed that the envelope of any line whose 
equation can be tlirown into the form 

xcosa + y sin a = c sin na{ = p), 

being obtained by the elimination of a between this equation 
and —X sin a+y cos a = nc cos na, 

has for its pedal equation 

= c-si n^n a + n-cHoshia 

or ?‘^ = (1 — n")^-f 71.V, 

and is therefore an epi- or hypo-cycloid. 
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422. The equation of the pedal of this curve is obviously 

r = c sin nQ, 

and therefore the polar reciprocal, which is the inverse of the 
pedal, is the Cotes's spiral 

rsin7i0 = con.stant (Art 454). 

423. The student is referred to Dr. Heath’s Optics, Arts. 100 
to 103, where epicycloids are shown to occur in certain cases 
as caustics by reflection from a bright circular arc. 

The Limaqon of Pascal, the Cardioide, a.vd 

THE TuISECTRIX. 

424. Take a circle OQD of which OD ( = b) is the diameter 
and E the centre. Let a straight rod PP’ of any length (2a) 
move in such a manner that its mid-point Q describes tlie 
given circle whilst the rod is constrained to pass through a 
fixed point 0 on the circumference. Its ends trace out the 
Lima9on. 



Obviously this rod can be constrained to move o-s described 
above by a simple mechanical contrivance. 
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Taking OD for initial line let r, Q be the polar co-ordinate-s 
of P, then evidently 

r = QP+0Q = a+6co3 0.(1) 

Similarly OP'=?•'=a—6 cos 0. 

This however is obtained at once from equation (1) by 
increasing 0 by ir. Hence P and P' describe the same curve. 
Evidently also any “ focal chord ” PP' is of constant length. 

When a = 6, the lima^on is called a cardioide from its heart- 
like shape. The curve then has a cusp at 0. Other limaqons 
are of two classes according as a is > or < 6. The outer curve 
in the figure typifies the class for which a is > 6. The dark 
curve on OB for diameter is the cardioide. The inner curve is 
a iima 90 ii for which a is < 6. There is on this class a node at 
0. The dotted curve is the circular locus of Q. The point P 
is shown in the figure as tracing the cardioide. The equations 
of the particular curves drawn in the figpire are 

r = 2cos0, r=l + 2co3 0, r=2-|-2cos0, r = 3-l-2cos0. 

425. Considering the motion of the rod the following facts 
will be clear:— 


(a) Since Q is moving along the tangent to the circle the 
instantaneous centre for the motion of the rod must 
lie somewhere in the normal QBR. 

(/>) The motion of the point of the rod which is just passing 
through 0 can only be in the direction of the rod itself. 
Therefore the instantoneous centre must lie somewhere 
in a line OP drawn at right angles to the rod. 

(c) The instantaneous centre must therefore be at P, the point 

on Q’s circular locus which is diametrically opposite to Q. 

(d) The motion of P and of P' is therefore at right angles 

to PP and PP' respectively. These lines are therefoje 
the normals at P and P'. 

(c) Thus in any lima^on the normals at the extremities of any 
focal chord intersect on a fixed circle. 

(/) In the case of the cardioide QP = QB = QP' and the normals 
at P and P' intersect at rioht angles. 

O 9 

(<;) The tangents at tlie end.s of the focal cliord PP' (of the 
cardioide) also intersect at right angles, the figure 
TPRP formino a I’ectanjile. 
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(h) Also in this case, since RQ if produced passes throufjh T 
and jE'7’=3jE^i? = constant, the locus of intersection of 
ortho-tomic tangents (or “ orth-optic ” points) is a circle 
whose centre is K and radius three times that of tlie 
Q-circle. 

426. The cardiuide and the lima^on may also he generated 
as an epicycloid or an epitrochoid by the rolling of one circle 
upon another of equal radius. (Art. 419.) 

427. These curves are also tlie lirst positive pedals of a circle 
with reganl to an arbitrary point. 

Take a circle, centre C and radius a. Let OP be a perpen¬ 
dicular from the pole upon the tangent at any point Q. Let 
(70 = 6, 0P = r. P0C=6. Draw <R at right angles to OP. 



Then 

When O lies upon the circumference of the circle we have 0 = 6 
and the pedal becomes a c.'>rdioi<le. 

428. The equation ?■ = </-f-6 cos f) sliows that a lima(,on is 
the invei'se of a central conic with regard to the focus, and that 
a cardioido is the inverse of a parabola. 

429. For some pur[)oses it is a little more convenient to call 

the angle POid'= (? (Fig. 03), and the «Mjuation of the ciirdioide 
then becomes r — ftil— cos rt 

We have at once 

fl$ _ 1 — co-s A (9 

(/r sin 


tan</) = r, =—. ,, = tan ,• 

f y/ 1 «• V 


or 


0 = 0 ’ 


i.e.. OpT=hPdA'. 

430. This property shows tliat the curves 

r = a( I — cos 6), 
r = 6(l -PcosO), 
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whose axes are turned in opposite directions cut at right angles 
for all values of a and b. 

Thus the " Orthogonal Trajectories ” curves which cut 
at right angles) of the system of cardioides obtained by giving 
a different values in the first equation is the system of cardi¬ 
oides obtained by giving b different values in the second. This 
result may be obtained by inversion of the corresponding 
property for parabolas. 

431. The particular lima^on .shown with a node in Fig. 93, 
and whose equation is r = 1 + 2 cos 9, 

is called the Trisectrix. 

With centre at 0 (Fig. 93) and radius OE describe a circle. 
Lay off from OE any angle EuS less than four right angles, and 
let the bounding radius cut the circle (centre 0) at S, and 
the chord ES cut the lima^on at J. Then it is easy to show 
that OJ trisects EOS* 

The Curve of Sixes, Harmoxic Curve, Companion to the 

Cycloid. 

432. Figure 95 is a graph of the equation 

2 / = sina;. 



There are points of infle.'tion whenever the curve cuts the 
aj-axis; also the curve lies entirely between the lines y = ±1. 

43.3. Tlie curve y = in smx (sometimes referred to as the 
Harmonic Curve) only difiers from the above in that its 
ordinates are each vi times the corresponding ordinates of the 
Curve of Sines. 

434. The companion to the cycloid 

x = a6, 

y = a(l-cos 0 ), 

* Axemar and Gornier, Trisection de VAngle , Paris, 1809. Cited bj Peacock, 

Examplti^ p. ir,\ 
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differs from the cycloid in that, instead of producing the 
abscissa NQ to P (Fig. 88) to make the 'produced part 

QP = arc CQ, 

we make i\’ P = arc CQ. 

The equation may be written 

and therefore the locus is the harmonic cm v.-. 


Exampi.ks. 

Trace the curves 

y = co8r, y=tanj, y^cotr, 

y*=seci* y = sina‘+cosx, y*sin3a‘, 

y = 8in(ff sin X), y = siu(a- cos x). y=cos(7r sin x). 


y = cosec Xy 
y asc'sin Xy 
y = cos(7r cos x). 


The CrssoiD of Diocles. 

435 Let xlPP be a semicircle whose diameter is AB, BT 
the tangent at P. ^PP a straight line through A cutting the 



Fig. 9C. 


semicircle and the tangent in P and T. Take Q upon AT 
such that AQ = PT. The locus of Q is the cissoid. 


v.ux. 
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486. The Cartesian equation with A for origin and AB for 
x-axis is yH 2a — x) = ar*. 

The polar equation is 

r=2a sin^0/co3 0. 

437. The curve is the Jirst positive pedal with regard to the 
vertex, of the parabola y^+4ibx=0, where b^2a. 

It is also the inverse with regard to the vertex of the para¬ 
bola y^^^bx, the constant of inversion being the semi-latus 
rectum. 

438. The curve was invented by Diodes in the sixth centur}' 
for the construction of two mean proportionals between two 
given lines. Take BC, one extreme, as the radius and con¬ 
struct the cissoid. Erect a perpendicular CR to CB through 
the centre C equal to the other extreme. Join BR cutting the 
cirsoid at Q; and let AQ produced if necessary cut CR at S. 
Then CS i.s the first of the mean proportionals. 



4.Si). The curve can be mechanicallv constructed by an in- 
struinont invented by Newton. 
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Take a rod LMN bent at riglit angles at M. and such that 
MN=AB (Fig. 96). Let the leg LM always pass through a 
fixed point 0 on CA produced so that AO~CA, and let N 
travel along the perpendicular to .d 5 through C. Then Q the 
mid-point of MN traces out the cissnid. 

The Witch of Agnesi. 

440. Let AQB be a semicircle whose diameter is AB. Pro¬ 
duce MQ the onlinate of Q so that 

MQ-.MB = AM :AB. 

the locus of P is the Witch. (Fig. 97.) 

If j4 be the origin and AB the x-axis the equation is 

xy‘ — ^a-{±a~x). 

This curve was discussed by Maria Gaetana Agnesi. Professor 
of Mathematics at Bologna, 1748. 

The Folium of Descartes. 

441. The Cartesian equation is 

3^-\-y^ = Zaxy. 

There is symmetry about the line y~x. The axes of co¬ 
ordinates are tangents at the origin and there is a loop i.n 



the first quadrant. The curve consists of an infinite branch 
running to the asymptote x-}-.v+»^ = 0 at eacli end and lying 
on the upper side of that line. 
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The curve being a cubic with one node has its deficiency 
zero and is therefore unicursal. 

Let y = mx. 

m, 3am 3am* 

ihen ^ = —i. y = -,—,—r 

1+m* 1+m® 

Hence by assigning various arbitrary values to m any number 
of points can be discovered lying upon the curve, and the 
curve might be completely traced in this manner. 

The Logarithmic Curve and the Curve of Frequency. 

442. The equation of the logarithmic curve is 

x = \ogy or 2 / = e*. 



When X is negative and very large the ordinate diminishes 
without limit and the ic-axis towards — » becomes asymptotic. 
Travelling from left to right, equidistant ordinates form a 
geometrical progres.sion and on the right-hand side of the y- 
axis rapidly increase as x increases. 

The subtangent ^ therefore of constant length. 

443. The curve y — is known as the Curve of Frequency 
of Error or the Probabilit}' Curve.* All ordinates are positive; 
ic cuts the y-axis pcrpendicularl)' at unit distance from the 
origin. The curve is symmetrical about the y-axis running 
a.-^vmptotically to the a:-axis on its upper side at both extremi¬ 
ties. There are points of inflexion where x— ± 

* Airy, TArory o/ EyTorg of Ohterv ^ tion , 




ON SOME WELL KNOWN CURVES. 


357 


The Chainette or Catenary, and its Involute 

THE TrACTORY or TrACTRIX. 


444. The chaiuette is the curve in which a uniform heavy 
string will hang under the action of gravity. 

Its Cartesian equation is proved in books on Analytical 

Statics to be y = <^ cosh -•* 

c 

Its form is that represented by the curve PCP in Fig. 100. 
It is symmetrical about a vertical axis Oy through its low’est 
point C. The ordinate of C is c. 



445. Let PA^ be an ordinate, PT the tangent. XQ a perpen- 
dicular from N upon the tangent PT, the normal cutting tlie 
x*axis in Q. The x-axis is called the directrix. 

(1) Then tan >/^ = ^^;; = smh - or \/r = gd-• 

(2) Also '/q = secy}y=yjl q-sinh*^ = cosh ^ 

Hence XQ = c. 


(3) Again 


^*=;.^l+sinh-^ = cosh*, 
dxy c c 


whence 8 = csinh - if « be measured from the vertex C 

c 

to P 80 that 8 and x vanish together. 


*Dr. Routh, Analytical Slaticf, vol. I. Art. 
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(4) Also PQ^QN tmyf^=c8inh^ = 8. 

(5) Hence the path of Q is an involute of the chainette. This 

curve is called the Tractory, and possesses as shown in 
(2) the geometrical property that the tangent to the 
path is of constant length. 

(6) If a person travelling along Ox drags a stone along the ground 

(supposed perfectly rough) from the initial position C by 
means of a string of length c, the path of the stone is 
the tractory. 

(7) From the right-angled triangle we have at once 


(■S') Since « = csiiih ^ and sinh- = tan iZr, the intrinsic equation 
^ ' c c 

of the chainette is .‘» = c tan \/r. 

(9) Hence the radius of curvature = c sec-^. 

Put PG = y sec \f^ = c acchfr. 

Hence the radius of curvature is equal to the normal. 

(10; Ux,y' be the point Qof the tractory and \I^' = qS'x and s' 
the arc CQ. we have 




[/s' 


= — sin \l/'= — ^» 


gtving 


log y = 


constant — 

c 


But y' 

Hence the constant 


= c when s' = 0. 


log c. 


Thus 


S=C log-^/ 


(11) 'I'he Cartesian equation of the tractory is 

log -- 

^ c-fVc'-y- 


(12) If a point X be taken on the tangent QN to the tractrix 
so that NX is of con.stant length, the path of -Y has 
been called by Riccati the Syntractory.* 


* Peacock, li. 17'>. 
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The Conchoid of Nicomedes. 

446. AB is a straight line and 0 a fixed point; V any point 
on the given line, and on OV and OV produced, poinLs P . P 
are taken so that 

VP'= rP = a constant length. 

The locus of P or P" is called the Conchoid. 

Let the perpendicular ON upon AB be and let lP = fi. 
Then, taking 0 for pole and the initial line Ox parallel to A B. 
the polar equation is r — a cosec d±6. 



the + referring to the braucli more remote from A and tlie — 
to the branch nearer to A. These are resj)ectively called tlu* 
superior and the inferior branches. Both branches belong to 
the same curv«‘ and are included in the Cartt^sian equation 


x-y 


(«/ + //f'(/y--yv. 


the origin in this case being taken at N and ..4 foi- .r-axi.s. 


447. There are three classe.s, according as it i.s <, =, or >/». 
If a be < b, there will be a node at 0 and a loop below the 
initial line. 

If a = b, there will be a cusp at O. 
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If a > 6. the curve will be as shown by the dotted lines 3, 3 in 
the figure. As defined by the Cartesian eq^uation, there 
would also be in this case a conjugate point at 0. 

448. The curve was used for the trisection of an angle, and 
the insertion of two meau proportionals between two given 
straight lines. It admits, as shown by Nicomedes, of a simple 
mechanical construction.* For it is easy to make a mechani¬ 
cal contrivance which will constrain the motion of a given rod 
so as to pass always through a fixed point, whilst a given point 
of the rod performs a rectilineal path. By what precedes, any 
other point of the rod describes a conchoid. 

THE SPIRALS. 

The Equiangular or Logarithmic Spiral. 


440. This curve possesses the characteristic property that 
the tangent makes a constant angle with the radius vector. 



Let 0 be the pole, PT the tangent at P, OF the perpen¬ 
dicular. OT the polar subtangent cutting the normal in C. Let 

0PT=n. 

We have the following properties:— 

0) p=Or=rsina, 

(b- 

(2) p = r cosee a = CP. 

flenee C is the centre of curvature. 


* IltAtiun ilcs tom. 1., \\ 236, rcfcrreil to by Peacock \ and Newton, 

App, to Arftk, Cin'r, 
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dr 

-j- = cos a. 
ds 


Hence if the arc be measured from the pole, where r = 0, 


we have 7 * = s cos a. 

But r = PT cos a. 

Therefore PT = s. 

(4) If Y7' be the tangent to the first positive pedal curve 

Y'YO=YPO^a. 

Hence the first positive pedal is an equal equiangular 
spiral. Hence also all other pedals are equal spirals. 

(.5) Since PC is a tangent at C to the evolute, and OCP = a, the 
first, and all other evolutes are eciual spirals. 

(6) From similar considerations the inverse, and the polar 
reciprocal with regard to the pole are equal spirals. 

f?') Since !^ = tana we have — = cota.J0, and the polar 
^ ' dr 

equation is of the form 

(8) If the spiral roll along a fixed line, the locus of the pole, 
and also of the centre of curvature of the point of con¬ 
tact is a straight line. 

450. Of the system of " Parabolic Spirals ” r = a0" the most 
remarkable are those for which 

n = l (the Archimedean Spiral). 

n= -1 (the Hyperbolic or Reciprocal Spiral). 

■n = — A (the Lituus). 


The Spiual of Auciiimedes. 

451. The equation of the curve is r-aB. 

This curve is due to Conon, who however <lied before he had 
completed his inve-stigations of its properties. These inves¬ 
tigations were continued and completed by Archimedes who 
published them in a tract on spirals still extant. 

(1) If a circle of radius a be drawn with centre at the pole 
any radius vector of the curve is ecpial to the arc of this 
circle measured from the initial lino to the point in 
which the radius vector cuts the circle. 
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(2) We have for this curve 

-• ifiud>=-^0: subtaDgent=-' 

(3) The locus of the extremity of the polar subtangent is 

n=a(0,+ ^)' 



Fig. lOX 


For this curve the con'esponding locus is 

and 80 on. The -n^ locus thus formed is 



These loci thus form a series of “ Parabolic Spirals ” of 
ascending order,* 

(4) The area bounded by any portion and its extreme radii 
veotores can easily be found by the Integral Calculus. 

The Reciprocal ok Hyperbolic Spiral. 

45*2. The polar equation is r6 = a. 

This curve is the inverse of the Archimedean spiral. The 
name Hyperbolic is derived from the analogy between the 
Ibrm of its equation and that in Cartesians for a hyperbola 
referred to its asymptotes. 


• IVavnck, KxampUs^ p. 180. 
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(1) If a circle be drawn with any radius and centre at the 
origin, the arc of this circle intercepted between the 
points where it is cut by the cur\'e and by the initial 
line is of constant length. 



Fig. 104. 


(2) We have tan ^ j ^ — 4 ) = — 

do 

(3) Subtangent — a = constant. 

The asymptote is at a distance a from the initial line 
and above it. 

(4) The pedal equation is 




The Lituus. 

453. The equation to the curve is 

r = a0"^. 

The initial line is an asymptote. 


I 
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If any radius vector OP be taken and a circular sector OP A 
described bounded by the radius vector and the initial line, its 

area IS = 

and is therefore constant. 


CoTEs’s Spirals. 


454. The group of curves included in the formula 




are called Cotes’s Spirals. They occur as the path of a particle 
projected in any manner under the action of a central force 
varying as the inverse cube of the distance. 

There are five varieties. 


(1) If .6 = 0, ^ is constant, whence ^ is constant and the curve 

is an equiangular spiral, 

(2) If j 4 = 1, we have 

giving u = >JB0, 6 being supposed measured from an 
initial line drawn parallel to the asymptote. This is 
the reciprocal spiral. 

More generally 


The right-hand side may bo put into one of the forms 

a- + a-), 

according to the signs of .d —1 and B; a and n being 
constants. 

(3) If 

i JX 

wo havo -,_ = ndO 

%'a- + ((* 

and u = a siuli nd. 
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(4) If 

we have similarly u =a cosh n6. 

(5) If = n\cr—u'‘), 

u = as\nn0. (Art. 3S7.) 

Cases (3) and (4) present no difficulty in tracing. 

Involute of a Circle. 

455. If a thread be unwound from a circle, any point of the 
unwinding thread traces out an invohite of a circle. Let PQ 
be any position of the thread, P the tracing point. Then PQ 
is a tangent to the circle and a normal to the involute. Let 



Fig. lOG. 


0 be the centre of the circle and a its radius. Then clearly 

the pedal equation is r- = /j- + a-. 

Also p = PQ = avcAQ = a\lr, 

. . u\f^~ 

giving 

8 being mea.sured from the point A at which the involute meets 
the circle, and OA being the initial line. 

If OF be the perpendicular from 0 upon the tangent at P 

oy=ax{,=a(yox+iy 


we have 
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Hence the first positive pedal is the Archimedean spiral 
The polar equation is at once obtainable. For 


r ^ ^ a 



or 



The Evolute of a Parabola. 

456. The evolute of y-=iax may be shown to be the semi- 
cubical parabola 27ay-=4(a;—2a)®. 



The cusp is at the point (2a, 0), and the curve cuts the 
par.abola again at a point whose abscissa is Sa. The tangent 
to the evolute at this point cuts the parabola again upon the 
ordinate through the cusp. 

From points on the right-hand side of the evolute three real 
normals can be drawn to the parabola. From points on the 
left side only one real normal can be drawn. 

The Evolute of an Ellipse 

4.57. The equation of the evolute of xya- + y-lb- = l has been 
sliown to be + = — 
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There is a cusp at each point where the curve meets the 
co-ordinate axes. 

From points within the evolute four real normals can be 
drawn to the conic. From points outside two normals can be 
drawn. 



Normals from the portion of tlie ellipse marked (1) touch 
the portion of the evolute marked (1), and the correspondence 
is similarly denoted by numerals for the other quadrants. 

The radii of curvature at A and B are lespectively - and 


Thus 




The lengtli of the evolute 




Cassini’s Ovals. 

4.58. Let r ami /•’ be the distances of a moveable point P 
from two fixed points S and S'. The locus tiaced out by P 
when n-' = con.staut (=6-say) 

Is culled ail Oval of Cassini. 

Let SS'~2a and Uke SS' for x-axis and its mi<l-point 0 for 
origin. The Cartesian equation is then 

[{x - af + y-]{{x -H a/-|- if] = b\ 

i^-|-o^-2r-a2cos:>« = 6r 


or in Polars 
reducing to 


( 1 ) 
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If Z) = a*c/^2 this further reduces to 

r2 = c2cos 20.(2) 

This species of Cassini’s oval is called the Lemniscate of Ber¬ 
noulli. This is shown by the thick line in the figure. 

It is the first positive pedal of a rectangular hyperbola with 
regard to the centre, and possesses the property that 

SPr^S'P = 0Pj2. 



ovals within the loops of the lemniscate. 

When h in > a the curve consists of one oval lying outside 
the lemniscate. 

The curve {x--^ >/-)-= arx' + lry-, which is the pedal of a 
central conic with regard to the centre, has a similar shape, and 
becomes a Bernoulli’s lemniscate when the conic is a rectangular 
hyperbola. 

Cahtesian’ Ovals. 

4.*r). If r and r be as dehned in Art. 458, the loci indicated 
by tlie equation lr+mr^7i, 

are called Cartesian Ovals. 

This equation in general gives rise to a quartic Cartesian 
equation. 

The following cases will be recognized:— 

If l = m we have r +>•' = constant; an ellipse. 

If 1= —m we have 7*—)’'' = constant; a hyperbola. 

If >{ =0 we have ?•; 7*'= constant; a circle. 
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Also since i-r^ + r>i-r- = 0 it will be evident that in all cases the 

as as 

normal divides the anffle between r and r in such manner 

O 

that the sines of the portions are in the ratio m: 1. The 
student is referred for further information to a chapter on 
Cartesians in Professor Williamson’s Differential Calculas* 
where several interesting properties are investigated. 


The Quadratrices of Dinostratus and Tschirnhausen. 

460. Let AFA^ be a semicircle of which AA^ is a diameter 
and 0 the centre. Let QN be an ordinate of a point Q on the 
circle and P another point so related to Q that the ordinate 
QN travels at uniform rate from .4 to 0 in the same time that 
OP rotates uniformly from OA through a right angle. Let 
OP and NQ intersect in R, then the locus of R is the Quadratrix 
of Hippias or Dinostratus. 



Let NOP = 6 and OA — a, then arc AP — aQ. 


Also 


angl e ./I OP 
right angle 


Hence AiV'=— or 0 = ^ , (0 being the origin). 

TT m. it 


But 


= tail 6. 

X 


* Sixtii edition. 


E.D.a 


N 
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Hence the Cartesian equation of the locus is 

. nrx 

y=xcot^. 

The form of the equation shows that there is symmetiy 
about the y-axis, and the curve may be seen to be as shown in 
the accompanying figure. 

461. This curve if accurately traced could be used for the 
trisection of an angle. Lay off any angle ^ OP by a line OP 
cutting the quadratrix in R. Draw the perpendicular RN to 
OA. Trisect Ali at L, M and erect perpendiculars to AN 
cutting the curve in X, Y. Then since 


the 


angle A OX = 


al=\an=Y^. 

•> o TT 

e 


A0Y=-? 


Similarly 
^iiJ the angle is trisected. 

4U.1. Again, since the intercept OP made on the y-axis is 


ttX 


T. .ttx r, ttx 

cot ^=Lt cos “ 

2rt •!(( 


2a 


sin 


_ 2a_2a 

TTX TT X ’ 
2a 


we could (if tlie curve could be accurately drawn) measure OP 

and hence deduce the value of x. Hence the area of a circle 

could be found. It is from this property that the curve derives 
its name. 

463. It a parallel to the x-axis be tlrawn through P cutting 
MQ in the lucus uf S is 

i/ = u .sill ^ = « sin ^ ^ ^ 

2 a 


or 


x.r 

y = (( cos 


This curve is called tlie Quadratrix of'J'schirnlmusen. 


APPLICATION TO THE EVALUATION OF 
SINGULAR FORMS, MAXIMA AND 
MINIMA VALUES. ETC. 
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UNDETERMINED FORMS. 


4C4'. In Chap. I. it was explaincnl il)at a function may 
involve an independent variable in such a manner that its 
value for a certain assigned value of the variable cannot be 
found by a direct substitution of that value. And in such 
cases the function is said to assume a “ Siitijulay," “ VutU tcr- 
mined," " Illusonj,” or “ Jndderminote" form. 

465. It is proposed in the present chapter to consider more 
fully the method of evaluation of the true limiting values of 
such quantities when tlie independent variable is made to 
approach indefinitely near its assigned value. 


46G. List of Forms occurring. 

Several cases are to be considered, viz., when upon substitu¬ 
tion of the assigned value of the independent variable, the 
function reduces to one of the forms 


0 

0 ’ 


0 X X, 


X 

« 

X 


X 





or 



It is frequently easy to treat these cases by algebraical or 
trigonometrical methods without having recoui-se to the Diller- 
ential Calculus, though the latter is required for a general 
discussion of such forms. 

By far the most important ease to consider is that in which 

the function takes the form ; for, in the first place, it is the 

one which most frequently occurs ; and, secomlly, any of the 
otlier ff)rms may be made to depend upon this *010 by some 
special artifice. 
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467. Algebraical Treatment. 

Suppose the function to take the form ^ when the inde¬ 
pendent variable x ultimately coincides with its assigned value 
a. Put x=a-\-h aa^eajpaTifi both numerator and denomin^- 
ator of the function. It will now^ecome apparent that the 
rejison why both numerator and denominator vanish is that 
some power of A. is a common factor of each. This should now 
be divided out. Finally, put ^=0 so that x becomes s=a, and 
the ti ue limiting value of the function will be apparent. 

In the particular case in which a is to become zero the 
expansion of numerator and denominator in powers of x should 
be at once proceeded with without any preliminary substitution 
for X. 


In the case in which a: is to become infinite, put a; = -, so 

that when x becomes s oo, y becomes =0. 

The method thus explained will be better understood by 
examining the mode of solution of the following examplea 


Ei. 1. Find 


Lu, 




Here numerator and denominator both vanish if x be put equal to 0. We 
therefore expand «* and h* by the exponential theorem. Hence 


lu. 


a* —6' 




{l+.rIog,« + ‘^{log,ff)!+...| - |l +.rlog^+|^(log,J)*+...j. 


X 


= Ilog.a - log^ + J,(log,al’- log^*) +... | 
= log/i - log,6 = log,' 

Ex. 2. Find 


a 

•b 




Tliia is of the form ? if we put j'=l. Thej-efore we put x=l+A and 
expand. We thus obtain 

xS-3x- + 2 (l+/<I‘-3(l+A)*+2 

= r.u „{±!:.~a+2ia*+...)-2(i + 6A+ioa*+...)+i 
( l+:;A+3A*'-f. .)-3a+2A-fA*)+2 
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-.■JA + A*+... 




-3A + ... 

— 3 + A + ... 




It will be seen from these examples that in the process of ex|)aiisioii it 
is only necessary in general to retain a fete of the loiceet poxcers of h. 


Ex, 3. Find 


Since 




tan .r_ I sin x 
X cos X X 


we have 


X 


] 


Hence the form a.<«nniecl by ^ U 1* wlien we put .r = 0. 
Expand sinr and cos.r in powei-s of r. This gives 

\i 

1 


\ 2! 


= /A-o(l +‘^+liigher powers of 






where / is a series in ascemling powers of x whose first term (and tliere- 
fore whose limit when x«<J) is unity. Hence 

= = A l.y A,-I. 20. 

Ex. 4. Find 

This expression i.s of the form 1*. 

Put \-x^y. 

and therefore, if x= I, ^ 

therefore Limit required = /^<, .o(l - = (Art. 20). 


Ex. 5. 

'Phis is of the form «o x 0. 


Put 

therefore, if jr = co, 
and 


1). 


I 


x^ -» 

y 

y=o. 


Limit required = = log/e (Art. 21). 
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£XA>rPLES. 


Find the values of the following limits 
o'-! 


1 . 


2. Ijtzax 


V-1 

h 


7. L(j 


) — * 
•r 


o. -'• 

jr 

9. 


X2 


10 


, .»•<?*-log( I+r) 


.r- 


a* - sill X cosx 


11. X/i-*o 


TO n sii‘"‘»'->' 
j^cos •r 

. o r. cosh X - cos X 

la. -.- 

O'sin T 


14. Liz^ 


8in~*x 


tan”*jf 


15. Lt 


sin'^jr-sinha: 


XmO' 


1 Tf 

* 5 . -- 

.V^- 1 

4 . LuJl±£tzl. 

X 

f. r* r*+:r^-.7'^-5j' + 4 

5. X^x-i —»—- r '^— 

.ir-T*-j*+l 

,,4-2.^ + 2.r-l ■ 


16* Ltx^^ 


3? 

j:* cos^:r - log( 1 + x) - sin**^ ~ 


17. LtfmO 


2 sin X+tanh-’x - 3.r 


18. 


j g*sinx—X—x^ 

*"''x^+x]og(l —x) 


Ltz^ 


x'^e^-sin’x^ 


2a 

21 . • 

22 . 




23. Lf 


24. 

25. 

26. 


1 

Xr,-o(covers x)'. 
X?,«5(cosec x)*"*'. 


Application of the Differential Calculus. 

4-08. John Bernoulli* was the first to make use of the pro¬ 
cesses of the Differential Calculus in the determination of the 
true values of functions assuming singular forms. We propose 
uow to discuss each singularity in order. 

46Jt. I. Foini 

Consider a curve passing through the origin and defined by 
the equations a^ = i/r(f),'j 

V = 0(0- i 

* ETU>i>(frun*^ 1701 . 
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Let X, y be the co-ordinates of a point P on the curve very 
near tlie origin, and suppose a to be the value of t correspond¬ 



ing to the origin, so that 0 (o) = O and \/'(rt) = 0 . 
Then ultimately we have 


Lt-i = Lt tan POX= = 






Hence 


Lfi.a 


dx 

— aa i ' 




and if be not of tlie form ^ when t takes its assigned 

V'(0 '' 

value a, we therefore obtain 

j. <p{t) _(p'{d) 

But if bo also of nndeterinincd form, we may repeat 

rf>(0 

the process; thus 

proceeding in this manner until we arrive at a fraction such 
that when the value a is substituted for t its numerator and 
denominator do not both vanish, sind thus obtaining an intellig¬ 
ible result—zero, finite, or infinite. 

470. Another Proof of the Method. 

We may arrive at the .same result in another way, thus :— 

Let take the firm when x approaches and ultimately 
y(a:) 0 •' 

coincides with the value a. Let x = a + h. Then by Taylor’s 

Thpnrpm </>X>'^ + dh) 

ineorem 
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for ^(a) = 0 and ^a)=0 by supposition. Hence in the limit 
when x—a (and therefore h= 0), we have 

If it should happen that <p,'{a) and ^'(a) 

as before, repeat the process of differentiating the numerator 
and denominator before substitution for x. 


Ex. l. Lt 


8in$-0 


0-0 (p 

Here ^tf)=8in 6#-d, and 

which both vanish when 6 vanishes. 

f(^=co8 0-l, and f'(6)=Z0*y 
and both of these expressions vanish with 0. 

Ditfereutiating again 

<^"(0)=-sin^, and V^''{d)=6^, 
and still Ixjth expressions vanish with $. We must therefore 
again <#>"'(0)=-cos 0, and Vr'"(d)=6, 

<f)"'(0)=-l, and ^"’(0)=6; 
8ind-d_ 1 
' ii’ 


differentiate 


whence 

therefore 


Lt 


Ex. 2. Lt 


e.o 

e^-e'^+28in 6-4$ 

$.6 ^ 




«^ + e'® + 2 coa ^ 1 


«-o' 


[Form 


_f, (•^ + e^ + 2c08 6'-4 

f Form ^ 

^ 6^0 f,tp 

L 0 

f, e^~e'^ - 28in $ 

r Form - 

0-0 20 f^* 

L 0 

<^^+«’"^-2cos^ 

rForm ? 


L 0 

, <!^-e”^+2 sin ^ 


120^ 

L 0 


120 


30 


471. The [imposition of Art. 469 inny also be treated as 
follows. 

Let ^(a )=:0 and \/r(a) = 0, and let the differential co¬ 
efficient of ^(ic) and the 9 *^ of ^x) be the tii’st which do not 
vanish when x is put equal t^i tt. Then by Taylor's Theorem, 
puttiDgx = «4*//. 

IfP ' ^ }i V 

0(x) = 0l<f ) + /'0 (o,)+•• -r + 

yp 1 ^. /J; 

/<»' 

P 
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Similarly 


Hence 


Now, if 


If 

If 


J,\ 

7 ) > 5 , =^- 

p<q, Lh=M~‘^=^- 

n~a It 


so that the limit is 0 , 


<pHa) 


.or x>, according as 7 ) is >, =. 


>/.p(a)' 

or < q. 

472. 11. Form 0 x 00 . 

Let 0 (a) = 0 and 0 ^(a) = oe , so that 0 (x)<^(x) takes the form 
0 X 00 when x approaches and ultimately coincides with the 
value a. 


Then 


Lt,=^<f>{x)\f^{x) = Lt^^ 


0(£) 

* 1~’ 


and since 


yj/{d) 30 


0 


the limit may be supposed to tike the form and may be 
treated like Form I. 


Ex. 1. 


Ex. 2. 


Lt^ 6 cot $ 


tA • 

Lig sin 

X 


oc 


It ^Lt ^l-ssl 

^-0 tan 6 aec'0 


. a n 

8111 - 811) - 

X X 

*X/x = »-J-= "■ 

T X 


473. IIL Form 

Let 0 (tt)=*, \f^(a)=x, so that takes the form ^ 

yp(x) X 

when X approaches indefinitely near the value a. 

The artifice adopted in this case is to write 

1 

i'i-r) - ~ 

0 (.r) 
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Then since = and ^=—=0. we may consider 

yf^(a) 00 ^(a) oo 

this as taking the form and therefore we may apply the 
rule of Art. 469 


fi 


Therefore 




1 

xlrXx) 

xj^ix) 

Tf 

“ 1 

i>Xx) 

<p{x) 

[fp{x)f 

r 

JxkX^) 

“L>A(x)- 

J f (:*•)■ 

(f>(xy 

Tr, 


^(;r) 


Hence, unless Lfx=a^j^ he zero or injinite, we have 


or 


Lt... 






— I f Ty / 


If, however, Lf^ <^Tr\ 

Y\X) 

i.{x) 

and therefore, by the former case (the limit being neither zero 
nor infinite), 

Hence, subtracting unity from eaeli side. 


r, 4>\x)-\r^\x) 


Tf 


Finall}^ in the case in which 


and therefore by the last case 


If 


<p{x) 


= 0 


-If Vlfe). 

therefore ^ = v^V 

V/(.r) V' (■'■) 

This result is therefore proved true in all cases. 
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474. Jf any function become infinite for any finite value 
of the independent variable, then all its difierential coefiicients 
will also become infinite for the same value. An algebraical 
function only becomes infinite by the vani.shing of some factor 
in the denominator. Now, the pnKJess of differentiating never 
removes such a factor, but rai.ses it to a higher power in the 
denominator. Hence all differential coefficients of the given 
function will contain that vanishing factor in the denominator, 
and will therefore become infinite when such a value is given 
to the independent variable as will make tliat factor vanish. 

It is obvious too that the circular functions which admit of 
infinite value.s, viz., tanx, cotx. secx, cosec x, are really frac¬ 
tional forms, and become infiiute by the vani.shing of a sine or 
cosine in the denominator, and therefore these follow the same 
rule as the above. 

The rule is also true for the logarithmic function log(x-u) 

when x = a, or for the exponential function when x = a, b 
being supposed greater than unity.* 

475. From the above remarks it will appear that if ^{<0 
and yfe(a) become infinite so also in general will ^(</) and 
yp^'{a). Hence at fir.st sight it would appear that the formula 

It is no better than the original form But 

r(*) . . . , ^ 

it gencvally happens that the limit of the expression 
when x = a, can be more easily evaluated. 

Ex. 1. Find Lt. u of (he form-■ 

tan 9 * 

Following the rule of clitrerentiiitiiig miiucnitor for new numerator, and 

denominator for new denominator, we niav write the above limit 

I 


0~ 




TT 

2' 


wliich is still of tlie form 


cc 

go 


But it can he written 
cosrO 


^winch i 


w 

— *•-i- 


U of the fot 


0\ 
*in I 
0 ^ 


•For further diecuMion of this point the student is referred to I'rofessor De 
Morgan 'm Diff, an4 lut, Calculiu, 
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Ex. 2. Evaluate Ztx^m - , which is of the form —. 

e* 00 

er er 

C* eo 

It 18 obvious that the same result is true when n is fractional. 
Ex. 3. Evaluate Z^,_or”(log x)", m and n being positive. 

This is of the form 0 x eo, but may be written 


M'S)' 


[Form i] 


m 


and by putting xn this expression is reduced to 


It,, 



= 0 as in Ex. 2. 


476. IV. Form -» — OC . 

Next, suppose ^(a) = co and i^a)~oo, so that 
takes the form oo — oo, when x approaches and ultimately 
coincides with the value a. 


Let 


(t = ^(x) - y^x) = -1 j- 


From this method of writing the expression it is obvious that 

unless = 1 the limit of u becomes i/r(a) x (a quantity 

y{x) 

which does not vanish) ; and therefore the limit sought is oo • 

But if = 1, the problem is reduced to the evaluation 

of an expression which takes the form oo x 0, a form which 
has been already discussed (II.). 

Ex. Zr,-o^\-cotx^ = A/,»o^(i -xcot j) 

= (which i8 of the form ?) 


= 


X 8Ul X 

X sin X /which is of the sanieX 


SUI X + XCOH X 
stu x+x cos X 


( form atill 
= 0 . 


J 


•t cos JT —jr suu 

477. V. Forms 0°, gc°, 1 ". 

Let y = u', u and v being functions of x; then 

Iog, 2 / = V logtU. 

Now loggl = 0, logeX = X , log*0= — OO ; and therefore when the 
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expression u” takes one of the forms 0 ®, x®, 1 *, logy takes 
the undetermined form Ox x. The rule is therefore to take 
the logaHthm and 'proceed as in A'rt. 472. 

Ex. 1. Find which takes the undeterminedJortn 0*. 

1 




,. 0 -^ = iW-r)=O, 


1 

X x® 

whence =c" = 1. 

Ex. 2. Find Zt^ T(8iiix)*“'. This takes the form 1 

Lt T(9inx)‘“* = Z^ 






and 


r.. * I • I. logsiiix j, cotx 

Lt rtan.rlog8inx=/..f ir— ” - — Lt c- - 

•'‘•j cotx *' " —cosec*x 


^Lt .r{ -Rinxcosx) = 0 . 

X ^ 

required linut=e‘’=I. 


whence 

A slightly different arrangement of the work is e.xeiuplifii'd here. 
478. The following example is worthy of notice, viz., 

given that <p{a) — 0, i/^(a)=x, = 

We can write the above in the form 




winch is clearly r'" by Art, 20, Chap. 1. 

It will be observed that many oxam|)les take this lin ni, .such, 

for example, as P- ‘^7.'>. ami Kxs. 20 to 20 on 

p. 37fi. 

470. of doubtful value at a Multiple Point. 

Since — =0 and =0 at any multiple point on the curve 

ay 

u = 0, it will be apparent that at such a j)oint the value i>f' j- 
as derived from the foriniila 


d.r 


will be of the undetermined form 


Otft 

dx 

■^n 

0 

# 

0 
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The rule of Art. 469 may be applied to find the true limiting 

values of ^ for such cases, but it is generally better to proceed 
ax 

otherwise* 

If the multiple point be at the origin, the equations of the 
tangents at that point can be at once written down by inspec- 

tion and the required values of ^ thus found. 

If the multiple point be not at the origin, the equation of the 
curve should be transformed to parallel axes through the mul¬ 
tiple point and the problem is then solved as before. 

Ex. Consider the value of-j^ at the origin for the curve 

dx 

jr* + ajc^y + hxy^ +y^ = 0. 

The tangents at the origin are obviously 

x=0, y=0, (iur+6y = 0, 

making with the axis of x angles whose tangents are respectively 

0 , 


which are therefore the required values of 


EXAMPLES. 

investigate the following limiting forms :— 


j log(l-x2) 

log CoS X 

, r. 1 + COS me 
tanVx • 

' * ;i.ir*-5x3+2 

5. £(„.log^2 - ?^cot{ 

, , 1 - tan X 

G Lt 

^' *1 - J-Z sin X 

X 

lo" . .cos - 

cot 6 tan~^(w tan d) — 

.6 

VI cos-- 

11 

2 

Sin-- 


8. Z.L_o(cos a;)“***. 9. - a^)*®***-**. 

10 . 

,, , .<4x" ++ (70,*"'*+... 


undetermined forms. 


38o 


r. /l+cosarV-’* 

12. ^ ^®‘”S positive. 14. i _ cos rj 


13. Lt 


(03'. + 1 \* 


15. Z^_o(<-‘ot(45’ - 




tt/ + a„' + a,'+ ... +o«V' 


2x- - + 2 cos + sin^.r 


\7. Lt,., 


If* L( 

18. 


, , . 6 f (i.) If«^o >1 

19. 1^.. ^ If« be <1 

20. 


21. Lt,., 


Ja- +ax + J^- a^\ +^ 


log cos ^ 
a 


22. Lt,_. 


f3x_3.^ 

U a2 ^ aV 


23. Z/,.o(“-cot|). 


n 4 r. Ja^ + ax + x-- ^a- - ux + x- 

/v*. ft --■ f - 

v'<« + a:-s/a-a: 

or Lt 1ok( 1 +x+x^) + log (l -a+jfi) 

sec a; — COS X 

26 Lt 27. 

Ju. - « ^-0 X 


28. Lt,., 


/t .V Ilex- 

(1+^) --24" 


29. [»(l + [,)' - «"!<>«(' + !)]■ 


Z.D.C. 
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on Ti (a;- y)ar + (y - a)af + (« - x)y" . 

JO. {X - y)(y - a){a ^ X) 

[Put x = a + h, y=»o + /t, and expand in powers of h and k, and 
finally, after reduction, put A = 0, A = 0.] 

31. 

^ x+y-2 

32. Show that generally, if a function of two independent variables 
take one of the singular forms etc., for certain values of the vari¬ 
ables, its value is truly indeterminate. 

33. Given + a’= 3axy, 

find the values of ^ when x = y = o. 

ax 

;U. Find the values of at the origin for the curve 

<(x 

+ y3 _ 3axy_ 

35. For the curve .r'V = - y‘)(6 + y)‘ 

find the values of at the point (0, - 6). 

ax 


36. For the curve 


;r^ + aa^y = ay* 


fiiiil the values ofwhen x = 0. 

tlx 


r, r. a* - 1 //* sin X - sin 6a-\" /0\", 

3<. Prove — (—- ) 

X sin x\ cos X - cos Li- / \6/ 


/i\". 


u 


36. Prove 


Lt 






..o'TT-r ^ 


-U 

dx-‘ 


\vhcr*‘ n = and x - sin »/. 

fOS »/ 

I.» y J 

V\ui\ Ltf, where . aud cos’Hl - a.-). 

^ s\u 0 


40. Ify = v!-iu *x)*, [ii'ctvt* tliat 

dx”** 


(I. C. S., 1884.) 


Lt 




iLt- 


= 


(i 




41 Prove that Lt^'" is /,ei o or infinite according as n is 
greater nr less tliaii »'i. a and t being both greater than unity. 
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42. Prove Lt 


(’-3 




43. Prove Lt^Jd- - 

44. Find 

AH -c^ A lix = 

45i riDQ J^t , ---* 1 ir ^ 

tan 6x-tan ax 1 ^( 2 ) Jta — 

x^ - 1 + (x - 1)* 


46. Find 


(x*- l)i-x+l 


47. Find 


X-^ - a2 

48 . Find 

49. Prove that if, when x is infinite, <^(x) = x , then wi 

= i,t{<^{x + 1) - *>(x)}, 


and also tliat {<#»(x) 

50. Prove that 1^1" = «■ 


[ToDHU.sTKirs l)i¥f. Calc.] 


51. Prove 


(Todhcstbh’s iMrr. (‘alc.] 

jm ^ o« ^ 3"^+ ... 1 




m being positive. 

52. Prove {«’" + « + 2/*r +..•+« + (»‘ - 1 )^"*} 

5 -*+' - oT*^ 


where 


m + 1 

and ci, 6 are any given qtmntilies. 
n 
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MAXIMA AND MINIMA—ONE INDEPENDENT 

VARIABLE. 


480. Elementary Methods. 

Examples frequentl}' occur in algebra and geometry in which 
it is required to find whether any limitations exist to the 
admissible values of certain functions for real values of the 
variable or variables upon which they depend. These investi¬ 
gations can sometimes be conducted in an elementary manner. 
A few examples follow in illustration of this. 


E.x. 1. The function jr-4j' + 9 niav be written in the form 


(.r-2)*+5, 

from whicli it is at once apparent that the least admissible value of the 
esprcssion is 5, the value which it assumes when x = 2. For the square 
of a real q\>aiitity is cssi-ntially positive, and therefore any value of x other 
than 2 will give a greater value than 6 to the expression considered. 

Ex. 2. Investigate wljether any limitation exists to the values of the 


expression 
for real vahies of .»•. 
Putting 


j:*+X+l 

.r 3 -x+l_ 


we )iave +^)+ 1-^ = 0, 

an efjuatii)n whose roots are real only when 

(l+y)->4(I-y)^ 

j'.c’.. when (3y - 1X3 -y) is positive ; 

I'.e.. when y lies between the values 3 and It appears therefore that the 
given expression aheafff h'ts in falue heticeen 3 and Its maximum value 
is therefore 3 and its nuninunit 
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Ex. 3, If a, b, c, X, .y, z be all real quantities such that a* + 6* + c* and 
r 2 + y* + z* are both given, then ax + 6y + « will have its maximum value 


when 


X 

a 


.y 

6 


z 

c 


For the identity 

(a*+fc!++-^)=)■+(<^ - 

shows that {cuc + by + czf will have its maximum value when the remaining 
three squares on the right-hand side have their minimum values. And 
being squares of real quantities they cannot be negative. Their minimum 
is therefore when each separately vanishes, which gives the result stated. 


Ex. 4. To determine geometrically the greatest triangle inscribed in a given 
ellipse. 

It is obvious from elementary considerations that if the ellipse be pro- 
jected orthogonally into a circle a triangle of maximum area inscribe.! in 
the given ellip.se must project into a triangle of maximum area inscribed 
in a circle ; an.l such a triangle is equilateral and the tangent to the circle 
at each angular i>oint of the triangle is |«irallel to the opposite side. This 
property of parallelism is a projective property, and therefore holds fur a 
maximum triangle inscribed in the given ellipse. 

Area of a maximum triangle inscribed in the ellipse 
^ioreoxev -Area of ellipse 


Area of equilateral triangle inscribed in a circle 

IVrea of the circle 


^V3 

Att 

Hence the area of the greatest triangle inscribed in an ellipse whose semi- 


axes are a, b is 


h%b. 

4 


Ex. 5. If A, B, C ... Imj h number of ti.xed points and /'any other point, 
and if 0 be the centroid of ma.sses X at A, fx at B, etc., then it is a geo¬ 
metrical ])roposition that 


Hence, since ilAbM* is a 


fixed quantity for all positions of /’, i!A/M' has 


its minimum value when P is at O. 


Ex. 6. In any triangle the maximum value of cos A cos Bcosi C is 

Eor 2 cos A cos B cos C'=cos d(cos//-('-co3 .1), 

and therefore as long as B and C arc unequal we may increase the expres¬ 
sion by making them more nearly equal and keeping their sum constant. 
Tlius cos J cos /? cos 6’does not allain its maximum value until 

-‘ = '“=^=5’ 

and then iU value —(i-T- 
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Examples. 


1. Show algebraically that the expression x+- cannot lie between 2 
and -2 for real values of x. lllustrat-* this geometrically by tracing the 
hyperbola 

2. Prove that, if x be real, must He between 5 and 

’ ’x^ + 4x + 9 ' 


3. Show that, if x be real, 


x+a x+6 


cannot lie between the values 


x~a x~b 
a,Id - 

\»Ja-»Jh) \v/a+v/6/ 

4. Show that the triangle of greatest area with given base and vertical 
angle is isosceles. 


5. If ..-1, B be two given points on the same side of a given straight line 
and P be a point in the line, tlien AP-\-BP will be least when APand BP 
are equally incUneil to the straight line. 

6. Show that tlie triangle of least perimeter iuscribable in a given 
triangle is the pedal triangle. 

7. Show that the greatest chord passing through a point of intersection 
of two given circles is that which is drawn parallel to the line joining the 
tentres. 


8. Determine the maximum triangle of given species whose sides pass 
through given jwints. 

9. Find the least isosceles triangle which can be (le.scnbed about an 

ellipse with its base ]>anillel to one of the axes, and show that it h,.3 its 
aides parallel to those of the greatest isosceles triangle which can be 
inscribed in the siime ellipse with its vertex at one extremity of the other 
axis- [I. C. S., 1884.] 

10. The diagonals of a nmxinium parallelogram inscribed in an ellipse 
are conjugate diameters of the ellipse. 

11. If tlie sum of two varying positive quantities be constant, show that 
their product is greatest when the quantities are equal. Extend this to 
the case of any number of positive quantities. 

12. If a*a,’^ + 6-y*=5C*, find the maximum value of xy. fi. c. S., 1889.) 

13. If .1, C he the angular points of a triangle and Pany other point, 
then A P+ BP-*- CP 'x\\\ be a minimum when each of the angles at P is 
120'. f.! P is a normal to the ellipse with foci B, ('and |»assing through /*.] 

1-1. Find a point P within a triangle ABC such that AP^+BP’-i-CP* 
has a miniiiuim value. 


15. Prove from statical considerations, or otherwise, that if P be a point 
within a triangle, then 

A P*taii A + BPHun B + CP^tan C 
has its nuninium value when Pis the orthocentre. 
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16. If a triangle be inscribed in a circle of given radius B, show that 
the maximum value of the sum of the squares of the sides is 9^. 

17. If ^+^=con8t., the maximum value of sin dsind* is attained when 


e=4>. 

18. Show trigonometrically that the greatest and least values of the 

expression asinj + ftcosr 

are and -Ja^+b'^. 

19. Show by trigonometry that the greatest and least values of the 

function a coB*d+2A sin (9cos 9+6 sin’^ 


are respectively 




20. Find the rectangle of niaxinnuu area wliose siiles jiass through the 
angular points of a given rectangle. 

21. PSF, QSQ' are focal chunls of a conic intersecting at right angle.s. 
Find the positions of the chorda when + has a maximuiii or mini¬ 
mum value. 


The General PROBLE.st 


481. Suppose X to be any in«iependent variable capable of 
assuming any real value u'hatever, and let <p{x) be any given 
function of x. Let the curve y = tf>{3') he leprestoited in the 
adjoining figure, and let A, li, (\ D.... he those points on the 
curve at which the tangent is )»arullel to one of the co-ordinate 
axes. 



Fig. lU'. 

Suppose an ordinate to travel from left to right along the axis 
of X. Then it will be seen that as the ordinate pitssos such 
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points as A, G, or E it ceases to vncrease and “begins to decrease ; 
whilst when it passes through 5, D, or F it ceases to decrease 
and begins to increase. At each of the former set of points 
the ordinate is said to have a mazimtiin value, whilst at the 
latter it is said to have a minimum value. 

482. Points of Inflexion. 

On inspection of Fig. 113 it will he at once obvious that at 
such points of inflexion as G or H, where the tangent is par¬ 
allel to one of the co-ordinate axes, there is neither a maximum 



nf*r a minimum ordinate. Near G, for instance, the ordinate 
increases up to a certain value NG, and then as it passes 
through G it continues to increase without any prior sensible 
decrease. 

This point ma}*^ however he considered as a combination of 
two such points as A and B in Fig. 112, the ordinate increasing 



up to a certain value then decreeing through an inde¬ 

finitely small and negligible interval to and then increas- 
ing again as shown in the inagnificd figure (Fig. 114), the 
points Gy (?2 being ultimately coincident. 
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483. We are thus led to the following definition :— 

Def. If, while the independent variable x increases contin- 
uowsly, a function dependent upon it, say <p{x), increase 
through any finite interval however small until x = a and 
then decrease, <p{.a) is said to he a maximtm value if (p{x). 
And if <p{x) decrease to <p{a) and then increase, both decrease 
and increase being through a finite interval, then (p{a) is said 
to be a MINIMUM value of 


484. Criteria for the discrimination of Maxima and Minima 
Values. 

The criteria may be deduced at once from the aspect 

of ^ as a rate-measurer. For is positive or negative 
dx 

according as y is an increasing or a decreasing function, isow, 

if u have a maximum value it is ceasing to increase and 
^ 1 
beginning to decrease, and therefore must be changing irom 

positive to negative; and if y have a minimum value it is 
ceasing to decrease and beginning to increase, and therefore 

must be changing from negative to positive. Moreover, 
dx 

since a change from positive to negative, or rice versa, can 
only occur by passing through one of the values zero or in¬ 
finity, we must search for the maximum and minimum values 
among those corresponding to the values of x given by (i>\x) = 0 
or by y>{x) = co. 

485. Further, since must be increasing when it changes 

aX ^2 

from negative to positive, if not zero must then be positive ; 
and similarly, when changes from positive to negative 

must be negative, so we arrive at another form of the criterion 
for maxima and minima values, viz., that there will be a maxi¬ 
mum or minimum according as the value of x which makes 

dht 

zero or infinite, gives a negative or a positive sign. 

486. Properties of Maxima and Minima Values. Criteria 
obtained Geometrically. 

The following statements will be obvious from the figures 
112 and 113:— 
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(a) According to the definition given in Art. 483, the term 
maximum value does not mean the absolutely greatest nor 
minimum the absolutely least value of the function discussed. 
Moreover there may be several maxima values and seveiral 
minima values of the same function, some greater and some 
less than others, as in the case of the ordinates at A, B, C ,... 
(Fig. 112). 

(jS) Between two equal values of a function at least one 
maximum or one minimum must lie; for whether the func¬ 
tion be increasing or decreasing as it passes the value [ilfiPi in 
Fig. 112] it must, if continuous, respectively decrease or increase 
again at least once before it attains its original value, and 
therefore must pass through at least one maximum or mini¬ 
mum value in the interval. 


(y) For a similar reason it is clear that between two maxima 
at least one minimum must lie ; and between two minima at 
least one maximum must lie. In other words, maxima and 
minima values must occur alternately. Thus we have a maxi¬ 
mum at A, a minimum at B, a maximum at C, etc. 


((5) In the immediate neighbourhood of a maximum or mini¬ 
mum ordinate two contiguous ordinates are equal, one on each 
side of the maximum or minimum ordinate; and these may 
be considered as ultimately coincident with the maximum or 
minimum ordinate. Moreover as the ordinate is ceasing to 
increase and beginning to decrease, its rate of variation is itself 
in general an infinitesimal. This is expressed by saying that 
at a maximum or minimum the function discussed has a 
stationary value. This principle is of much use in the geo¬ 
metrical treatment of maxima and luinima problems. 

(«) At all points, such a.s A, B, C, D, E, at which maxima 
and minima ordinates occur the tangent is ‘parallel to one or 
other of the co-ordinate axes. At points like A, B, C, D the 




dy 


value of vanishes, whilst at the cuspidal points E, F, 

hccomcs infinite. The po.sitions of maxima and minima ordin- 
ate.s are therefore given by the roots of the equations 

i>'ix) = 0 I 
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That ^=0, or ^=3C , are not in tliemselves tmficieiit 
'»•' dx ax 

conditions for the existence of a maximum or minimum value 
is clear from observing the points G, II of Fig. 113, at whicli 
the tangent is parallel to one of the co-ordinate axes, but at 


H 



which the ordinate has not a maximum or minimum value. 
But in passing a maximum value of the ordinate the angle 
which the tangent makes with OX changes fruiu acute to 

obtuse (Fig. 115), and therefore tan or changes from 

positive to negative; while in passing a minimum value yjr 

changes, from obtuse to acute (Fig. 116), and therefore 

changes from negative to positive. 



487. Working Rule. 

We can therefore make the following rule for the detection 
and discrimination of maxima and minima values. First find 

dx 

vanialies; also observe if any values of x will make it become 
injinite. Then test for each of these values whether the sign 

o(p 

dx 


changes fntm + to — or from — + as x increases 


and by equating it to zero find for what values of x it 
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through that value. If the former be the case y has a maximum 
value for that value of x ; but if the latter, a minimum. If no 
change of sign take place the point is a point of inflexion at 
which the tangent is parallel to one of the co-ordinate axes; 
or, in some cases it may be more convenient to discriminate by 

applying the test of Art. 485. Find the sign of corre¬ 
sponding to the value of x under discussion. A ‘positive sign 
indicates a minvmAivi value for y; a negative sign, a rnaximum. 

When ^-^=0 this test fails and there is need of further inves- 
dx- 

tigation (Art. 488). 

Examples. 


1. Find the maximum and minimum values of y where 

y=(x-lXx-2)5. 

Here ^ = (x-2)=+2(x-l)(x-2) 

=(x-2)(3x-4). 

Putting this expression =0 we obtain for the values of x which giv« 
possible maxima or minima vahies 

x=2 and 

3 

To test tliese : we have 

if X be a little less than 2, —)( + )=negative, 

ax 


if X be a little greater than 2, 


^■^^=(+)( + ) = positive, 
ax 


Hence there is a change of sign, viz., from negative to po.sitive as z {Kisses 
through the value 2, and therefore x=2 gives y a minimum value. 

Again, if x be a little less than —) = positive, 

and if .r be a little greater than f, *^=(-)( + ) = negative, 


showing that there is a change of sign in viz., from positive to negative. 

and therefore x^- give.s a maximum value fory. 

«3 

Otherwise: ^•^^=(x-2X3x-4), 

that when is? put =0 we obtain x** 2 or 
ax 3 


80 
And 

80 that* when .r = 2, 


g=a.-ia 

j.t- '■ 
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a, positive quantity, showing that, when xas2, y assumes a minimum value, 


whilst, wlien = 


^/=-9 
dx-' 

which is negative, showing that, for this value of x, y assumes a maximum 
val ue. 


2. If 




dx 


^^x{x-mx-zf, 
dx 


where n and d are positive integers, show that x s= a gives neither maximum 
nor minimum values of y, but that x=b gives a minimum. 

It vnll be clear from tkie example that ^wither maxima nor minwia values 

ean aTnse/rom the vamVu'fi^ of tuck factors of as have even \ndices. 

3. Show that has a maximum value when x=*4 ami a mini- 

X- 10 

mum when x = 16. 

4. If 

C-- 

show that x = 0 gives a maximum value to y 

and j‘=3 give.s a minimum. 

5. Find the maximum and minimum values of 

a.rJ-lSx' + SGx + G. 

6. Show that the expression 

(x_-2)(x-3)2 

has a maximum value when x=~, and a minimum value when x = 3. 

7. Show that the expression 

x^-3.r2+Cx + 3 

has neither a maximum nor a minimum value. 

8. Investigate the maximum ami minimum values of the expression 

3x^-2.')a-^ + 60.i-. 

9. For a certain curve 

= (x - l)(x - 2)^(x - 3)^x - 4)« ; 
dx 

discu 3 B the character of the cur%*e at the points ^*3* x —4. 

10. Find the positions of the niaxinium and minimum orainali-s uf the 

curve for ^rhich “ 2)\2x 3)^(3x — 4/(4^ — 5)^ 

dx 

U. To $how that a triangle of maximum area iiucribed in aug oval curve 
ia aneh that the tangent at each angular point is parallel to (he opposite side. 

If PQR be a maximum triangle inscribeil in tlie oval, its vertex I‘ lies 
between the vertices X, M of two equal triangles LQRt ^QR inscribeil in 



the oval. Now, the chord LM is |iaralhd to QR and the tangent at P is 
the limiting position of the chord LM, which proves the proposition. 
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It follows that, if the oval be a& ellipse, the medians of the triangle are 
diameters of the curve, and therefore the centre of gravity of the triangle 
is at the centre of the ellipse. 

12. Show that the sides of a triangle of mvnimwm area circumscribing any 
oval curve are bisected at the points of contact; and hence that, if the oval be 
an ellipse, the centre of gravity of such a triangle coincides with the centre of 
the ellipse. 

Let ABC be a triangle of minimum area circumscribing the oval Sup* 
pose P the point of contact of BC. Let ABiCi, ABfJi be two equal 



Fig. 118. 

circumscribing triangles such that B]C\, B^C-i touch the oval at P\. P-on 
opposite sides of P and intersect in T. Tlien 

triangle 715153=triangle TC\C^ 
or i TB-i . 7!5j8in 5j TB-^ = 4 TC ,. T’Cssiu Cj TCj. 

If we bring P^ and P^ nearer and nearer to Pso as to entrap the minimum 
triangle, the above eqxiation ultimately becomes 

TB^=TC^; 

and 7' being ultimately the point of contact P, the side BCh bisected at 
its point of contact. The remainder follows as in Ex. 11. 

13. To show that a triangle of inaj.-imum perimeter inscribed in any oval 
is such that the tangent at any aixgular poiyU makes equal angles xcitk the 
sides which meet at that point. 

For, with Fig. 117, b‘t PQIt be a triangle of maximum perimeter in¬ 
scribed in the oval; its vertex P lies Iwtween the vertices L, 2f of two 
inscribed triangles LQU, MQK of equal jwrimeter. Now since 

L and If lie upon an ellipse wlmse foci are and H. When we proceetl to 
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the limit where L and M approach indefinitely near P the curve and the 
ellipse have the same tangent at P. Hence the re.sult. Also if the oval 
be ait ellipse it is clear that the sides will touch a confocal. 

14. If a triangle of minimum perimeter circumscribe an oral, the points 
of contact of the sides are also the points where they are touched by the e-circles 
of the triangle. 

Let .d^Cbe a triangle of minimum perimeter circumscribing an oval. 
Suppose P the point of contact of BC. Let AD\Cu -! B-Ci be two circum¬ 
scribing triangles of equal perimeter such that Bf\, Bzl’t touch the curve 
at /*!, Pi on opposite sides of P and intersect in T. Then 

BiBi + Bf\=BiCi+CiCi. 



Ijet perpendicuhirs Bxml—y) and f’in(=;) be drawn tipon B.C.,, and let 
BxTB-^B an infinitesimal of the first order ; y and z are therefore also 
first order infinitesimals. The above equation then becomes 
y cusec ^,,-|-(y-|- 2 )cosec B=y cot(fl‘ — + 2 )cot ^-He cot C’j-f -2 ct^sec t \ 

or d + {y + z){\ -cos d) = 0 


Now 1—cosd is a second order infinitesimal, an<l rejecting tliird and 
higher orders we obtain 


lA^. 


, B 

Uin- 


tan 


r 

■1 


Now 


,^u_,.BxT_np 
zt\T-CP 


ThuH tlie Hiilii BC is divided at the* point of c<»iitact in the ratio 

* Ji C 
tan : tan -• 


Tliene }>oiiit8 are the points of contact alno %vith the eKcribed circles of the 
triangle. 

15. /ind (he path of a ray of light from a point A in one medium to a 
point li in another medium^ supposing the path to be such tfuxt (he least 
possible time in occupied in passing freym A to By and (hat the ce/ority of 
propagation oj light changes from v to if on passing the boundary se/tara(ing 
the media, [Fkkmat's Fkoblku.J 
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We shall, for simplicity, consider A and S to lie in the plane of the 
paper, and the separating surface of the media to be cylindrical with its 
generators perpendicular to the plane of the paper. 

Let OI’jP' be the section of the separating surface by the plane of the 
paper, and let APB, AP'B be two contiguous paths from AtoB. Then, 



Fig. 120. 


if the times in these two paths be equal, the quickest path lies between 
them. Let fall perpendiculars P’n, P'n from P' upon AP and BPy and 
draw the normal ZPZ' sX the point P. 

Then, since the time in AP£ = time in AP'B, 

APl^ AP BP' 

l’ V V v' ' 

. .. Pn Pn' 

or in the limit —= —r> 

V V 


whence 


,,sin nPZ'_ t,Pn _v 
sin ul^Z' TW if 


aiul therefore, if in the limit the incident ray A P and the refracted ray PB 
make angles i’, i respectively with the normal at P, we obtain 


sin i V 

—r,—->> 

sin t V 

thus proving Snell’s w’ell known law of refraction. 

10. Anotlier example of the power of this geometrical method is to be 
found in the following dynamical problem. 

To find thf nature of the curve aloiig tvhich a particle can dide from one 
givoi point to a second jiot in the same vertical line under the action of gravity 
in the shortest tone.* 

It may be taken as obvious that the path between any two points lies 
entirely in the vertical plane joining them. 

Let A and B be two points of the path very near to each other. Let 
APB. AP'B be two contiguous broken rectilineal paths, which may be 
regarded as so short that the velocity through AP and AP may be 
regarded as constant and equal to that at A (v say), and that the veloci¬ 
ties in Pi?and PB are constant and equal to that at B (i/). And suppose 


* Woodhoase, Isoperinidrical Problems, referred to by Tait and Steel. J?vnamiC$ot a 

Particle. App, C. 
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that the points /*, V are in a horizontal line (Px), and that the times down 
these paths are equal. If Q be another point in Px such that the time 
down AQ, QD is a minimum, Q lies between Pan<l P. 

Constructing as in Ex. 15 we have in the same way 

yaccosV'> where yfr = A(^x. 

Now it is known froni elementary 
dynamics that <c vertical distance 
fallen through. Hence the curve is 
such that the vertical distance of 
the particle at any instant from 
the horizontal through the starting- 
point oc cos*'/^. Thus the |)ath is 
identified with the cycloid, Arts. 

3!)4 and 397. 

This curve has therefore been 
called a Brachistochrone for parti¬ 
cles sliding down it under the action 
of gravity. 

17. Extend the results of Exam¬ 
ples 11, 12, 13, 14 to polygons in¬ 
scribed in or circumscribing an oval. 

18. Show that the chord of a given curve which i>asses through a given 
point and cuts off a maximum or minimum area is bisected at the point. 

10. Find the area of tlie greatest triangle which can be inscribed in a 
given parabolic segment having for its base the bounding chunl of the 
segment. 

20. In any oval cui^'e the maximum or miniimun chonl whicl> is normal 
at one end is either a railius of curvature at that end, or normal at both ends. 

21. Ill the axis of a given parabola ami within the curve are taken two 
fixed points P, Q ; find the j>oint on the curve at which the line J‘Q suhtemls 
the greatest angle, and show that, if the semi-latus rectum is an Arithmetic 
mean between the distances of J\ Q from the vertex, the abscissa of tlie point 
is to the geometric mean between the distances as 1: ^,/3. [O.xrouD, 

488. Analytical Investigation. 

We now proceed to investigate tlie conditions for the e^List- 
ence of maxima and minima values from a purely analytical 
point of view. 

It appears from the definition given of maxima and minima 
values that as x increases or decreases from the value ct through 
any small but finite interval h, if ^(x) be always le.ss than <p(a), 
then 0(tt) is a maximum value of <p(x ); and tliat if <p{x) bo 
always greater than ^(a), then ^(a) is a minimum value ot <p{x). 

K.D.C. 



o 
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We shall assume in the present article that none of the 
derived functions we find it necessary to employ become in¬ 
finite or discontinuous for the particular values discussed of the 
independent variable. We then have by Lagrange s modifica¬ 
tion of Taylor's Theorem 

A{x-\-k) — ^(x) = h<p'{x)-\- ^,4>X^ + ^^0 

'' , . 

and ^(x—A) —0(x)— 


And when h is made sufficiently small the sign of the right- 
hand side of each equation, and therefore also of the left-hand 
side, is ultimately dependent upon that of that being 

the term of lowest degree in h. 

Hence ^(x -H ^) — 

and 0(x — h) — ^(x)/ 

have in general op'poaite signs. 

For a maximum or minimum value, however, it has been 
explained above that these expressions must, when k is taken 
small enough, have the same sign. It is therefore necessary 
that <p'{x) should vanish, so that the lowest terms of the right- 
hand sides of the equations (a) should depend upon an even 
power of A. ^'(x) = 0 is therefore an essential condition for 
the occurrence of a maximum or minimum value. Let the roots 
of this equation be a, h, c . 


Consider the root x — a. 

We ma}' now replace equations (a) by the two equations 

<p{a -4- A) — «) = 9 

},i hz ( . 

<p{a - A) - <p(a) = - e\h)j 


h‘i 

It is obvious now as before that the term being that 

of lowest degree, governs the sign of the right and therefore 
also of the left side of each of equations (b) ; i.e., in general the 

signs of 

and tp{a — k) — ip{a)) 

ai e the same as that of 0"(a). Hence if <p'Xa) be negative 
I_{./,) and 0(a — A) are both < <pia), and therefore 0(a) is a 
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maximum, value of tp{x)\ while if ^"( 0 ) be pof>itive both 
+ and <f>(^n —/<) ai’c > ^(w), and therefore <p{a) is a 
minimum value of ^(x). 

But if it should happen that tp''{n') vanishes, equations (B) are 
replaced by 

0(a + /() — 0('t)= ”(<0 + 

— h) — (p{ii)= — + ^.4*" (.a-BJt) 

and therefore when h is sutticiently small 

<f>(a-\-h) — ^(<()\ 

<p(a — h} — 4>(a)) 

are of opposite signs, and tlierefore there cannot be a maximum 
or minimum value of when x = a unless ^ (a) also vanish, 
in which case the sign of the riglit side of each equation depends 
upon that of 4 >""{a). And, as before, if this be ueg-ative we 
have a maximum value and if positive a minimum. 

Similarly, if several successive differential coethcients vanish 
when X is put equal to a, it appeal's that for a maximum or 
minimum value it is essential that the tirst not vanishing 
should be of an eveii order, and that it that differential co¬ 
efficient be negative when x = a a maxinni7)i value of <p{x) 
is indicated, but if positive a ruinimum. 

Exami’les. 

1. Determine for what values of j* the function 

= 1 - -tr...-* + 40.^3 + 

acquires iiiaxiinuiii or ininiiuum values. 

Here <f>'{x) = 60{x*+ '2 j-^i 

Putting this =0 we obtain j* = 0, J= I, .c— 2. 

Again «/>"(.••) = G0( - O.r^ + 4j ). 

If x= 1, is negative ami tlierefore we have a maxiiuuiu value ; if 

x=2, ffi'Xx) is positive and therefore this value of .r gives a luiniinum v;ilue 
for = </>'(•*■) vanishes, so we must proceed further 

Now iP"'{x) = C0( I ir* - 1 Hjr + 4 ), 

which does not vanish when J = 0, so .r = 0 gives neither a maxiiiiiun nor 
a niiiiiinuia. 

2. Show that x = 0 gives a inaxiinum value, and .r 1 a iniiiimitin, for 

the function - - —• 

ti A 
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3. Show that gives a maximum and .r«l a minimum for 

■5 ~T 

4 . Show that the expression sin^^cos 6 attains a maximum value when 

^ = 60 *. 

5. Illustrate geometrically the statement of Art. 48S that in general 
<^x+/ 0 -<K-^) and 4>{x-h)-(f>(x)Are of opposite .sign. 

6 . Show that the maximum value of 

A- • 4 

7. If w=x”(a-.v)", the critical values are 

. met 

x= 0 , x=a, x= — 

m + « 

Examine the several cases arising as m and n are odd or even. 


respectively 


8 . If «=x/log.r, prove that x=e gives a minimum. 

9 If prove that the maximum and minimum are 

(x-a)'.r-/>) 

_ /V«+ s'6\* d _ 

(Compare Ex. 3, p. 390.) 

10. Discuss the maxima and minima values of 

cos mx cos’"(a+ x). 

11. ABCDEFabcdef is a right prism u|>on a regular hexagonal base. 
The corners /i, />, Fare cut off by planes through the lines .-1C, CE, EA 
meeting in a point V on the axis TxV of the prism, and intersecting Bb, 
I),I, Ff resj^ectively at .V, I', Z. It is plain that the volume of the figure 
thus formed is tl>e same as that of the original prisjn with hexagonal ends. 
For if the axis cut the hexagon ADCDEF in A', the volumes T.VAC, 
.V/^.-IC are clearly equal. It is required to determine the inclination of 
the face.s forming the trihe<lral solid angle at I* to the axis so that the 
surface of the figure may be a minimum.* 

Let FVX = 6.. side of hexagon = {i, Aa=h. 

Then .1 C=2u cos 30' = a^/3 

and r.V=a sin B. 

li. n<-e area of rhombus*® I'.l A’C=a\^3/28in 6. 


' (ircii^ry (Ksampht, page 106) makes the following interesting remark 
*• Tlii-s is tlie celebrated problem of the form of tlie cells of bees. Maraldi was the 
fu st who nu asuri d the angles of the faces of the terminating solid angle, and he found 
them to be 100* 28' and 70’ 32' respectively. It occurred to Reaumur that this might 
be the form, which, for the solid content, gives the minimum of surface, and he 
requested Koenig to examine the question mathematically. That geometer confirmed 
the conjecture ; the result of his calculations agreeing with Mnmldi's measurements 
within 2'. Maclaiirin anil I.'Huillier, by different methods, verified the preceding 
result, excepting that they showed that the difference of 2’ was due to an error in the 
calculations of Koenig—not tc a mistake on the part of the bee® " 
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Again area of <DjA-\* = ^(2 A -i I'Vcos S') 

= ^(2/,-«cot0). 

Hence tlie total area = hexagoii -**cotd) + 3'/\'3 2sin^. 

Differentiating, 

(/(Area)_3o*/_1 ^/3 cos 

d0 2 \,sin’'*d siii't^ / 

Hence cos^=-?-' 

^/3 

The change of sign is evidently from 
negative to positive as d increases throtigh 

co3 ~*-L ; hence this angle gives the inini- 
V3 

mum surface. 

12. A pei-son being in a boat a miles 
from the nearest point of the beach wishes 
to reach as quickly as possible a point 
b miles from tiiat point along the shoiv. 

The ratio of his rate of walking to his rate 
of rowing is sec a. Prove that he should 

and at a distance b - a cot u from the 
place to be reached. 

13. Find the greatest cone that can be 
inscribed in a given .sphere. 



Kig. 123. 


14. Find the cone of least stirfaee which can be circumscribed about a 
given sphere, and show that it is also the circumscribing cone of miniinum 
volume. 


I.MPLICIT FITNCTIONS. 

489. In the case in wliicli tlie quantity y, whose maximum 
and ininitnum values are the subject of investigation, appt'ars 
as an implicit function of x, and cannot rea<lily be expressed 
explicitly, we may proceeil as follows ;— 

Let the connecting relation between x and y be 

.'/) = »>.( 1 ) 

then + = 0 .(■_.) 

OX cy (lx ^ ' 

Now in searching for maxima an«l minima values of y tlio.se 

values of x are critical which make zero or infinite. Thus 

tlx 

we should examine the cases for which or — ohaiKro si-m 

or ° ® 
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Taking, for instjince, the case ot maxima or minima deduced 
from the equations = 

. 

dx ' 

we can proceed to their discrimination as follows 
Differentiating equation (2) we have 

3*^ ak. <'? , ^ = 0.(4) 

dx-dxdy clx^\dxdy dxJdx dx- 

and, reraeinbering that reduces to 

.(5) 

d.r^ ^ 

Substituting the values of x and y derived from equations (3) 
we can test the sign of and thus discriminate between the 
maxima and minima values. 

7^/h 

The case in which this test fails, viz., when ^ = 0 for the 

values of x and y deduced by equations (3), is complicated 
owing to the complex nature of the general formulae for 

(Lr^ ilx* 


Kx. Find the maximum and minimum ordinates of the cun-e 

.r3+y3 = 3(7.ry. 

U'=-«y)+(jr=-«x)* = 0,. 


Here 

and Kiv<'s 

(/.<• 


.f—ay. 

e'nmhinin*: tliis with the otiuation to the curve we obtain 

y = '2ajr>/ ; 
l/ = 0 or y = 2a.7-. 

t/ssO gives x=0, 

whilst ;r = '2a,ri :/* = 4a\i/, 

winch presents the additional solution 

.V - a V-*. 

x = a V2. 


( 1 ) 
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Hence the points at which maxima or minima ordinates mav exist have 
for their co-ordinates ( 0 , 0 ) and (a i^/ 2 , « ^'4). 


Now 

and therefore at the point 


= 6 .f and S(j/- — oa-), 
ai- Oy 




x = ai% 
t/ = a ij4. 


^ _2 
a 


d^y _ 2r _ —2alJ2 

da- 'd<f>~ y-- ax~ 2 ( 1 -1,'‘2 — i,''2 

and is negative^ and therefore at this point y has a maximum value. 

At the point x — o, V = the foi-mulae for and hotli brciuiie 

* f/.V iij'' 

indeterminate, and we have to investigate their true valties. 
Differentiating equation (1) we have 

And when x and y botli vanish ttiesc ^'ivc 

dy ,, 1 d-!/ 2 

dx d.i- 3a 

allowing that the ordinate y has for tin's point a niinimutii value. 


SEVKKAL DeFKNDKNT V.VHIABLES. 


490. Suppose the quantity whoso maxima and minima 
values are the subject of investigation, to be a function of 
n variables x, y, z, etc., but that by virtue of u — 1 relations 
between them there is but one variable independent, say x. 
We may now, from the n —1 equations, theoretically tiinl the 
■jr—1 dependent variables y, 2 , ... in terms of x, ami .suppose 
that by substitution u is e.xpressed as a function of the one 
independent variable a:. The methods of the jireceding articles 
can now be applied. It is often, however, inconvenient, even 
if possible, actually to eliminate the ■>? — 1 dependent vai iables 
y, z, etc., and it is not nece.ssai'y that this should be immediately 
done. 


Suppo'.u, for instance. ix = (p(x, y, z) 
a function .sueli as the one discussed, x the independent variable, 
y and z dependent variables connected with x by the relations 


I'\{x. y, z) = 0. 
K(x, y, 2 ) = 0. 
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Then putting ^ = 0 for a maximum or minimum, we have 


, 30_Q ( 1 ) 

cZa: ~ 3x ?yy dx Zz tix 

?Z,+?Z'..#+2^i.^=o.(2) 

"dx 'dy dx "dz clx 

^5 + ?^.^+?— 2 .^ = 0 .( 3 ) 

dx dy dx dz dx 


dy 


<h 



dy 




d*k 

d<p 

dx' 


dz 

dF, 

sr, 

sr. 

dx' 


dz 

dF^ 


dF, 

dx' 


Zz 

which, with u 


= 0 , 


(4) 


A ^ 

will serve to find x, y, z and u. 

Again, by difterentiating equations (1), (2), (3), and elim- 

inating ■"'« ““>' 

test its sign for the values of a;, y, z found. 


Ex. A Norman window cotisista of a rectangle surmounted by a semi- 
circlf. (.iivon the perimeter, show that, when the quantity of light 
ii.imitted is a nm.ximum, the radius of the semicircle mu.st equal the 
lieight of the rectangle. [Todhcnter’s Dirr. Calc., p. 214, Ex. 30.] 

T.ct v be the height and 2j: the breadth of the rectjingle, then the area 
of the window is given by vl = irx*+2j:y, 
and this is to be a maximum. 

For the perimeter we have 

/»=2j/ + 2.r + ?r.r= constant. 

Choose .»• to be the independent variable. Then we have, since A is a 


maxitnnin. 


^;i=ii^xj: + 2i/ + 



rf^ = 0 = 2 ^'' + 2 + ,r, 

du 


;iml since P is constant 






MAXIMA AND MINIMA. 


409 


Eliminating we have 
® dx 


7r.i'+ 2j/ = r(7r + 2), 


or 


x=y = 


7r + 4 


and therefore the radius of the semicircle is equal to tlie height of the 
rectangle. 

To test whether this result gives a maximum value to .1 we have 


and 


therefore 


d^ ^ ^d^' 

4^=7r + 2(-2-jr)=-a--4, 
dx‘ 


and is therefore negative. 

Hence the relation fouml, viz., x^y, indicates a maximum value of the 
area. 


491. In the solution of such questions as the foregoing it is 
frequently unnecessary to employ any test for the discrimina¬ 
tion between the maxima and minima, since it is often suf¬ 
ficiently obvious from geometrical or other considerations which 
results give the maxima values and which give the minima. 


402. Function of a Function. 

Suppose z=f{T), where x is capable of assuming all possible 
values, and let y = F{z ); then it appears that since 


dy _(ly dz 
dx dz dx 


^F\zY(x). 


the vanishing of either of the factors f{x) nr F'{z) will give 

and therefore y may have inaxima or minima either for 

solutions of .F'(3) = 0 or for such value.s of x as make /'(j') = 0, 
and which therefore make z a maximum or minimum. More¬ 
over, if s be not capable of assuming all pos.sible values, it may 
hap])eti that some of the roots of F'{z} — 0 are e.Kcludcd by 
reason of their not lying within the liinit.s to wlncli z is re- 
strictoil. Several such problems have been discussed at length 
in the Cumhridye MaUicnniticid Journal, vol. III., p. 237- 


Rz. I, To find tin* iimxiiiui and iniiiitna valuci^ of the perpendicular from 
the centre of an elU)> 2 Sc upon a tangent. 
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If r :iiul / lit* cuiijugate senii-diameters, a and b the semi-axes, and p the 
perpendicular from the centre on the tangent at the point whose radius 

vector is r, we have 

pr^ab. 


giving 


P‘ 


Differentiating with res|)ect to r, 

p' dr 


dr 

we obtain r^O, 


and putting 


a result wbicli is inadmissible, since ris restricted to lie between the limits 
a and 6. It appears therefore at first sight as if the ordinarj* criteria had 
failed to determine the true maxima and nuiunia values of r. We should 


remember, however, that since r is restricted to lie between certain values 
it will not do for an imlependeat variable, and we should therefore have 
substituted the value of r from the equation of the curve in terms of 
wld<‘h is susceptible of all values and therefore s\iit4ible for an independent 
^'a^iabU^ We shouM thus have 


(/;• • 


df* ^ dr 
p' ,W ~ 

air I the vanishing nf indicates that the maximuiu and minimum values 

of p arc to bf ^ulight ut tin- same values of tf for which the maximum and 
minimum values of r occur; be., obviously wlien r = <i and when 
'riiis result was of course apparent ab hn'tw fnuu the form of the relation 
between atjd r. 


Ex. *2. 'I he orbits of the earth and Venus being assumed circular and 
co-planar, to investigau in what position Venus appears brightest, 

The brightness of a phim t N uries directly as the area of its phase, and 
invcrselv as tin* sipi;ire nf the *list:iih*e of the plamu fviun tlie earth. 



l ig. liM. 



bet A’ami be the cui tli and the MUi and I’ the centre of V'^enus, the 
plane of the paper being the plane i»f motion. 

Let py/*\ Q IV he diaineti*al planes of the planet, }>erpendicular to the 
lines AM'and I’, and let be the diameter perpendicular to the plane 
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of motion. Draw at right angles to PP'. Let c be the planet's radius 
and or, a, r the lengths of E\\ ES, and aS T respectively. The hemispherical 
portion QPQ' is illuminated by the sun’s rays, whilst PQP' is the portion 
expos> d to view fron> the earth. The illuniinateil jK)rtion visible is there¬ 
fore bojuided by the line ZQZ'PZ, whose projection upon the plane PZP’^ 
is a crescent*8hape<l are.i bounde«l by a semicircle and a semi-ellipse, the 
greatest breadth being PS. 'I’he area of this crescent is 

in-c* — i?rc. c cos *V I'Q, 
and therefore * I -cos 

The brightness therefore 


1 - cos S ro 1 + cos E I 'S 

^ ^ ChT —— • 

EVi E\’^ 


Now 


whence brightness * 


cos£’r6 = 
(jr + r)--a‘ 


fl . ft o 

.r^ + r--a- 


SLrr 


1 2r 
or + ..+ 

X .!•* 


• 4 

• n 


Tliis expression hns its ina.xiinum and niiniinum values, 

(1) when r is a ma.ximuni or a mininmni, />., 

when j- = a±r; 

(2) when + ^ ^ ^ = 0 . 

This second relation gives 

+ 4rx -t- 3(r* - <7*) (•. 

or X = -I- - 2r, 

the negative root being inadmissible. 

We have now to iiupiire whether this value of x lies between the 
greatest and least of the admissible values of x, viz., a±r. 

Now s'3a' -Hr^-2r>o-;- 

if r<a, 

and 


if 


r- - 2r<a + r 


For the inferior planets, Venus and Mercury, wliose mean <listances 
from the sun are respectively *7a and •39ci roughly, r obviously lies witln’n 
the prescribed limits. To ilistinguish between the maxiiua and minima, 
we observe that when the earth and planet are in conjunction, i.c., when 
the brightnessssO, and is obviously a iiunimuiii. ITence 

+ 2r 

gives a maximum and + r a minimum. It is ea^sy to deduce hence 

that, for the position of maxiniMin brightness, 

\r 

2 tan £— tin - • 

2 

an equation due to Halley, and 

3a co8^^+4r cos A’ — 4a = 0, 

which determines tlie angle K [Hw Gookkay’s Astuonomv, 2hd Ed., p. 287. i 
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493. Other Maxima and Minima; Sing^arities. 

The accompanying figure (Fig. 125) is intended tfj illustrate 
some points with regard to maxima and minima which we 
have not at present considered. 



At S there is an asymptote parallel to the y-axis. The 
curve y = <p(x) approaches the asymptote at each side towards 

the same extremity. Here y= » and ^ co , but ^ changes 

sign in crossing the asymptote, and there is an miinite maxi- 
7nuTio ordinate at S. 

At 'T there is another asymptote parallel to the y-axis, but 
in crossing the asymptote the curve reappears at the opposite 

extremity and does not change sign ; there is therefore 

neither a maximum nor a minimum at T. 

At M there is a "point saillant" giving a discontinuity in 

the value of The ordinate at such a point is a maximum 

or a minimum. In the case in the figure we have a maximum 
ordinate. 

At R the curve lias a "point iVarr^" and a maximum 
ordinate, though does not vanish or become infinite. 

'• (i.c j 

At X there is a ciisn, but -/ is neither zero nor infinite. 

Yet the ordinate at .V is the smallest in its immediate neigh¬ 
bourhood, and therefore a minimum. It is to be noticed, 
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however, that in travelliiijj alonjx the branch the value of 
X does not pans through OH', and therefore the ordinary theory 
does not apply. 

At such points as Q, clianges sign, and yet 

obviously the value of y is not a maximum or niiniinuni. As 
in the last case, it sliould he observed that in travellinj; alons 
the branch AQR the value of x does not pa.s.'f through the value 
OV, but recedes to it from ir tc* V and then increases again. 

We notice, however, that this result may be written as *^^ = 0, 
dx . 

and that ^ changes sign at Q, indicating a maxiumm or 

minimum value of the ahscihsa x. 

For further information upon this subjuct the .student is 
referred to Professor de Morgan’s D'uf. and Int. Calculuts. 


EXAMPLES. 


1. Show algebraically that the greatest value of 

a:(a - x) 

is and illustrate the result geometrically. 

2. Find algebraically the limits between which the expression 


h 

(IX + — 
X 


must or must not lie foi- rejtl values of x. Illustrate your rchult by 


a sketch of the curve 


y = ax + -. 

X 


3. investigate algebraically the maximum and minimum values of 

ai. • X* — Ax + 2 

the expression — ^— 

for real values of x. Ilhi.strate your answer geometrically. 

4. Find for what values of x the expression 

(x- 1)^ + 3)" 

has maximum or minimum values. 

5. Investigate the inaximuin and ininiinum values of the expression 

2x^*-21x- + (i0x+30. 

6. Find the minimum ordinate and the ]>oint of inflexion (ui tlie 

curve - uxy + 
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7. Fintl ihe maximum and minimum ordinates of the curve 

iy - c)- - (x - a)®(x - b). 

8. Show that the curve y = xe* 

has a minimum ordinate where x = - I. 

9. Show that the values of x for which has maximum or 
minimum values may be determined graphically as the abscissae of 
tlie points of intersection of the straight line 

y= 

with the curve of tangents y = tan x. 

10. Show that the expression 

a + (x - 6)^ + (x - 6)3 

has a minimum value when x = h. 

11. Find tlie minimum value of 

- i " ' » ' + -IT • 

8in-x cos-x 

12. Show that sin^d cos*0 


attains a maximum value when 


6 = tan * P—. 

V? 

13. Sliow tlmt '/« is a maximum value of 

14. Show tliat the function 



(> 


X sm X + cos X -f cos-x 


continually diminishes as x increases from 0 to 

15. If y = 2x - tan“*x - ]og{x + ^1+x-}, 

show tliat If continually increases as x changes from zero to positive 
infinity. 

16. If 5=- + ^', 

X y 

where .r + y-n, 

show that ; has a minimum value when 

rt2 

X* —-, 

fi 6 


and a maximum wlien 


X = 


o 

«- 


a - 6 


17. Given tliat 


a b 
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show that the maximum value of xy is 


value of + y- is 




and that the minimum 
4 


18. Show that tlic area of the lireatest lectanirle iiiscribefl in a 
given ellipse and having its side.s parallel to tlie a.ves i*f the ellip.*e i> 
to that of the ellipse as 2 : ?r, 

19, Show that the maximum and mininuim valuer of 


+ .y% 

where ax- + '2/ixy + by'^ * I 

are given hy the root.s of the tjuadratie 


(■' 

rfenct nnd the area of the conic «lenoted hy the lir.st ei|uaiiiiii. 

20. Divide a given number </ into two parts, such tliat the product 
of the ;/** power of one and the power of the other shall he a.< 
great as possible. 


21. Show that if a number he divided into two fact«)r.s, such that 
the sum of their sejuares is a minimum, the factors ai j- each e<pial to 
the square root of the given number. 

22. Into how man}' ecpial parts must the numl»er ne he divide<l 
so that their continued jfioducl may he a ma.ximuip ; n being a 
positive integer an<l e the base of the Napierian Logarithms ? 

23. What fraction exceeds its //*■ [)uwer by the greatest niiml)er 

possible ? 

24. Given the length of an arc of a circle, find the radius of the 

circle when the correspomling .segment has a maximum or minimum 
area. (I’Arrus Alexaxi>ki.vc->, ] 

25. The centres of two spheies, radii r,. are at the extremiti<‘.s 
of a straight line of length 2a, on which a circle is described. Find 
a point in the circumference from which the greatest amount of 
spherical surface is visible. 

26. In the line joining the centres of two .sj)hcres find a point 

3Uch that the sum of the spherical surfaces visible tlierefrom may bo 
a maximum. (Edccationai. TiMt;s.] 


27. AC an<l BD are parallel stiaight lines, and AD is «lrawn. 
Show how to draw a straight line COE, cutting AD and HD in 0 
and E respectively, so that the sum of the triangles EOD, COA may 
be a minimum. [Vivia.si.] 
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2“^. A jierson wishes to divide a triangular field into two equal 
parts by a straight fence. Show how it is to be done so that the 
fence nm}- l»e of the least expens«“. 

2'J. If four straiglit rods be freely hinged at their extremities the 
greatest <juadrilate>’al thf*y can form is inscribable in a circle. 

30. A tree in the form of a frustum of a cone is n feet long, and 
its gioater uiul less diameters arc « and b feet respectively. Show 
tlmt the greatest beam of square section that can be cut out of it is 

. ” - . f*-et long. 

- b) ^ 

31. If the polar diameter of the earth be to the ecjuatorial as 
2'JO ; 230, .show that the uicatcst angle made bv a body fulling to 
the eartli with a per|)emlicnlar to the surface is about 14‘59", and 
that the latitude i.^ b')’ 7' 29". 


32. 1 he resistance to a stoatner's mr»tion in still water varies as 
tlio «'*■ power o( tlie velo<-ity. Find the rate at which the steamer 
must b«‘ propelled agaimst a tid»- running at n knots an hour so as to 
|■..n>UIlle llie h ast amount of fuel in a given jiuirnev. 

.1.*, Show tliat the ^'l»lunle oJ the gri'atest cylinder whicli can 
he inscrihed in a cone of height b ami somi^■e^tical angle a it 


4 


M I 




•)l. Shtkw tliat tile ot cone of groat<*>t convex surface 

Wui. h can he iii.seiihed in ;i given sj.here is to the radius of the 

3o. I Wo [.airicles move uiiifurmly along the axes .d’ x and y with 
velociie .11 1 V respecti\ely. They arc initially at distances a and 
h re.-,pe. ■ t, m t!ic origin, .ind the axes are im liued at an angle 
* 1 . .''ho.v •1.;, ;h . hvist distaiiee lietwccii tile pailielfs is 

{in' - bn ) sin HI 
{ -f- r- •• cos lu'ii 

.^0. I oi a niaxtnun.i •:* luMiinr.ini parulKkla oiiciunscrihing a given 

triangle A/iC, tlm: t.he .^um of the perpendiculars from'vl.fiC' 

upon the axis is a]gebr.i; '.di\ 

.i7. In a submarine tee -i-ii.,! eaUlc tlu* speed of sigmilling varies 
a.s . 1 -dog- where .r is the i.aio „t the ladiusof tiie e,.ie to tliat of the 

•C 

covering. Show that the greatest speed is attained when this ratio 
is 1 : 
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38. A and S are fixed points and P is a variable point on a fixed 

line; show that A. + . 5/^ will be a minimum if X cos ^ cos 

0 and </) being the angles which AP and PP make with the fixed line. 

39. S is the focus of an ellipse of eccentricity e, and E is a fixed 
point on the major axis, ami P is any point on the curve. Show 

SE 

that when PE is a minimum SP = - 


40. Find the maximum value of 

.. f(l) when a>b, 

{x - n)-{x - 6), 1^.,^ ^ ^ ^ 

What happens if a = 6? Illustrate your answers by diagrams of the 
curve y = (-r - o)'K-^ - b) 

in the three different cases. [I- C. S., 1S79.] 

41. An open tank is to be constructcil w’ith a sejuare base and 
vertical sides so as to contain a given quantity of water. Show that 
the expense of lining it with lead will be least if the depth is made 
half of the width. 

42. If two variables x an«l y are connected by the relation 
ax- + lry^ = ab, show that the maximum and minimum values of 
the function + y- + Ty will be the values of u given by the equation 

4(u — a)(u — b) = fit. 

43. If 5/* and SQ be two focal distances in an ellipse inclined to 
each other at the given angle 2a, find the greatest and least values 
of the area of the triangle I'EQ. 

44. SQ is a focal radius vector in a given ellipse inclined at a given 
angle a to .S'd, where A is the vertex nearest to the focus S. Biml 
the angle ASP, where SP is another focal radius, such that the area 
of the triangle PSQ may be a maximum. 

45. Find the point P on the parabola y-^Aax such that the 
perpendicular on the tangent at P from a given point on the a.xis 
distant h from the vertex may be the least po.ssible. hat is the 
geometrical meaning of the restdt ? 

46. Find the area and position of the maximum triangle having a 
given angle which can be inscribed in a given circle, and prove that 
the area cannot liavo a minimum value. 

47. From a fixed point A on the circumference of a circle <if radius 

c the perpendicular AV is let fall on the tangent at /'. 1 love that 

the maxinmm area of the triangle AP) is 
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48. If a parallelogram be inscribetl in an ellipse the greatest 
possible value of its perimeter is e«jual to tAvicc the diagonal of the 
rectangle described on the axes. 

49. 0 is a fixed point without a circle, J one of the extremities of 

the diameter through 0, OQQ' a chonl through 0. Find its jiosition 
when the area of the triangle i.s a maximum. Dt)es it ever 

become a minimum ? 

50. A length I of wire is cut into two portions whicli are bent into 
the shapes of a ciicle and a square respectively. Show that if the 
sum of the areas be the least possible the si<le of the .square is double 
the railius of the circle. 

51. Obtain the maximum and minimum values of the volume of a 
riglit circular cone whoso ^^•rtex is at a given point ami whose ha.se 
is a jilane section of a given sphere; and point out the iliffeivnee 
of the case.s of the point being within or witlioiit the sphere. 

[.Math. Tkitos, 1876.) 

52. Prove that a ihord of constant inclination to the are of a 
closed I'ln ve >livide.s the area most unequally when it i.s a chord of 
ciitAatiiie. 


.'•‘5 \\ lien the area of a triangle has a maximum or minimum 
valui' ;iiid all the parts var\'. then 

.! . .in ^ cos /; .//, 4- cos C . d<- = 0. [Oxford, 1888.] 
• >t. SIhiw tliat tin* normal cliord to the jiarahohi y- = 4a.v wliich 

Lat. Keet. 


cuts oil the least are is inirnial wliere v 


ami i.s inclined 


to the axi'- at an an::!e tan*’ — 

le-i, .• ] '..duc{ of two pcfpomlicular j-adii vectores of a 
'Urve t iiM.N.o . 1 ', M, a minimum, show tliat they make supple- 
nn-iit.iry .hil'K-s witii tj..- t.mgent.^ at their extremities. 

>t>. Iw'i ]>erj»ci.ili-iilar lines intcrsi-et on a parabola, one passing 
throiieii t;i*‘ tiM i..- ."n.iw that the triangle fonnod hv them with the 
diicctij.v; ha.s it - lea'! values when tlie f'cal distances ot the right 
angle oml the \ ertc.': of rlie parabola inclmlo an angle of 30“ or of 
IbSh 

57. A plane triangle ABC, right-angled at A, and of given peri¬ 
meter l\ revolves eitln r round an axi.s tlirough A parallel to JiC, or 
round an axis through C parallel to BA, and tlie solid generated is a 
maximum ; show tliat th,- three .sides of the triangle are equal to 

^’^'(-3 + . 17), h.-.-v'17), ^,'(7- ,.'I7). 

[.'^.MITU > Phue, 1878.1 
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68. Show that when the angle between the tangent to a cur\'e 
and the radius vector of the point of contact has a maximum or 
minimum value the radius of curvature at that point is given by 

r2 

59. Show that the greatest distance which can be saved in a single 
voyage by sailing along a great circle instead of a p.arallel of latitude, 

is a{2 sin"*£+ ^tt'- - 4 - tt; . 

it 

where a is the earth’s radius. [Math. Tbifos.] 

60. Show how to find the co-ordinates of the points on a curve 
given in Cartesians at which the curvature is a maximum or a 
minimum. 
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MAXIMA AND MINIMA—SEVERAL INDEPENDENT 

VARIABLES. 

494. Preliminary Algebraical Lemma. 

The binary quadratic = 

may be written + + — 

^ t 

and therefore retains the same sign as a for all real values of 
X and y if ah — h^ be positive. 

The ternary quadratic 

/j = aa-- 4- hy~ + cz- + 2fyz+2gzx + 2hxy 
may be written 

^ [{ax-\-hij-{‘fjz (- +(ff6 - h-)y- + ^{iif-gh)yz-\‘{(W~g‘)z^'], 

il/ 

and therefore by what has gone before will retain the same 
sign as a for all real values of x, y, z 

if ah~h- and {jth — h'~){tft.'—g'^) — {af—gh)- be positive. 
i.c., if o.h — h- and a{nhc.-{-'ltgh—af~ — hg- — ch^) be positive. 
That is to say, /a and will both be positive if 



<f, h 1, 

«, /<, g 


h. h 1 

h, b, / 


1 

' g. /. 


bo all positive, and will both be negative if these expressions 
are alternately negative and positive. 

A'Xi. Tiiese results m.v,’ be generalized. For the general homogeneous 
quadratic fniictiou of n variables can be thrown into the form 

+ it-x., + ...+ 

V:»+ ••• + 

+/'3(r3+... + c„j*„)* 

+ ... 

+ynX„’, 


420 


MAXIMA AND MINIMA. 


421 


since tlie number of arbitrary constants at our disposiil in tlie same a-s llie 
number of coefficients of the original quaiitic. And it is a known j»ro- 
position* that the values of p^, p^, ...> Pn are 

where Ar is the discriininaut of the quanlic obtained from the original 
function by putting •••i «tc-. all zero. 

Now assuming that all the letters involved are real, it is clear that 
if A„ A,, ... be all positive, we shall have />„ p^y pj, ..., Pn all j)09itive, 
and therefore the quantic positive; and if A,, A^, A 3 , ... be alternately 
negative and positive, pi, p^, p^y ..., p., will all be negative, and hence the 
quantic will also be negative. 

For an inductive proof of this result the student is referred to a note at 
the end of Dr Williamson’s Treatise 011 the Differential Calculus. 


496. To search for Maxima and Minima. 

Def. Let 0(.c, 2 /, 2 ,...) be any function of several imlopendent 
variables a;, 2 /, 2 ,..., supposed continuous and finite for all values 
of these variables in the neighbourhood of their values <t, b, c, ... 
respectively. Then the value of tp^a, h, c, ...) is said to be a 
maximum or a minimum value of <p{J:, y, z, ...) according as 
<p(a + h, b-\-k, ...) is less or greater than </>(«, b, c, ...). 

whatever be the relative values of the increments /t, k\ I, .... 
positive or negative, provided they be taken sufficiently small 
and be finite. 

In other words, <l>{a + h, b + k, c + l, b, c, ...) is to 

preserve an invariable sign for all finite values of h, /, etc., 
lying between zero and certain small limits, po-sative or negative. 

To find a, b, c, ... the values of jr. y. z, ... which will make 
y>{a,b, ...) answer to the above definition we expand by the 
extended form of Taylor’s theorem (Art. 178) 

<p{x + h, y + /c, y, ...) 

= 4 .terms of the second and higher orders. 

3® “dy 

Now by taking k, k, I, ... sufficiently small, the first degree 
terms can be made to govern the sign of the right-haiul side, 
and therefore of the left side also, of the alx)ve equation ; 
therefore by changing the sign of h,k, I,... the sign of the left- 
hand member would be clianged. Hence a.s a first condition 


• Burnsido ami rai)tus», Thtijry uf i». 40\. 
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for a maximum or minimum value we must have 

n^A+kl±+il^+...=o, 


Zx 




and therefore as these arbitrary increments are independent of 
each other, we must have 


g-«. 


( 1 ) 


If there be ti independent variables, we have thus obtained 
71 simultaneous equations which serve by their solution to 
find the admissible values of x, y, 2 , ... for which maxima 
and minima values may exist. 

The above equations therefore form essential conditions for 
the existence of maxima and minima, but we shall see that 
they are not in themselves suj^cient, and we shall have to 
employ a further test for their discrimination. 

We shall now consider tlie cases of two and of three inde¬ 
pendent variables separately. 

Let one system of values of a;, t/, 2 , ... satisfying equations 
(1) be (i, h, c, ... respectively. 


497. Case I. Two Independent Variables. The Lagrange- 
Condition. 

Let us put r, s, t for tlie values of when x — a 

and y = h, then 


1 


<p{a-\-li, b + k) — </i{n, b) = -^,{^'k- + 2shk + fk^)-\- 


\vhori‘ 7^3 consists of terms of the third and higher orders of 
small (|uantities, ami by taking /<- and A* sufficiently small the 
second degree terms now can be made to govem tlie sign of the 
rio’ht-hand side and therefore of the left also. And if these 
terms be of permanent sign for all such values of h and k we 
shall have a maximum or minimum for y>(x, y, ...) according 
as that sign is negative or po.sitive. 

By our Lemma (Art. 494) the condition for an invariable 
sign is that rt — s^ shall be positive, and the sign will be that 
of 7 ', and if rt — S' be positive, it is clear that r and t must have 
the same sign. 
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Thus, if rt — s^ be positive, we have a maximum or minimum 
according as r and t are botli negative or both positive. 

This condition was first pointed out by Lagrange {Turiyi 
Memoirs), and is known as “ Lagrange’s Condition.” 

If rt < 8*, we get neither a maximum nor a minimum. 

If however rt = 8’, the quadratic terms 

become 


and arc therefore of the same sign as r or t unlesw 


A 




= «ay. 


In this case we must consider terms of higher degree in the 
expansion of <p(ii + h, + </>{•>■, AV Tlie cubic terms must 

vanisli collectively when j=^: otherwi.se, by changing tin- 


signs of both h and /.• 
+ — h). 

collectively be of the same 


we could cliange tlie sign ol 

And the biejuadratic terms must 

, , A ,, 

.sjtrij as r and t when y — o- 


498. In the case in wiiicli r. .»•. t are each ol them /.ert), the 
<juadratic terms are altog«-tliei‘ absent, an*! tlie (-ubic t«>rms 
wovild change sign with A atid A, and therctoii- all the diH'eretf- 
tial coefficients<jf the tliiril order must vanish .se|>arately when 
x = a and y~b and t!u? hi(jua'lratic term.s must bo such that 
they retain the same sign I'oi- all sufficiently small values ol h /. 


Kx. Let 


Hetici' 


if=.ii/+ + 

• .»• 1/ 


Oft 


(J1 




.1-' 


On 

0 


1 j 

'V/ 


/ 

d'U 2<i‘ 

•> 

i 

\ri *// 

4 



1* wlim 

X 



J-« 2'' ■ 


iiiid 


f. ^ 2 . 2 I - a 

' r t 

riinl in ; anti lln-rcfuie tlivri' if* a laijuiuiun valiu* »*. via, 

u 
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499. Geometrical Explanation. 

Let the reader imagine that the plane of xy is the horizontal 
plane at the sea level, and that z = <f>{x, y) is the equation of 
tlie surface of a mountainous tract of country in which there 
are isolated hills, mountain chains, valleys, lakes and mountain 
passes. Let a map be constinicted showing the various contour 
lines of the hills, lakes, etc., at different altitudes. Correspond¬ 
ing to an isolated hill or a lake these contour lines will form 
closed curves, d\rindling to a point at the top of an isolated 
hill or at the deepest point of a lake. At a saddle-shaped 
mountain pass the contour lines at the highest point of the 
pass will intersect and form a node while, corresponding to the 
ridge of a chain of mountains of uniform height or the bottom 
of a V-sliaped depression of uniform depth in a lake, the closed 
contour line degenerates into a single curved terminated line 
Again, at a bar across a valley, as at a mountain pass, the 
contour lines form a node at the highest point of the bar. 

Now at all the.se several places the tangent plane to the 

conditions ^-^ = 0, 

ox 

^^ = 0 are .satisfied (Art. 496). 

At the top of an isolate*! hill we have a true maximum 
value of c : is positive whil.st r ami t are both negative. 

At the <leepest point of a lake we have a true minimum; 
rt —is positive wliil.st r and i are botli positive. 

At a mi)imtain pass ri — s~ is negative, and although the 
traveller ov*‘r the pass arrives at a maximum height in the 
<Urecti(jn in whicli he travels, yet if he diverge from the path 
either to right or left lie at once begins to ascend to higher 
grouml. Tliis therefore is liot a point of maximum height on 
tlu' surface. The same is true at the highest point of a bar 
si'parating two depre.ssed regions. 

If r( = s- then in tlie «lirection of 1ir + ]c(s=-0 the tangents to 
the conttnir lines througli that point coinciile. Fuidher investi¬ 
gation is now necessary. If the contour lines open out and 
separate iininodiately after their contact, there is neither a 
maxitiium nor a minimum; but if they dwindle down to a 
single line all along their length, we have a row of what may 


country is liorizontal and the preliminary 
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be called maxima or minima. This is the case of a line alon^ 
the ridge of a mountain chain of uniform height or along the 
bottom of a V-shaped depression of uniform depth ; ami a 
person travelling along such a line will move continually at a 
constant distance above or below the sea level. (See Greenhill s 
Diff. and Int. Calc.) 

600. The eflfect of the variation in sign of r(-^ will be more easily 
understood by the student of solid geometry. The equation giving the 
principal radii of cun'ature at any point is 

where + P = Z? 

Hence the principal radii of curvature are of the same or of opposite sign 
according as —^ is positive or negative; and one of tlieiu is iidinite 
when = In the latter case the correspondini; line of curvatuie 

has either an inflexional or an undulatory point. 


501. A ridge of Maxima or Minima. 

Suppose that and contain a common factor v. 


Let 


Then 


'dth 


“dih 


"bv 


r = ^w, + v-^^. 

and also ^ 

Zy by Ox 

bv btVg 

t = . -iv„ + v-=^- 

t 2 3,1 


Dx ' 


' "^y 

So that for the values of x and y satisfying v = 0 wo liave 

Sc 


rt — 8^ = ‘iv 


■dr bv ( bv\i bv\ .. 


Suppose we solve t’ = 0 and find y=/{x). Substituting this 
in z = <l>{x, y) we have z a function of x only and 

dz _ b<f> b<p dl£ 
dx~ bx"^ by dx 

which vanishes for such values as satisfy v = 0. and therefore 

make ^^ = ^^ = 0. 

bx by 

Thus along a curve line on the surface, whose projection on 
the plane of xy is v = 0, s is constant. 

*8mith*e Solid (Jtomtiry^ p. 218. 
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This is the case of a locus of maxima or minima such, for 
instance, as would be produced by tlie revolution i*ound the 
5-axis of any closed curve. The definition of maxima and 
minima according to this view needs a slight modification, and 
we must suppose a maximum value to be one which is not less 
than and a minimum to be one which is not greater than any 
other value which is immediately contiguous to it.* 


Ex. Consider the Anchor Ring or Tore formed by the revolution of a 
circle of radius 6 about a straight line iii its own plane at a distance a from 
the centre. Taking the axis of revolution for the r-axis ami the plane 
through the centre perpendicular to the r-axis for the plane of ay, the 

equation is — 


Here 


"dz 

9a 


ax 


ay 

= -J/+ -i■ 


Tlie vanishing of the common factor 1 — t= 


- 7 =-.^ - gives both ^ ami ^*= 0 , 

ar dy 

and the cylinder a^+y*=a- cuts the surface along the ridge fonued by 
points which are all at the same distance b from the plane of xy and at 
greater distance from that plane than any other |>oiut 8 of the surfacf 
which do not lie in that circular ridge. 


')0'2. Case II. Three Independent Variables. 

Let a set of the values of a', y, c determined froui tlie equations 

C(f> 9 ^ Q 

9^“ cy 95 

be a, b, c, as explained in Art. 496. Let the corresponding 

values of ^ 

9x-' 9(/-’ 952 ' 9yc5’ 959 x’ 9.r9/y 

bi* calltvl A, B, C, F, (r. Then we have 

+ A, + + / ) — 0(^0 c) 

= ‘. 1 + Wfi+1 r-+-mi+iGih+ 2 FW.-)+ 74 , 


wliere 7^^ consists of terms of the third aud higher ordera of 
small quantities, and hv taking h, h\ and I sufficiently small the 
.seeornl ih.'gree toruns can he made to govern tlie sign of the 
right-hand side and therefore of the left also. If this group of 
{criiis form an expression of perinaiieut sign for all such values 


• /VaitrUfc? Ann<tic$ de (•ert/onne^ toI. Ill, Gregory"*8 £xatnplc9, p. 110* 
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of h,k, and I, we shall have a inaxiinurn or ininifnum value 
according as that sign is negative or positive. Hence by our 
Lemma, Art. 494, if the expressions 

A, I A, II !. A, H. G \ 

\ H, B \ , If, B. F \ 

\ G, F, C ' 

be all positive, we shall have a minimum value of <p{.r, y, z), 
and if they be alternately negative and positi\e we shall have 
a maximum, Nvhilst if these conditions are not satisfied we shall 
in general hav’e neither a maximum nor a minimum. 

503. Similarly we might proceed by aid of the generaliza¬ 
tion in Art. 495 to consider the case of several independent 
variables. And according to that article we shall have a 
minimum when all the discriminants are positive and a maxi¬ 
mum if they are alternately negative and positive. 


504. Several Indepeodent Variables. Lagrange’s Method of 
Undetermined Multipliers.* 

Let u = <p(x^, .... :f„). a function of n variables, which we 

shall suppose connected by m equations 

/l(*rp >^21 • • • j iCn) “ ' •*'•2’ •' • < ’ I • • • > ~ 

so that only 71 —m of the variables are independent. 

Suppo.se the m depemlent variables to have been eliminati’d 

between the equation w = 3*2, x,,) and the ni equations 

of condition. The values of the remaining variables wliich 

give maxima and minima can tlien be fo\nnl as in Art. 49(). 

To avoid the absolute elimination we may make n.se of 

undetermined multipliei-s as follows:— 

When u is a maximum or ininimuin 

•, dv, , Tin , . I , , 7 

<1^ =• ■ ■+= <>■ 

Abo c//, = + Ijdx, + ... + dr „ = 0, 




etc., 

^f,n 1 . 9/» 


• Mleaniquc Afuilytuiuc, voL U 


(1) 
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Multiplying these lines respectively by 1, 
adding, we get a result which may be written 

+ Pod^2 + + • • • + = 0 

where 




\m and 


( 2 ) 


Tlie m quantities X^, Xj, X,„ are at our choice. 

Let us choose them so as to satisfy the m linear equations 


Pl=P„ = P3=...=P„ = 0. 

The above equation is now reduced to 

■^m+ld«rni +1 ”}" ■Pm+2dj/j4+2 d” Pnd^n — 

It is indifferent which n — m of the n variables are regarded 
as independent. Let them be a’^+i, ir„+ 2 . Then since 

the 71 — 7/1 quantities d.T,„+i, •••, dx^ are all independent 

their coefficients must be separately zero. 

Thus we obtain tlie additional n — m equations 

P m^\ —• • • — n~lh 


Thus the m + n equations 

fi = /« “ /s “ • ■ • “ /'« “ 
and P^ = P^ = P^ = .,. = P„ = 0, 

determine the 7?i multipliers Xp X.>, Xm and values of the 
n vanaldes x^, .r^,..., a*,, for which maxima and minima values 
of u are possible. 

.505. If tt be a liomogeneous function of degree p, and 
fv.h'fs' •••>/»» capable of being put into the forms Ua = A, 
uij=Ii, i(c = 0, .... iii. = K.. Ua, Ub, etc., being homogeneous 
‘•xpressions of degrees a, b, etc., and A, B, etc. constants, there 
is a N'ery useful relation between the quantities X. Multiply¬ 
ing the n equations of M'hicli Pr = 0 is a type by o’!, x^, Xn 
and adding, we have by Euler’.s theorem on homogeneous 
functions 

pit“|” Xjrt.ll “h \.ybB d*XjcC*-}” • •• d“X,n^'-^“ 0. 


E.\, Let t»s investigate the niaxiniuin and minimum radii vectores of 
tlie section of the "surface of elasticity"* 

•< +y+ 

made by tlie piano Lv + mif + uc^O, 

We must make = + ^ ^ unix. or mill. 

•Gregory's L'xnmple*^ i>. 120, and Fresne], dc r/n^titut^ vol. VII, 
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Then •rrfj'+ y<i}i ■>rtdz=(^ .(U 

+ 67/rf_y 4-= n .(-) 

?<ir + »«t/y+ «c^j = 0 .( 3 ) 

"Whence multiplying (2) ami (3) by \| and and adding, we ha^e b\ 

Art. 504 j:+A irtV+=0 .(^) 

y+ Aj^^'y + AjW =0.^3) 

2 + A,c-'; +A,« =0.(b> 

Multiplying by y, 2 , respectively and a<l«liiig. 

r- + Air*=0 or A,= -^- 

/ ui\ . , „ 

1 — jA-/=0 or 

and two similar equations. 

Whence niulti 7 ))ving by w, and n and adding, 

^ »»" , »• -0 
■^Z. r2 C’~ r-" ’ 

a quadiatic which gives the values uf r reqxiirod. 


EXAMPLES. 

1. Discuss the maxima or minima values of w in the following 

cases („) „ = 1 - / - y). 

{ft) ii=z* + t/- -ix- + l/y - 2 y-. 

(y) n =■- 2a'>y - 3aj--y - oy‘ + -r^ + xf. 

{&) u = <iJ-y-c=* - - -rfz^ - 

(c) i/ = sin/siny8in(y + y). 

(0 « = J-V- - ^ ~ 

(»/) u=x^+ !/'■*- Zaxjj. 

2. Find the minimum value of 

4- f + 

having given 4- 6y 4- cz^j). 

3. Find the maximum value of 

with condition x4-y4-2 = ^'- 

4. In a plane triangle find the maximum value ol 

cos A cos B cos C. 

5. Find a plane triangle such that 

sin'Vf 8in”7y8in''C' 

has a maximum value. 
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6 . Divide a number n into three parts x, y, z such that 

ayz + hzx + cxy 

shall have a maximum or minimum value and determine which it ia 

7. Find the maximum or minimum values of 

X'ja* + 

when lx-\-viy + nz = 0 and s^la- + y~lh- + z^lc- = \. [Oxfoed, 1888.] 

8 . Inscribe in an ellipsoid the maximum rectangular parallel©- 
piped. 

9. Given a’l^<f = A, find the maximum value of 

{z+l){.v+l)(x+l). 

Interpret the result. [Waring.] 

10. Required the rectangular parallelopiped of given volume and 
least surface. 

11. Find the minimum value of x® + + c* 

with the conditions ax-^by + cz — a'x + h'y-^c'z=\. 

12. Find the maxima and minima of x® + y® + c® 
subject to the following conditions:— 

(1) ux’ + hy‘+ cz‘ = \. 

(2) (ix® + by- ■¥ or + '2fyz + 2gzz + 2}ixy = 1. 

(3) i ax-+ b}/+ cz~ = I 
\aml lx + my + /c = 0. 

(4) f ^ ^ 

' l and lx my + nz ^ 0. 

13. Find the maximum or minimum of ax'* + bt/* + 

\vith the comlition x*-i-//” +-r" = i'- 

11. Find the maximum value of 

xy:, {a + x){x + y){y + z){z + b). [L.4GRanob. 1 

I T). Find the nunimum value of 

y- + ^- + ;- + + ... 

with condition iu + by + cz + (lio + ...^k. 

IG. Show that the point within a triangle for which the sum of 
the squares of its perpendicular distances from the sides is least is 
the centre of the Cosine-Circle. 

17. Find a point within a triangle such that the sum of the 
s({uares on its distances from the three angles is a minimum. 

18. Find a point within a triangle such that the sum of the 
distances from the angular points may be a minimum. [Fermat.] 

19. f'ind the triangular pyramid of given base and altitude which 

has the least surface, [Gregory's ExASii-LAa.! 
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20. Find the minimum value of the continued product of the 
perpendiculars drawn from a point upon the faces of a given poly¬ 
hedron. 

21. If a be a maximum or a minimum value of/(j-, y, -) for points 
which lie on F(x, y, z) = 0, then the surfaces /(x. y, :) = u and 

3/1 ■2^) = 0 "^*1 touch. [Coll. Lx.lm.] 

22. Find the maximum and minimum values ot p where 

rj^ -h '2$xy + ty- = kjp. 


having given that 

(I -t-/)x2 -I- 2pqxy + (I -f* q-)y- = * 

23. If there are ;» tops of mountains on the earth and 7 bottoms of 
lakes and seas, prove that there must be - 1 passes, or places where 
a level surface drawn through the imint cuts off two elevate.! regions 
which meet at that point; and also 7 - I bars, or i)laccs where the 
level surface cuts off two depressed regions which meet at th;U point. 
Show also that there must be at least two summits higher than any 
pass, and two bottoms lower than any bar. [Math. Tricos, 

24. A framework crossed or uncrossed is formed of two unciual 
rods joined together at their ends by two equal r..ds; prove that the 
distance between the middle points of cither pair of rods is a maxi¬ 
mum when the unequal rods arc parallel ami a minimum when the 
equal rods are parallel; unless the two unequal rods are together 
less than the two equal rods, in which case the unequal rods are 

parallel in both the maximum and minimum positions. 

‘ [Math. Tripos, U.o.] 

25. If u be a function of n independent variables x„ x... ..., x,.. 
prove that, in order tl.at n may have maxin.um or nnn.mnm values, 

the roots of the equation 

i-0 


'dx.'dx! 


U.- 



«i« 



• • • > 

• « • • 

1 


• • • 1 


siime sign ; U,., % 

„ denot 

;cruuil 

values of x 

l. Xj, ... 

'du 

'du 

On 

= 0 

^ 1 ’ 

dx.; 




[Math. Tripos, 1873.] 
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ELIMINATION. 

506. Construction of a Differential Equation. 

It has been seen that the equation 

fix, y, a)==0.(1) 

is representative of a certain family of curves, for each 
individual of which the constant a receives a particular and 
definite value, the same for the same curve, but different 
for different curves of the family. 

Problems sometimes occur in which it is necessary to treat 
of the whole family of curves together, as for instance in 
finding the family of curves which intersect each curve of 
the fii*st system at right angles. And it is manifest that 
for such operations the letter a ought not to appear as a 
constant in tlie functions operated upon, otherwise we should 
be treating one indiWdual curve of the system instead of 
the whole collectively. 

Now the process of differentiation can be easily applied to 
get rid of a. For by differentiation with regard to x, we have 

dx~^dy dx ’ 

and a may be eliminated between these two equations, if 
indeed it has not already disappeared. There will now result 
an equation between 

X, y, and 

which may be called the Differential Equation of the family 
of curvea 


dx' 
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For example, consider the family of straight lines obtained by giving 
special values to the arbitrary constant m in the equation 


Differentiating, 


y = mx. 



and therefore 



a differential equation which is true fur each member of the family since 
the m has been eliminated. 

It is clear that the m would have disappeared at once uj)on diJk-rentia- 
tion if we had written the equation of the line 


X 

dy 

for, differentiatiug, we have ' 

dy 

or 

as before. 

This is then the differential equation of all straight lines passing 
through the origin and expresses the geometrical fact that the direction 
of the straight line ie the same as that of the vector from the origin at all 
points of the same line. 


507. Again, suppose tlie representative eqtiation of tlie 
family of curves to be 

f{x, y, a, 6) = 0, 

containing two arbitrary constants a, h whose values particu¬ 
larize the several members of the family. 

Now a single differentiation witli respect to x will eitlicr 
cause one of the constants to disappear or will result in a 
relation between 



a and b. 


From this relation and the original equation of tlie curve 
one of the two arbitrary constants may be eliminated, say u. 
Then we have a result of the form 



If we again differentiate with respect to x, we shall eitlier 
cause the b to disappear or shall be able to eliminate b 

JB.D.C. p 



CHAPTER XVIL 


434 


between the result and the last equation, thus obtaining 
differential equation of the second order between 


X, % and 


da^' 


a 


Thus if a function with one independent variable contains 
one arbitrary constant, the result of eliminating it is a 
differential equation of the first order. If it contain two 
arbitrary constants, the I'esult is a differential equation of 
the second order. And our argument is general, so that 
to eliminate n arbitrary constants we shall have to proceed 
to }i differentiations, and the result is a differential equation 


connecting 



dx‘^‘ 


and is therefore of the order. 

Again, the final result is independent of the order and 
of the manner in which the eliminations are effected. 

For suppose the arbitrary constants to be 

^ 1 * ^ 2 * •••> 

and let any particular values be assigned to these constants. 
Then wo have made choice of some particular curve of the 
system. Next take any value of x; at the points thus 
determined, 

dy d‘y d’^y 

lx' & dx^ 

have each definite values dependent upon the chosen values of 

it^ C/p C(^p •••> 

thus fixing the inclination of the tangent to the axis of x, 
the measure of curvature, and peculiarities of shape of a 
higher onlcr at the point in question. These peculiarities of 
shape intrinsically belong to the chosen curve, and cannot 
be dependent upon any particular algebraic process which 
it may be found necessary to employ in obtaining a numerical 
tueasure of them, but must depend solely upon the geo¬ 
metrical character of the curve. Hence, if for the whole 
family any general algebraic identity be discovered connecting 
these peculiarities, in which none of the particularizing con¬ 
stants are present, and which is therefore true at any point 
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of any member of the family, it must amount to a statement 
of some geometrical property characteristic of the family, 
and be independent of the method of its discovery. And 
in obtaining the n differential coefficients of y with regard 
to X we have in all ?i + l equations, including that of the 
original curve, with n arbitrary constants to eliminate, leaving 
one single relation between 

dy d'*// 
dx' 


Ex. 1. Form the geiierul difrerential etjuatioii of all straight lines 
The general equation of a sti-aight line is 

y = nix + c. 


Hence — . 

and . 

Equation (2) evidently then is the genenil dilVerential equatmn 
Its geometrical interpretation is clearly that the curi-atitre 
at every point of each member of the family. 

Ex. 2. Eliniiiute a and c from the equation 

2a.r + e. 


.( 1 ) 

.( 2 ) 

sought. 

ivz 


Differentiating, x-\->jy\ — a. 

Ditferentiating again, l+yi*+yyo = 0. 

This is the differential equation of all circles who.se centres lie on the 
jT-axia. 

Ex. 3. Eliminate a, b, and c from the eciuation 

{x-af + {y-hf = c^ 

and thus form the general differential equation of all circles. 

We may write this equation 

x^+y2 = 2cfur+26y+c^ -<**- b'. 

Dififerentiating three tiiue.s we have the results 

Eliminating h between the la.st two results 

(3'/iy2+yy3)yi=(^ +yi-+yya)y3. 

or (I +yi'*)y3—■^yiya*' 

Deferring to the result of Ex. 38, p. 110, the geometrical meaning of 
this equation is plainly that the aberrancy of curvature vanishes at any 
point of any circle. 

Ex. 4. To eliminate the constants from the equation of the general conic. 
Let the conic be 


ox^ + 2/u*y + by- + 2yx + '2/y + c — 0. 
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We have by differentiating 

ttr+A(jyi+y)+6yi/i+^+;^i=0.(0 

a+h{xy^ +2y,)+ biyy. +yi") +f!ft =^. 

K^z +Sya)+6(yy 3 + 3y jy,) +/y3=0.(3) 

l^xy^ + 4y3)+Kyyi+4y^3+ Zy^ -^rfy ^=0.(4) 

+Sy*)+ Hyyi, ++ipyays) . 

From the last three equations 


J^y3+3y2» yya+syiy? » 3/3 = 0 , 

j-*yi+‘*y3. yy4+-*yiy3+3V »y* 

•* 3 / 5 +5^4. yy5+5yiy4+iOy2y3, ys 
which immediately reduces to 

I 3y2, 0 , y3 =0, 

; **^ 3 . 3 ^ 2 . y\ 

ay,. lOys, ys 

or J>//.,-y 3 - 45y3?/;^4 + 40y33=0. 

This general differential equation of all conics was discovered by Monge. 

Dr. Boole, in his Differential EquationSy p. 20, remarked ; “ But here 
our powers of geometrical interpretation fail, and results such as this 
can scarcely be otherwise useful than as a registry of integrable forms.” 
A remarkable interpretation which calls for notice has, however, been 
recently offered by Mr. A. Mukhopadhyay, who has obsei^'ed that the 
expression for the radius of curvature of the locvis of the centre of the 
conic of five pointic contact with any cun’e (called the centre of 
aberrancy) wntains as a factor the left-hand member of Monge’a equation, 
and this differential equation therefore expres.ses that the “radfiM of 
curvature of the 'curve of aberrancy ’ vanishes for any point of any conic.”* 

Examples. 

1. Eliminate a from the equation 

y- = 4rtr.r. 

Eliminate n and h from the equation 

« ^ to” * • 

6 - 

:i. l^liunnate a aiifl h from 

r s a + ^ cos ft 

4. Foriu the general clifterential ci|nation of all parabolas whose axes 
are p<irallel to the axis of v. 

;>, Eliminate a ami b from the equation 

C. Eliminate a ami h fnnn the equation 

y 2=a sin(?i^r+ 6), 

* Journal of the Asiatic Society of Bengal^ voL L^TIL Part I. 
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508. Elimination of Functions of Known Form. 

We have already met with examples of elimination of 
various functions of known form from ^iven equations by 
means of diflferentiation. For example, we found that if 

y = tan"’j:, 

the function tan“^ was eliminated by simply ditferentiatin", 
giving the result 

And again, from the equation 

?/ = sin 

we eliminated the circular and invei*sc functions sin and 
sin"*, obtaining the difierential equation 

(Art. 122.) 

These were both made use of when series in ascending 
powers of x were required for tan"*j; and sin "*■'■) 
respectively. And it was seen that such difl’erential equations 
are frequently useful in the expansion of certain classes of 
functions. But the chief interest in the processes by wliich 
by differentiation and elimination, the differential equation is 
formed from its primitive equation rests in the light whicli 
they thi’ow upon the convei*se problem of obtaining tlie 
primitive equation of the typical member when the diH'cr- 
ential equation of the family is given. Tliis problem presents 
itself in numberless investigations and is tlie subject of 
special consideration in works on Differential Ecjuations. 

Ex. 1. Eliminate the constant a and the logarithmic function fri.tn 

y — a log X. 

Here 


and xyi=a. 

Differentiating again y\+xy 2 = 0. 

Ex. 2. Elimiimte a, an<l the exponential and inverse circular functions 
from y^oe^siii-V. 


Here 


yi = ame~8i ir 'x+ 


and 


1 X 

V, = am-e~sin"’j+2ame"*'7-—- 



438 


CHAPTER XVn. 


i.e., = m^y +2m(yi - my )+, - my) 

i —X" 

or (1 —x^2 ={2 j7i(1 —x*)+.r}yi — wuy+m*x^. 


Examples. 


1. From the equatiou y=x*logx 

eliminate the logarithmic function. 

2. Given y=e“*“‘^, 

eliminate the exponential aiul inverse functions. 

3. Given the equation j/=cos(logx), 

eliminate the circular and logarithmic functions. 


509. Genesis of Partial Differential Equations. 

When more than one independent variable enters into our 
primitive equations, partial differential coeflBcients occur upon 
differentiation. A differential equation containing partial 
differential coeflBcients is styled a “partial diflferential equa¬ 
tion ” in distinction from an " ordinary diflTerential equation ” 
in which there is but one independent variable. 

In Chapter VI. we proved Euler’s Theorem, that if 



we have 


, "dll . . 




thus eliminating a function of perfectly arbitrary form. 

We shall give other examples of elimination of arbitraiy 
functions of unknown form obtaininsf as a final result in 
each case a partial differential equation. 

When only three variables x, y, s occur two being inde¬ 
pendent, it is usual to take z for the dependent variable, 
and to use the abbreviations p, q, r,8,tio denote the partial 
differential coefficients 


"dz "dz 'dH ?^z ^z 
“dx' "dy' 'dx^' "dxdy' 


respectively. 


(Art. 170.) 


Ex. 1. Eliminate the arbitrary function ^ from the equation 

Here p=a^'{ax+by), 

q = h4:{ax + hy), 
bp — aq = 0, 

the partial differential equation required. 
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Ex. 2. Eliminate tlie arliitrary fuuctioiis <f> and fruin tlie eqiiatiou 


Here 


Hence z-px — qy^ -xy'^{x). 

Also x$-\-yt=x-'^\x\ 

z^px-qy-^ xys + yH =0, 

a partial ditfercntial equation of the second order. 


Also 


->t)- 


1. If 

j>nive 

2. If 
prove 

3. If 
)>rove 

4. If 
prove 


EXAM^LK^. 

-=<W.i/+«-*^)+'/'(.y - «j). 

- =py + 

ps — qr=-(>. 

= x<\Aax + by) +y+«»/), 
V'r -2«6#+a^/=0. 


510. Prop. If u awl v be explicit fanctiona of x and y, 
and if u he a function of v, then will 

dll dv dvb ^y_Q. 

^ '^y Sx ’ 

and conversely, if this relation be identically sutisjied, a 
v:ill be a function of v.* 

For if u~F{v), 


we have 


and 


du p,, 

^y ^ W 

* Uoole, /lifftraUiul HguatiOM, p« 24« 
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and therefore eliminating ^(y), 

Su 9u. 

3a; Sy a® 

Conversely, suppose this condition satisfied, then will «. be 
a function of v. 

For since u and v are known functions of x and y, we 
may eliminate one of these letters, say y. Then, unless x is 
simultaneously eliminated, we obtain a relation of the form 

u=/(v, x). 


Now 


Eence 


i.e., either 


au._3/ , 3/ 

3a: "dv "dx 'dx* 

3t4_3/ dv 

“du “dv dw 3u 

dx 3y dy dx~~^x dy‘ 

Zx Zy 

1^ = 0, or 1^=0. 
3y Zx 


If independent of x, and therefore w is a 


function of v. And cannot in general vanish, since v in¬ 
volves usually both x and y. 

If, however, v be a function of x alone, ;r- = 0. If also u be 

a function of -y, u is a function of x alone, and S- = 0: hence 

3y 

in this case the relation 


Zii Zv Zw 'Zv_^ 

Zx Zy Zy Zx~ 

is satisfied. And conversely, if this relation be identically 
satisfied, and if =0, we must have 

Zu 

and therefore u must be independent of y, since we cannot 
assume v independent of « as well as of y. Hence, as u and 
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V are both functions of the same variable, it is obvious 
that by eliminating it we can express u as a function of v. 


Examples. 


1. If 


x+.y , J<1-J') 

tt = ^ - — t = — tv: —777T";—rr—> 

l-xv (l+x-Kl+v) 


xy ( 1 +x^’Xl+r) 

prove that = »/*,»■„ 

and interpret this result. 

2. If and v=ry-K'l \ -y, 

prove that « is a function of v. 

3. If u and v be explicit functions of three variables r, y, and if u 
be a function of v, prove that 

; Uy, u, 1 - 0 . 

V,, i'y, V, 

y. 9. -1 

511. Next suppose v a known function of x, y, and z, 
and that <f>(u) is an arbitrary function of u. We sliall 
show how to eliminate the arbitrary function ^(u) from 
an equation of the form 

f{x, y, z, 0 (u)} = O.( 1 ) 

Supposing X and y to be the independent variables, we 
have by ditferontiating 


'dx ^ * dz du\'dx ^dz/ 

A 


( 2 ) 


Hence, eliminating 


= 0 . 


(3) 


dx^^dz' ^x^^dz 

df Zii , du, 

'dy~^*^dz dy *^'dz 

an equation containing x, y, z, p, q and ^^{h) ; ^'(^) di.sappear- 

ing on the elimination of Hence, if 0 ( it) he eliininuted 

between equations (1) and (3), we shall obtain a j)artial 
differential equation of the first order between x, y, z, p and q. 






442 


CHAPTER XVU. 


512. Suppose and known functions of x, y, and z, 

and ^o(Ug) arbitrary functions of and Ug. We shall 

now show how the two arbitrary functions and ^ 2 ('^ 2 ) 

may be eliminated from an equation of the form 

f\x, y, z, ^ 2 ( 1 ^ 2 )} =0. 

If we form the equations 

/.= 0 ,/,=(>, 

we introduce the two new functions 

01 (^i)» 02 (*^ 2 ) 

Proceeding to difierentiations of the second order, we have 
the three additional equations 

Jxx=^t fxy = ^, — 

introducing again two new unknown functions 

^,"(Uj) and 02 "(«- 2 )- 

We now have in all six equations ^Wth six quantities to 
eliminate. It is therefore in general necessary to proceed to 
differentiations of the third order, thereby obtaining the four 
new equations 

/zxx~^> fxxy — ^> fxyy — ^^t fyyy~^> 

and introducing at the same time tlie two additional unknown 
functions 

0 /''(^l)> 02'"(W'2)- 

We now have ten equations ^vith eight unknowTi functions 
to eliminate, leaving in general two independent resulting 
partial diflerential equations of the third order. 

513. Generally, suppose an equation given of the form 

y> 0l(*^l)» 02(‘^2)» •••> 0n(^n)} = O> 

containing/) + ! variables, of which p are independent, and 
n arbitrary functions 0i(Ui), of the n knowm 

functions u j, Mo, ..,, ; to eliminate the n arbitrary functions. 

Suppose t the dependent variable; then forming all differential 
coefficients up to those of the ?•*** order inclusive, we have 

(al / = 0; one equation. 

i/5) = = •••> p equations 
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(v) fzx — 0, fxy — 0. fz2 — 0, ...; 


- ^ equations. 


[being the number of homogeneous products of p 
things of two dimensions] 


(k) and proceeding to r differentiations; 
p{p+l)(p-^2)...{p-\-r-l) 


r] 


equations, 


making in all 


1 , + n(p+l)...(p4-r-l) . 

1+/? + ^ ( ,, - - - - equations, 


1.2 


r! 


containing partial differential coefficients up to those of the 
order inclusive. 

The sum of this series is the coefficient of .c'’ in the product 
of the series for (1 ~x)-p and (1 — :c)-‘ 

= coefficient of a:’’ in (1 — 

rl /;! /•! 

We have therefore thus obtained equations, containing 

differential coefficients up to those of the order. 

Moreover, there are (r+l)n functioiLs to eliminate, viz., 

<Pi, 02.originally: 


(70, 


(70„ /introduced among the differ- 


du^ du^ dun lentiations of the 1st order; 


and 


(7’’0i (7’'0n /introduced at tlie difierenti- 

c7u,’” ■■■’ rfun*” lations of tlie r*** order. 

Hence, we must in general go on forming all differential 
coefficients of the primitive function until 

(^+r). greater than (r-f- l)w-, 

p\ r! ^ 

and there will generally be 

j'' — {r+l)7t independent results. 
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Cor. If there be three variables x, y, and z, we have p = 2, 

and then > 7i(r-f 1), 

and therefore r+2>2n., 

and r>2u—2. 

Hence in general it is necessary to proceed to differentiations 
of the (2?i.—1)*** order at least, and there will in general be 
n independent results. 

5L4. The case however in which the n arbitrary functions 
•••» ^n(w) to be eliminated are all functions of the 
same known function of x, y, z is exceptional.* We now have 

y. 2 =, .... i>n{u)} = 0 . 

Proceeding as in Art. 511, equations (2) and (3) are still true, 

and we obtain + ~+p — 

^ 32 3.r ^32 

3^ 'df 3/t 3it 
[ dy ^'bz' by ^bz 

an equation containing 

y, 2 . p. q, 

for 0o'(iO. •••. all disappear as before,on the elimination 

(/{(■ 'I’^’eating this equation in like manner, wc obtain a 
third equation, containing 

y. p. q, ^ <pi(u ),.... 

And the process may be repeated until we have in all n + l 
equations from wliich the n arbitrary functions may be 
eliminated, leaving as result a partial differential equation 
of the n*** order. 

EXAMPLES. 

1. Eliminate n and h from the equation 

>/ = a sin nz + b cos nx. 

"2. Eliminate a and b from the equation 

y = {a + bx)e'^. 

• See Todhunter's Biff. Calc.. Arte. 251-2&4. 
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3. Eliminate a and h from the equation 

+ he~*. 

4. Eliminate the circular and exponential functions from the 

equation y=e^cosj'. 

5. Eliminate the circular and exponential functions from the 

equation y = nc'^cos 3/ + i^sin Zx. 

6. Eliminate the circular and exponential functions from the 

equation »/ = af"“sin /iz + i^^'cos ux. 

7. Eliminate the hyperbolic functiojis from the equation 

a cosh X + i sitih x = c cosh y +«/ sinh y. 

8. Eliminate the constants from the equation 

ax- + 2/<xy + by- = c. 

9. Eliminate the circular and logarithmic functions Ironi the 

equation y = sinlogx. 

10. Eliminate the circular and logarithmic functions from the 

equation y = log sin x. 

11. Eliminate a and b from the equatioTi 

cos inx 

V cos HX+ b sin 71X + - - 

•' II- - III- 


12. Eliminate a and b from the equation 

ij = o cos 7U + b sin Hx + x sin hx. 

13. Eliminate a, b, and c from the equation 

y = (jc"'* + bc"^ + o’'**, 

>/,, It.,, 11.^ l>eing the roots of the cubic 

+ r = 0. 

14. \{y = Ae*‘ satisfies the linear dift’ercntial equation 


d^y d’"^y 





ju ovc that a is one of the roots of the equation 

■■■ +;', = 0. 

15. Show that for a given primitive equation involving x, y, and « 
arbitrary constants, there are ,—- dilfcrential e<iuation.s ot the r‘'* 

order each involving u - r arbitrary constants, but that only 

r+ 1 of these equations will be indefiendent. [lluoi.r..] 
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16. Eliminate a, d, and c from the equation 

y = (a + hx)^ + C€~*. 

17. Eliminate a, 5, c, and d from the equation 

y = (a + &r)co8 iue + (c + tfa:)sin nx. 

18. Eliminate the circular and logarithmic functions from the 


equation y = A cos 


|”log(a + &r) j- + B sin|^og(a + 6x)| 


19. Eliminate the function from the equation 


20. If 

prove 

21. If 
I^rove 

22. If 
prove 

23. If 
prove 

24. If 
prove 

25. If 

sliow that 

26. Given 
prove 

27. Given 
prove 

28. Given 
show that 


s = y sin-i- + (^(y). 

z = ~ + <f>(ay-bz), 
ap + bg=l. 

3 = ^{a: + ^(y)}, 

ps -qr^O. 

lx + mi/ + nz = F{x- + y® + z\ 
{mz - ny)p + (nx ~ lz)q ^ly-mx 




(a - x)p + (d - y)q = c—z. 

g 

2 = ^<f>(x-y), 
z 

p + q = -. 

z^- + 2xys + yH = 0. 
z = F(y- mx) +f(y - nx), 
r + (m + n)s + mnt = 0. 
z - zF(ax + by + cz) + yf(ax + 6y + cz), 

(b + cq)^ - 2(b + c//)(rt + cp)s + (a + cp)H = 0. 
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29. ..Y ami V are I'uneiiojis of r and //. Show that toe result of 
eliminating t between the e<|iiations 

V V 


is 

■ 'Arl d-y |- 

1 J 

30. If 

// = xyzF{/- + )/- + :■). 

show tliat 

^ B</ , dbu Bm ('/-:)( 

0/--i + (--- ^>3,, + (^ //)., + ■■ 

31. If 

U = F{.r- + //- + z-)f{xy + yz + r/). 

prove that 

Bw , xBm , 'cu . 

32. If 


■jhow that 



3-c ,Z'-z . , 0-: dz 




■ri/: 


33. Show that the result of eliminating the n arbitrary functions 
from the equation 




may be written 


1 . 1 , 

P-:> 

A-':. . 


A”: 


. /'l » P-2 • 


. I =0. 




Pn- 


. . tl d 

where A represenis ihc opeiativo symbol 

d 

34. If <f>iu^-x^ u--;-) = 0, 

, , 1 Bk 1 ^ I Su 1 

show that - ^c- + - ^ + 

X y 2 oz u 

35. If d>{Si{u-x), Si(u-y), SHu-2)]=0 

where S^x + y + z + u, 

show that (5 - a-)^ + (5 - y)^ + (*S’ - 2 )^ = 5 - u. 


[La<:ka>'uk.j 
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36. If 


show that 

37. Eliminate the 


X 'du y "du z "dll _u 
a 'dx'^b c 'dz d' 

arbitrary functions from the equation 


z 




CHAPTER XVIIL 


EXPANSIONS. 

(CoNTINOED FROM CHAPTER V.) 

Theorems of Arbogast, Lagrange, Laplace, and 

Burmann. 

515. Aibogast’s Rule. 

Arbogast has given in his Calcul des Dcrlvationa (Stras- 
burg, 1800) a useful method for the expansion of 

in a series of ascending powei-s of x, ^ being any arbitrary 
function. 

Taylor’s theorem at once gives 

<p{af^-\-ayX + <x.^^ + a^+...) 

-h +«.,.r-+a3.r*+. ..f 

+ + “2^^ + • " )* 

+.i 

or, expanding the several powers of this polynomial increment 
which occur, and arranging in powei-a of x, we have 
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0(ao + «ij: + «2^"+...) 

= 0(«o) + 40'(«o)*‘^] 

• «3+ '^''(««) ■ '^1 • «2+ 

r* 

+ j^^'((/,,). . (t-x • + 

+ </» ('*o) 2 (S)^374j 

+. 


Upon examination, it will appear tliat each of these co¬ 
efficients may be formerl t'ix)m the preceding one by differ¬ 
entiating eacli term witli regard to the last letter contained 
and integrating with regard to the next letter, and then 
differentiating with regard to the letter next before the last 
and integrating with regard to the last. 

Professor Cayley {Messenger of Math., vol. V.) called this 
the “ rule of the last and the last but one.” 

I am indebted to Mr. A. E. Joliffe for the following elegant 
and convenient form of the theorem. 

x~ \ 

1 f "b d- - J 

he expanded in the form. 

‘ 1 0 "h •*'1 1*^ d" •^122'^ " 

the coefficients .dj, .do, can be successively calculated 

by the formula, 

To demonstrate this let 
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then 


A 0 (ao+UiX + « 2 ^, + ---) 


Bence 


- J” ^(«0 +•••)• 


X- y-' 

+A^j. X + + . 


X- . x^ 


— "I" ”1" ^391 ■^ 4 gl *^ * 


• • 


whence ^■lr+» = 

Now 40 = ^(a^,); 

hence A^=a^(p'(aQ), 

A^= «i V(“o)+«2'^X"o)> 

^3=«,^4^"'(U(,) + 3«,a2^"(«o) + «30'(»o^- 

etc. 


516. Maclaurin’a theorem gives a method of expanding z lu 

c dz d'h 

powers of x whenever the limiting values oi z, . 


when x = 0, can be found. It is therefore specially adapted 
for the case in which z is expressed explicitly in terms of 
X. But in the case of the fundamental relation between 
2 and X being implicit, the evaluation of high differential 
coefficients is often tedious and difficult, and it is therefore 
advantageous to make use of theorems specially constructed 
to meet the requirements of this case. We theiefoio 
proceed to the investigation of Lagrange's and Laplace’s 
Theorems. 


517. Lagrange's Theorem. 

Suppose 2 to be a function of x and y detineil l)y the 

equation 2 = y + J‘ 0 ( 2 ). .( 1 ) 

and let u be any function of 2 , say f{z)\ it i.'' reejuired to 
expand u in a series of powers of x. 

Maclaurin’s theorem gives 
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, indicate that a; is to be made zero 


where 

after the differentiations indicated are completed. The values 
of these expressions may all be calculated by successive 
differentiation, but the process may be much simplified, as 
we now proceed to show. 

It will be clear that 

. 




where u is any function of x and y ; for each side is equal to 

. "dit "dll , V dhi 

Differentiating equation (1) with regard to x and y, we 


obtain 


, 


and 

^•Z ^ , // \^Z 

# 


Giving 

. 

.(3) 


|:= 1/{1-V(s)(, . 

.(4) 

whence 

Zz , .3^ 

“ =0(2)~. . 

OX 'dy 


.(5) 


If now u be any function of z, we have 

?>ic_dii “dz 
'dx dz 

, ?'iL die "dz 

Ullcl “ J * * 

cy dz ?y 

whence equation (5) becomes 

dll ,, v'^U. 

'dx~^^~\y . 

We shall in a similar manner change the independent 
variable from x to y for each of the remaining expressions 

CX- dJT 

rims wo have J’ 


,( 6 ) 
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remembering that u is a function of z, and therefore, con¬ 
versely, z a function of u, and applying equation (2). Hence, 

substituting the value of from equation (C). 


9r. , 
9.f- 

' ii“] 

Differentiating again, 


9 9 
9.C cy 


1 _ 1 

II 

9 9 

(0(^)1 

II 

(0(2)} 


(7) 




^1/ 


ct/J 

The general law indicated by equations (G), (7), (8), viz , 

a,,.=ay-jrTLl0W)”3j.(0> 

may easily be proved by induction. For ditlerentiating ecpia- 
tion (9) with respect to x, 

9”+*(t 
9x*‘+*' 




9 9 *' 

- 1 

9.C 9i/' 

n~\ 

9“ * ^ 

d 

9y-‘ 

dj' 

9'*-* 

9 

9 ^» - ‘ 


9" 


9//“ 





whence —tt follows the .same law of formation as ^ ,, ; but 
9 £c"'*’^ ar'* 

equations (6), (7), (8) establislied the h)rnj for tlie .special cases 

n= 1, 71 = 2, n = 3, and lienee the form holds univei-sally. 

In finding , (^).^ P”*' *‘/ter the 

differentiations are performed, but as all the.se ditierential 
coefficients are transformed into difi'erentiation.s taken with 
regard to y, which is independent of x, it is permissible to 
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make a: = 0 heft)re effecting the differentiation with regard 
to y, and we shall therefore be able to write z = y and 

— = f'iy^ 5 ai'd then equation (9) g^ves 


'dy 




and the development of u or f{z) by Maclaurin’s theorem, viz., 


becomes 


X- d 


/C^)-=/(y)+x0(yyXy) + 2] J^[{<^.(2/)}r(2/)]+- 


+"i,$kwy)Yfiy)}+-- 


Ex. riiven 




to expand ? in jKjwt'rs of x. 

Here f(ji)=z and = - 1), 

and therefore ^„_',[(‘f>y)"/y] = 2 \ 

and Lagrange’s theorem gives 


From this resvilt wc may deduce an important expansion, viz,, that of 

(1 - 2i/x+x^)~^. 


From Equation (1) 


-2jy+x2, 


X X 


the negative sign being a<loptcd, since •when t = 0 we are to liave 2=.y. 

Differentiating tii« right-hand sides of (2) and (3) witli regard to y, 
we have 

(I ‘^^ 2:22 d>2 </y" 

'I’he coefficients ... of the several powers of x in this expansion 

are called ].Aplace’s ('oetficieuts. We thus have established 

=J 

" 2"«: rfy" 


51<S. Laplace’s Generali 2 ation of Lagrange’s Theorem. 

The result of the preceding article is due to Lagrange.'* 
The proof is however due to Laplace, who has thrown the 

• AUe/noircs dc Btrliu^ 1708* 
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same theorem int^) a inort* tjeneral form, whicli is rji-sily 
deducible from the 

Suppose tliat instead t)f equation (1 ) ol the preceding 
article we liad 

; = + . 

and that it is required to expjind any luiictioii ot z. say/tc), 
in ascending powers of .t\ 

If we write // + j' 0 (c) = /. 

we have z = F{t), 

and therefore / = y + . 

Hence we have to develop /iz) or yT^‘0] in powers ot ;/■ 
from equation ( 2 ), which is tlieretore an ohviniis case ot 
Lagrange’s theorem, the coinplc.K functionsy|/(M} and 
taking the place of tiie simple functions /(:) and (/t(z) in 
the above result. We tlierefore obtain 


+ + <>/ J 


+ •... 


519. Burmanii’8 Theorem. 

Burmann has given a series of very general form for 
expanding any function of z, say /{z), in powers of any other 
function of s, F(z). Tliis like Laplace’s result inelmles 
Lagrange's scries us a particular case, and admits of easy 
deduction from the original series. 

Lagrange's series may be w'ritten 



r= 

/(^)=/(^)+^ .. 

. a) 

where 

z = a-\-x^(z) . 

.( 2 ) 

and 

. 

. (:i) 

Put 

It is 

x = (^-~^) = F(z). 

clear then that s = a- is a solution of tin* 

1 ‘quation 

F(z) = 0 

. Z — fl 

; also tlie form of t/>{z) JS 
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Thus equation (1) becomes 


r = l 


where 




Tliis is Burmann's result. 


Ex. To expand t-* in piwers of 


[Coll. Exam. 1879.] 


Here 

Hence 


fiz) = r, = 

</)(r) = e‘. 


Hence Bnrmann’s theorem gives 


r-l • ' 


)r 



520. We have not attempted to gfive any test for the 
conver^ency of the series of the pivsent chapter, and the 
investigation for tlie form of tlie remainder after ?i terms, 
corresponding to Arts. 130 to 136, has been omitted as beyond 
the scope of the present work. For further information the 
student is referred to Lemons de Calcal Di^f^rentiel, par M. 
l Ahhd Moigno (18*"'= Le(;on); Liouville’s Joid'tuiI, vol. XL; 
Bertrand, Culcui Jjiffcrentiel, livi*e Second, chapitre III. 


1. If 


lY., 


EXAMPLES. 


-az + b^sO 

a a 


prove that one of the roots is 


hi , J.* 




a* 


a 


fPjEACOCK,J 
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2. If 


= a{ 


2 = a + 
6 -’ 


prove 2 = a-[l + a"*’6 + 27Mi*" + 3H(3n - 1) 




[GREGOSy.] 


3. If 


z=l +cu\ 


f n-A 

then 2=l+a.j-+2 log + 3-(log + ■■ 


[Gregory.] 


4. If 


2 = a + j: log 2 , 


- . 2 log a 3 log a . , .r* 

then « = a + log a. x-\ “ l0o^)oi 

CL vC V • 




5. If 
prove 


+ ^ (6 - 9 log dp + 2 log + ... . 

d'* *1. 

[Gregohy.] 

2 = 0 + 6(2” + c:'), 


2 = a + (a" + ca')^ + { 2Ma’"" * + 2c{n + r)a 


h- 

\ • ^ 


[GrE<!ORV. ] 


6. If u=-a + < sin u, 

prove «=*« + « Bin a + ^i + “'■*■•••• 


[LaI'LACK.] 


7. If 


2 = d + ^ 


prove 2"* = a“‘— + Slu"* ' - 2j/:(/r+ 4 )(i-++ ... 

By putting a = 2, deduce 

/ 2 V , ;t 2 . 

vi+jnrJ" 




8. If 


prove 


(BkKTUAM).] 


cx 


- - + a = 0 4 ^ 


( 1 ) 


( 2 ) 


a 


n^c 4f/V 5. f) 


b'^ 


2.3 


[Peacock.] 


a 


a^c 


5 a*c^ 7 . G rtV’ 

^ “ JC* 2 ' '2~3 ■ iH ■‘‘ • • • • 


, (I (W 3 fl-c* 5 .4 
(3) loga = log^ + ^, + ^- i4- + 2. 3' • 


[Bertrand.] 
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9. If 1 — jr + <w = 0, 

prove by Lagrange’s theorem 


jf* = 1 + «a + 


n{n +1) 

\72 


a‘+... . 


i-i , d- 

e * = I + rt + 


w 


1.2 1.2.3 


:> + • 


. /. 1 \ d^ d’ 


[Peacock.] 


10. If 


prove 


1 - X + ^ = 0, 


1 *> 
i . 


3! 


f* = 


I , 3 V 43g3 1 

3r+Tr+Tr+-[- 


[Peacock.] 


11. Given 




h //"•*' 277t+2 ft--*' (3?/j+2)(3m + 3) 


prove = .j, 

Ai)ply this to show that one of the roots of 

;r’ + 4x+2 = 0 is x= -•4928... 
correct to four places of decimals. 

12. If y= log(c + x sin y), 

pro\e 

„ ■ -.j" sinlogc-ic- 

/->' = c + sin(logc)- +- 

3sin(logc),^. 


a 


3m 


♦ 4 • 


[Bkrtba.vo.] 




+ — 


4:- 


{S - 9 sin(log.:) - 2sin(logc-) + 3 sin(logr®)}^i +.... 

[Gregory.] 


13. If 

prove y =s + rcos t‘y + ^cos <^*(cos <’* — 2 sin . r)^-j + 


..X- 


• • • • 


14. Having given that u is a function of x such that 



.tin r- dht 

n ;' + 7^; 0, 

dx. 21 ax- 

prove that 

'' = ™+V;Tx/-3! + VsJ'''3!+-' 

'vhere 

dx 

du [Paoli, Eleuenti d^Axa^keka,} 
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15. Apply Burmann’s theorem to develop .r in powers of 

2x 

16. Expand g" in powers of ze^ by Burmann’s theorem. 

[Bertrand.] 

17. If be any function of x which can be expanded in powers 
of e*, prove (by aid of Ex. 16) 

<i>{x + a) 

= i.tx) + a<i>'(z + b} + + 2b) + + 3b) + .... 

For example 

(x + a)”* = XT'+ ma(x + + - 2b){x + 2br--+ ... . 

[.•VliEL. 1 

18. If be the inverse function of ^(x), and </>(x) vanish with 

X, prove 

'2\l7U WPJo ■■■ ■ 
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CHANGE OF THE INDEPENDENT VARIABLE. 

521. If there be an expression involving two variables x 

and y and containing the differential coe6Bcients .... 

it is sometimes desirable to change the independent variable 
from X to some third variable t, of which a; is a known 
lunction. Tins change may be effected as follows:— 

It has been shown in Art. 41 that 


dy 

dx 


dt 

dx 

dt 


The operation ^ is therefore equivalent to the operation 


_L ^ 

dx dt 
dt 


For instance, 

d^y 

dx- 


J_ d_ 
dx dt 
dt 


dy 

dt 

dx 

dt 


dry dx d-x dy 

df' di di'^ dt 


/Af\® 

\di) 


Similarly 


d-hf _ ]_d 

dx^~ dt 
dt 


d'-y dx d‘x dy 

dW dt ~ dt- dt 


( 


dx'^ 

di) 
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/d}y dx d}x dy\/dj:'^^/d-y dx_drx dy\^fdx'\}d^x 

dl~^ dt Adt ) \dt-~ dt dr- dt )' \dt ) df~ 

/dx'^ 

\di) 

(d?y dx d^x dy\dx (d~y dx_d^x dy\^ 

\dit^'dt dt^dt)dt \dr^ dt dt'^dtJdf^ 

/ficy ’ 

\dt) 


and similarly for differential coefficients of a hifjlier ordei. 
Also, X being a known function of /, all the expressions 

dx d'-x d^x 
dt' d¥' dt^' 


are known functions of t, and therefore the desired transforma¬ 
tion can be performed. 

522. If we wish to make y the independent variable instead 
of X, we have at once, by putting i = y, 


dy 

dt 





= 0, etc., 


and therefore 


dy _1_ 

dx dx' 

dy 


d'U 

d^y _ _ dy- ^ 
dx-~ I dx'd 
\dy) 

d^x dx_^r(px\^ 
d^y dy^ dy \did) 

"' er 

formulae which may of course also be obtained directly. 

523. Differential equations may often be simplified by such 
substitutions, as in the following examples:— 


(1) ChaiiK© the iudeiwudfiit variable from x Ui 0 in tl>e equation 


having given 


x»=co8 a. 
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Here 


and therefore 


and 


fix . n 

^=-sme, 

dy _ \ dy 

dx~~ sxnSdf^ 


__l_ 

dj^ sin $ dB 


^ 1 
V sin 


6 del 


• /^dhj ndy 

1 


sin B 

Hence the given equation becomes 


sin-^ 


(1 — cos^d) 


• cA~y rAy 

s.n 0^g..-co8fl3| 


8in36^ 




and reduces to 


S+^=“- 


( 2 ) Change the equation 

so that y may be considered the independent variable instead oi a 

d^x 

Here we have 


^y- 1 .V n 

\dy} \dy) \dy) 


or 


drx ,dx^ 


Examples. 


1 . Show that the equation 


djc 

d\v 


may be reduced to the form ■^^±.q-y = 0 


by putting 

2 . .Show that the equation 


s'l +ar*. 
at 




= (1 


mav 


y be written in the form 


524. The Operator 

A transformation which renders peculiar ser^dce in redticing 
a certain class of linear differential equations to a form in 
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which all the coefficients are constants, arises from putting 




In this cavse 


and therefor 


dx 

tif 




- ,1x^.1 i' 


<l . d 

It is obviou.s therefore tliat tlie operatoi-s .r^- and ^ are 
equivalent. Let D stand for Then we have 

. 




d.r"-^' 


which we may write 


'I- 


Now putting n in succession =2, 3. 4, we Jiave 

etc. 

Hence, generally, we have 

or reversing the order of the operations, 

=/>-!)(/>-2)...(/>-n+l),y. 

Ex. The tliirerential equation 


dj^ 


dj^ 


reduceH at once to 

IKf) lK/>-2)^ + 2/>(/>- l)y + 3/>y + -ly 
or I>^ - I)-y + 3/>y + 4y 

by puttnig x—e*. 
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525. Transformation to Folars, and vice versa. 

It often happens that a result in Cartesians is much 
simplified on reduction to Polars, or vice versa. 

In such cases we have 

a:=r cos $, 


y = r sin 6. 

Suppose B to be the independent Polar Variable, then 

dy dr . - , . 

dy te 

dx dx 57 ~ ! ~ 


Similarly, 


d-y _1_ d 

dx- dx dB 
dB 


dr 

dB 


sin B + r cos B 


dr 


cos B — r sin B 


which easily simplifies down to 



526. Suppose x and y to be expressed in terms of some 
third variable t, then it is easy to show that 

dx 

57 • ^di~'dt 


. dy dr 


( 1 ) 




and therefore 



Equation (1) is at once obvious by dififerentiating the 

equation a;- + y- = r* 

with regard to t. 

To prove (2). Let 0 be the pole of the curve whose 
equation is obtained by the elimination of t between the 
expressions for x and y. Let P be a point on the curve 
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whose co-ordinates are (x. y) or (r, 0), Q an adjacent point 
whose co-ordinates are by Taylor’s theorem 




dij 


ill 


1 

>) 


, or in Polars 






j 


The Cartesian and Polar expressions for the area of the 
triangle OPQ, when St is very small, are equivalent. Hence 

which gives in the limit 

du dx jW 

Formula (3) obviously represents the equivalence of the 
two expressions for . Arts. 200 and '201. 

All these formulae may of cour.se be established otherwise. 
Ex. Ti-ansform to Cartesians the fonnnla 






This we may write as 


t = 


dr 

'^di 


dx , di/ 

^ 7 * +^57 


. 


vfflvl:)’ v(S)'.(a’ Muj 


52?. Two Independeot Variables. 

We shall now consider the case in which there are two 


independent variables x and y. 

Let U=j\:c,y) .(li 

Suppose x = <i}^iu, t’)| ^2) 


be the proposed transfonnation; tlien we have 

'dx da dy da \ 

^ . 

dv dx dv dy dvJ 


K.D.C. 


Q 
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?>U ‘bU 


These equations may be solved for giving 


bU by bJT by 
bU bvb bv bo bu 
bx 


bx 

bu 


bv 


bx 

bv 


bu 


and 


blT bx bU 
bU_ bv btu bu bv 
by bx by b^ 

bv, bv bv bv. 


If, however, we could solve equations (2) for u and v in 
terms of x and y so as to express them thus, 

u = 2/)| . 

v==F^{x, y)} 

we can find and substitute in the formulae 


.( 3 ) 


bx* by' bx* by 

bU bU bv, bU bv' 
bx bu bx bv bx 
bU_JdU bv. bV ^ 
by ~ bit by bv by. 

528. The differential coefficients on the right-hand aides 
of tiie equations of the preceding article are all partial. For 

bx 

instance, in finding tlie value of from equations (2), v is 


treated as a constant, while in finding — from equations (4), 

>/ is treated as a constant. The student should therefore 

guard carefully against any such assumption as that ^ * bx ” 

For the tmth of tliis equation was proved in Art. 55 on tlie 
assumption of a relation between u and x and no other 
variable, but this is not the case now considered. 

52l>. The case of transformation from the Cartesian to tlie 
polar form deserves special notice. 

Here x = rcosd, + y\ 


y = r sin d, 


d = tan-i^, 

X 
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'dx - X 

■- =S cos 0 = , 
Dr r 

^ =sm 0 = 
or r 


^-=COS0, 


'bX • r, 

—.= —r sm 6= —y, ~ 
■$$ dx 


dy n 

=rcosd = 'x, 
o0 


dr X 

^ = —J Lr ^ — = sin 0, 

30 (/ _ sin 0 

^ + r“ 

30 _ .r COS0 

'^\r 




/• 


Now 


^ yr.^^ = co.s0^^-— ^ 

^'"dT '^•'^30 ’ D;c 3r r 


30’ 


DF DF 3r DF 30 . .3F cos0 3F 
dy dr 3^ 30 dy cr r 30 

dr~dx dr dy dr r dx r dy' 




Dc dy 


30 3a; 30'3^ 30 

Hence we have the following equivalence ol Polar and 
Cartesian operations:— 


while 


3 3 sin 0 3 1 

— = co.s 0 , — — ~w 

dx dv r v6 

3 ■ a'^ COS0 3 

, s sm 0... 4- 
dy dr r cd 


and either of these operators may be obtained liom the othei 


TT 


by changing 0 into — 0 


Also 


and 


3 3,31 

■ =X: + Vz ’ 

dr ox cy 

d d d 

- s — V 

cd OU ^ ox 


530. It will be noticed here that 

3r dx .,a 
-- = cos^0, 

dx or 
dy dr 
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dx d$ . on 
|^.|^ = eos»0, 

Zd 

thus bearing out the observations of Art. 528 that such 
products are not of the kind contemplated in Art. 55, and 
whose values are unity. 

.581 To transform 4 and 4-^ to Polar Co-ordinates. 


W- 


We l.ave = r=(cos0-- ggj V 

r ^dV sin 0 d n sin 0 
^Lcosd^-- ,-^eL^os9^^- 


CO.S0 -I cos 
01 

..«9-F ^sinflcosO 3^F ,sin-63-F 
eo»-eg^^--2-=-■ 35* 


sin0 dV~\ 
r BffJ 


sin^d 3F 2sin^cosd 9F 
r ^ r* 30 


, , 32F /3\%r /• ^^,cos0 3VTr 


• n^r* n^F COS0 3Fn COS0 3 r . ^3F cos0 3Fn 

= sni0.— sin0:c + — H-sin0:^—-^ 

J/-L or r 00 J r 30L 3?’ r 30 J 


. ,^32F 28in0cos0 S^F . cos2032F 
sm^o ::r-r H-+ 


3r 


r 


3r30 


,.2 


302 


+ 


cos20 3 F 2 sin 0 cos 0 3 F 


r 3r 


..2 


30* 


532. Transformation of V^F. 
By addition we have 


?2r 32F 32 F . 1 3F . 1 32 F 


_' -., 4 ":: 

Ox- cy 


., I 


+ — 


'dr- ^ 1 ' dr 7'- 302' 


It is easy to deduce from this result the corresponding 
transformation of the expression 

32F 32 F ^F 
3£c2^3y*^3s* 
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to polar co-ordinates, the operator standing for 

^ 

The transformation formulae are now 


x = r sin 6 cos 
2 / = rsin 0sin 0, 

2 = rcosd J 


Let r3 ind=«, 

then x‘ = t/. COS0, 

y = u sin <f>, 

and by the preceding article 

32V' 32pr 32]^ 1 3 r 1 

Adding = ^2 + 3^2 + 3 „ + g^., ■ 

The quantities tt, <p,z are often termed Cylindric Co-ordinates. 
Again by the preceding article, binc(5 

z=- r cos B. 


and 

Hence 


2 ”^ 


Su- 


11 = r sin Q, 

13F IS^F 
'dr 90'^ ’ 


dz' 

dll 


di 


. V , cos 31' ,, c-jn \ 

sintJ-A-H— —-a- (Art. 5o0.) 

dr I ou 


1 3F_1 3F cott# 3F 
u^'r dr'^' Z'O’ 


3M' 


wherefore 

r,.,,r_^^V2^V }9V eoie-^ i 

^ dd-^ o0^ d(j,' 

These transformutions derive their interest from the fre¬ 
quency with whicli tlie e(|uation V'^1'' = 0 occurs in various 
problems in the higlier branches of physics. (See Art. 18'.).) 


533. Orthogonal Transformation of V^F. 
If we transform the expression 

'(fV 3*F ^'F 

3x^ dy"^ dz^ 
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by changing to any other set of axes 0^, Ori, 0^ mutually at 
right angles, retaining the same origin, it becomes 

For let the scheme of the orthogonal transformation of 
co-ordinates be that shown in the margin. 

Then it is shown in books on solid geometry 
that 

= 1, etc., 

=l.etc.. 

/gWod-? 3 ^i 3 = 0, etc., 

-b "Tij-Ti 2 = 0, etc. 




T7 


X 


”>1 


y 

h \ 

1 

m 3 

»*2 

Z 

^3 

fHg 

«3 1 


Now 


and 


rj = nijX + m^y + m^z, 

n^z, 

‘dV'dn 

dx “dx Zt] Zx Zx 


ZV 


And similarly 

Z^V Z ZV 
Zx- 




ZV ZV 






-V ZZV fjZ ^ 9 , ^V, ZV 


ZV\ 


9„ • -df / 
Z^V 


Similarlj’’ 

ZW 

Zy^ 

Z-V 

95“" 


j.'d-V ^ ,92F^ .ZW , „ 

9®F 


= ?2^^^2 + etc., 
9®F 

= ?3=|p + etc. 


^yhence by addition 

Z'^V Z^-V Z^-V ?^V,Z^V^Z^V 
■*■ 9y- ■’■ 9s- “ 2 + 9,^2 + 9^2 ■ 

and the form is therefore unaltered by the transformation. 
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EXAMPLi:S. 


1. Change the independent variable from z to « in the 

where ^ = sin 

2. Show that the form of the eqtjation 

ilxr (ix 

remains unchanged if we substitute - for x. 

3. Show that the equation 


becomes 


.4hi dtf 

d'ij „ 

T,i + !/ = 0 


dz^ 


by substituting c* for /. 

4. Transform the equation 

sin-2^i'^ + sin 4;^^ + 4y = 0 

by putting tan z^e*. 

5. Transform the equation 

(« + + J {a + h.r)^J^ + By =/(x) 

by putting a + h.r = f‘ 

6. Transform the equation 

(1 + + 2/( 1 + + y = 0 

into one in which z is the independent variable, given x 

7. Transform the Cartesian formula 


di/ 

' dx - y 


/' = 


dy\^ 


V ‘ (i; 

to polars. 

8. Transform the polar formula 

, rdO 
uu 


equation 


tun z. 


to Cartesians. 
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9. Transform the formula 


P = 


{ 


'Hin 


I 


dH 

dx^ 


into polar co-ordinates 
10. Given 


prove 


x = a(^-hsin 6 ), 

y — a{\ - cos $), 

dhj 1 
,4=4- sec^-r. 
dx- Aa 2 


dh. 


11. Transform to the new variables « and v, taking « as inde¬ 
pendent variable, given x = v~'^, ?/=«*'• [Oxtord, 1888.] 

12. If be a function of r alone, where 


r- = z*-' + y-', 

3-^r 1 ^ 

•t o ~ j .../ A" » • 


show that 


‘bx’ by- dr'^ r dr 
13. If V be a function of r alone, where 

= x~ -k- y--^ z'^, 

b^V b^-F b^r d^F 2dF 


show that 


bx^"^ by'^'^ bz-~ dr’"^ r dr' 


14, Generally, if F be a function of r alone, where 


r- = x,--f-2‘«-4-... +x 


'n ’ 


, . ^ b-r :r-r b^F b^F (T-F n-ldF 

show that + 2 =-^-)--- 

15. If z = e'8ecw, y=e’tan«, 

and </» is a function of x and y, show that 

/ b-d> b<i>\ /b-<i> b-d>\ , „ b^<f> 

“(3»37' - 3« ) = ^ 

[Oxford, 1889.] 

1(). In transforming any function u of x, y, z from Cartesians to 
polars by the formulae x = r sin 9 cos 

y~r sin $ sin <^, 

z—r cos 9, 

bx br 

prove (a) 

,, bx ^b9 
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'd<f> dz d4> dt/ 


/‘duV- /^uV- /3uV /3«V . /I 

(^) '^(^) ■^fe) “(or) +(r3y) 


1 _ 9«\2 

^ j sin 6 d<i>) 

17. If r be a function of two independent variables x and y which 
are connected with two other variables r and 0 by the equations 

Fi(z, y. r, ^) = 0, 

y. n ^) = 0, 

dF . 3F . ,.'dF , Sr 

show how to express and in terms ot and 

18. If in the differential equation 






the independent variable be changed to B, where r = e^, show that 
all the coefficients in the transformed equation are constants. 

19. Show that by putting .r- = s and //’ = / the equation 


is reduced to 


(it 

dt ^"ds 

^ “ Vs dt 




20. Transform the e<|uation 

by putting x = cos 0. 

21. If r=+J-=l, 

show that the equation ~ 


becomes 


22 . If 




show that the equation ~ ^ ^ 


l)Cconic8 
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23. If 


x = r cos j , 

. Ay r = e*, 
y = r sin dj 


prove x-_+2a:y^ + y^gp = r^(^rg-^- 1 = 1 


and 




32tt 


.3% S^w Sit S^it Su 




24. If x + y=s2c^co8 and x-y — Hj- 1 e^sin 4>, 

show that 


s^r 92 ^ , d^V 

^ /^rt ^ t n ~~ 4xy: 


25. Prove that, if 


3^2 ■ 3,^2 y-Qx-dy 
X s= r sin ^ cos <f>, 
y = r sin 6 sin 0, 
zssT cos 6, 

32 ^ 32r 32 ^ 


[OXFOED.) 


3x2 dy 2 3^2 


^0 


transforms into 
3 
3r 


,3r\ 3/ 1 3r\ 


)r('"s*n ) ■‘' ^ 3(# j ■*■ 3<^>isin 0 3<^ j 

, , •. 32frr) 3 r„ „3in 1 

and also into + ^|(1 - + y^rp ' 3^3 = »» 

where y. = cos 

26. Transform + where P and Q are functions of x only 

dx 

so that i may be the independent variable, where ■^ = JF. 

27. Transform the equation 

ry- - 2sxy + /x2 =;^z + jy — x 

by putting x = u. cos t’'| 

y = u sin t»J * 

28. If j be a function of x and y, and Z be written for px + yy — s, 
prov'e that if p and q bo taken as independent variables. 


ZZ 3J 32 ^ 


t 


Z^-Z 




3 y dp- rt - ZpZq 
29. Show that 

•S’a - „ d^ii ^ ., Z^u „32« 


rt - »'2’ Zq- rt - s-' 


xs 




where A represents the operative symbol polars. 
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30. Prove generally that if = and = 




'dTu 




d"» 




M 


= A(A - 1)(A- 2)...(A - » + l)u, 


where 


.3 a 

3<^.' 


31. If = y = e<f>, 

transform the expression 

.3-r s-r 

2.r- dy- dJ d// 

32. If u+a’=f{x + t!/), 

where x and y are independent and m, v, x, y are all real, prove that 

Z2V /9-^r ^ .. _ j, 

Dx-i ^ -dy^ \du- ^ 'dv- P ^ 

Hence establish that if .■>'= r cos 0, y = r sin 0, 


then 


B2r "d-v z-v 1 zv 1 3 -r 


dz- "dy- Sr- /■ 'dr r- W- 


[Oxforu, 1S88.] 


33. Transform the eciuation 

d*« d-u f. 

dz^ oy 

to polar co-ordinates. 

34. Show by a change of rectangular axes that 

32 K .d-F d-y - .d-r - d-r 


32 r 


- +2o'' ' + 2 //.^ 

^ dy^ ^ di- dyd'. ''ezox dxdy 

. d'^V j,d-F .dip 

may bo transformed to xl + ii ^yj + ^ • 

35. Under what condition can 


dV, or- 

"> y Oy 

dV , dV 

« -1- 

- ox - oy 


] 


. , , r ,dF „d!’ 

by a rectang\iiar transformation bo reduced to the fonns A 

respectively 1 

3C. If «-/(z, y), x2 = f., and change the independent vari¬ 

ables to y in the equation 


x‘ 


.- 0 , 
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37. If .c. ij be the rectangular, r, $ the polar co-ordinates of the 
same point, prove 

/ c>=H 1 3-m 1 'dn d'hi 1 / cht 1 9«\2 

dy- ' dy- \^xdy) “ r- r drW^~ “ r W ' 

38. The position of a point in a plane is defined by the length r 
of the tangent from it to a fixed circle of radius a and the inclination 
^ <*f the tangent to a fixed line. Show that the continuity equation 

cP(i> 


or- on- 


transfonns into 


'-</» 1 30 1 3*0 ^ 1 30 

^ 7- .V 7^’ “ 

3'.i. l‘rove that 


130, ff/,3'0 I 30\ 

/•n3r2 r rA'-drlH) r w) ' 


\r: 


•I ^ -K .» ^ 




' I 3///’?r\ 3 //r 3r\-) 

where j', = r sin t^,sin ... .^iu 

.^= /'siii ^^^sill ... cos «. = /-sin*'<^,, 

./•j=r.siii '^jsin ... cos = r-sin-djsin-^.„ 


'n-i - >' f^.y-os d. . . 

‘ '']■ «..-i =/'-sin-d,sin-d^, ... sin-'d,,.,, 

^.rid ir r-Ui,,'. ....sind„..,. [M.atii. Tripos. 1S89.] 

” /’i ff- -I 

rj=/s<y ;»• 

sliou how In < )KiMgc the iiuh-pendent variables from x, i/, : to p^, p.^ 
/> in any pai tial ditVort-nlials. 

n /'j bf a system nt orthogonal surfaces show that the 


• • \ I >i'cs>jon 


>'r -7' - -v- 

-••.•+ . + 

. </- 


tlaiisl'ninis into 

etc. 


[.Math. Tripos, 1875.J 
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MISCELLANEOUS THEOREMS. 

Jacobians. 


534. Definition. Notation. 

If u^,u^, ...,u„be 7 } fxinctioiis of the variables*' 3 , • 


x„, the determinant 


^.^n 


cV,‘ IV.,' V 3 ’ ■ ■ " c'-'-., 

d.r[’ ox.^ . ox., 


'dll,, dn 


II 




n 


If 


ox/ dx/ n 

has been called by Dr. Salmon the Jaeohiai, of e,. a., 

with regard to Xj, Xj.x,,.* 

This detenninant is often denoted by 

.... /(«,, Wg. ..., T',.). 

, Xg, .. • » Xf,) 

or shortly J', when there oin be no doubt as to the vanahle.s 
referred to. 


535. The Jacobian of Three Curves. 

If .^ = 0, t; = 0 . w = 0 be the etiuaiions of three curves in any 
homogeneous co-ordinates, it has been sliown that the polai 
lines of X. y, z with regard to these curve.s are respectively 

XUx-\- YUjf + Xuz = b, 

Xr. + Yv, = 0 . 

Yii‘y-{-Xu-t = 0. 

•Salmon. JIvjhrr Ah'^jru. p. 7S p- 
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These three lines are concurrent if 




V'x, 

Uy. 


Vx, 

Vy, 

Vz 

Wx. 


Wz 


= 0. 


Thus the vanishing of the Jacobian of three curves indicates 
the locus of a point v’hose three j^olar lines are concu'n'cnt. 

Ex. Show that the Jacobian of three circles gives their orthotomic circle. 

536. Prop. If any set of homogeneous equations he satisfied 
hy a common syf<tem of variables, the equation J=0 is also 
satisfied hy the same system, and if the degrees are the same, 

the equations = 0, — = 0,... %vill also he satisfied hy the same 
system. 

For if u = 0, v = 0, it? = 0, ... be the equations, of degrees 
2 >, q, r, ... respeetivelj”, and x, y, z, ... the variables, Euler’s 
tlieorem on homogeneous functions gives 

xu^ + yUy-\-sUi+ 

+yvy + ...~qv, 

... = mv, 

etc., 

aTu! solving for x we obtain 

xJ = puU+qvY-\-rui'W-\- .(1) 

whore U, T^, Tr, ... are the co-factors of J corresponding to 

Xj, U'j . Hence if any system of variables can be found 

to make u = v = iv= ... = 0 .simultaneously, that system will 
also make ./ = 0. 

Again, differentiating equation (1) of the last article we have 

+ J'+ it ) + ...= , 

wlieu ■«,= 1?= =0. 

Hence if tlie expressions xt, v ,... were all of the same degree, 
we sliould l»;ive p = q—...s=n say, and 

d.v 

and therefore for such a set of variables as simultaneously 

r 

satisfy the eqnatiori.s u = 0, r = 0, u’ = 0, ... we have — = 0* 

"dx 

• 'I hc method of proof adopted ia giveu bj Dr. Salmon, Higher Algebra, p. 7a 
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Siniilarlj', 

537. If then the curves u = 0, y = 0. w^O have a common 
point, the curve J = 0 u-ill go through that point, and further, 
if the curves be of like degree, we sliall have 

0 

Zx~dg~ dz~ 

so that J = 0 will have a double point there. 

538. Since the equation 

Ur. »», 


I'r. f'v‘ 


U, 


r 


= 0 . 


is satisfied when = '>■ H through all the m alUpU 

points on the curve u = 0. Similarly, it passes thrm.gl> all the 
multiple points on any of the curves of the lamihes a - - 

w = c for any values of a, b, c. 

539. The Hessian. . . 

The Jacobian of the first difierential coefimients u,. a.- ot 

auv function u is 

‘ ' fljTX , « 


-rj/» 


a 




u 


12 f 


U 




iiy 


and has been called the Hessian (Art. Sll). 

540 PUOP. If J he the Jochour o, the s ,ste,n „ c u dh 

to X, , Ld ./■ the jorohlan of o, y noth reyord to u. V. 

then will - I 

Let «=/(>.»/) ami v^F{.r,g), 

and suppose these solved lur ati'l //, 

x = <l>{u, r) un*l // = V/t". ‘O. 

we then have 


1 


on 'O.K 1 

bx 'on <-'// 1 

?.V 

bv bg be 

^bv ^ ^ 

^ ox on bg bit 

'dv 'oj: 00 Off 
^^bx'bv'^'^'bv^ 
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Also 

JJ' = 

' da 

da 

. dx 
, X 1 —. 

dy 



dx 

'^y 1 

1 

"da 


1 

dv 

dv 

, dx 

32/ 



dx 


: dv' 

9y 


'du ?>x 9.7 

9x cu,' 'ey etc' 

c'f.' 9 j; 9.7 

9x 'ou~^dy 'dit 

1 , 0 ) = 1 . 

0 . 1 : 


9w. 97 

'dx Zi'cy cv 
9i' 9.C 9 r 97 
dx dv ?7 9y 


III tlu^ same way the theorem atimits of proof if there be 
more fiiiietioTi.s aixl more varia})le.s than two. 

Tliia tlieoreiii may be written 


'c\x. y, ...) c{n, c, ...) 

o4i. pkop. If r. r ore fuiivtioii^ of u and i\ u.’here uand v 
ore thnnselreH functions ifx und 7 , we shall have 


c( r. r, T) '-(»/. r) 

-iJ-.y) .iH.e) AJ'.y) 

Fur let /■ = /((,,;■), V=F(u,r). 

» - 7 ), r = \/r(.r, 7 ). 


Now 

r 

-r 

da 

. r 

jr 

1 


'.'X 

.'7 

' 1' 

' j • 



. r 


. ’// 

■-■r 



. • 




'.7 

li 

' 

,'r 



91' 

r 

M 

'V 

dr 






t 


'^..r 


• ^ 
cV 

.. r 

V 


■r 


V*'/ 

; 1" 

dv 


= 


+ 


f 


.7 


. 7 
% 

jr 

37 

an<l „ - > X 

(»1 





0{U, '■) 

< r, 7 ) 

. 7 ' r 

t 

1 

r 



>- » 

X 






1 

<.v 

4 .• 


1 

. 1' r 

1 




( 



r 


1 


: 
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?iU Sit oC Sr . 3^' 3^ I 

~ Su Sj: 9r Sx’ cit 'dy 'dv dy 

-dV du dV Sr ^ 

Sit Sx'^Sr Sx’ Sit dy Sr Sy 1 

^ S^ l_3(r. F) 

” Sx ’ Si/ S^x, (/) ’ 

SF ^ 

Sx ’ Sy 

and the same method of proof applies it tlion* are several 
functions and the same number of variables. 

542. The above propositions exhibit the curious aiialoj;y 
pointed out by Jacobi between these determinants and ordinarN 
differential coefficients. 

543. Puoi*. If w, V he connccttd hnpllcidy U'iik the iiule- 
pendeiit vanahha .r. y by the relatittnyi 

/,(x, y. ((, /■> = 0. 

f,{-^, y, '■) = (>. 

, „i 3t/p/2)_3(/,..4^3(r. r) 

ive Hhnll have ‘ *—r = .. ..»• 


For 


S(x, 

. i/) 

S( r, 

'•) 

3<.i' 

?/■! 

Sx 

^Sit 

dx 

3/‘i 

or 

Si' 

'Sx 

3 /. 

3y 

Sit 

<‘ti 

+ 

oy 

;A 

Sr 

S/‘ 

3y 

s/*.. 

3/:, 

or , 


Sr 

LU’ 

+3,: 

Sx*^ 

Sr 

Sx 

3 /; 

3y 


3 " 

3y^ 

3A 

c'u 

Si’ 

3y 


= 0 


Hence 

S(a,r) S(x.//) 


5^ 3» . 'A '/• 


\t\ 3 n S/’, ^ ' 

I • V ^ . 


Sit Sx or Sx’ Sit ^y Sr Sy > 

S/'a Su S/, Si* Sit_^S/:, Sr j 

Sit Sx Sr Sx’ Sit 'ey Sr Sy 

s/, S/", _o(/[./^) 

ox' oy ~S(x. i/)' 


Ox* 


3y 
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544. If there had heeu tliree independent relations with six 
variables a.r, ic; j\ y,z: it i.s plain that we should in a similar 
manner obtain 




'’b 

_ :b 

_ :b 

cV' 

■If' 

( 

• M 

•'/■i 

:y:. ■ 

% M 

1 

* 1* 
c u 

'1/' 

i 

-% 


_ ‘ 

1 

. \r 

% 

.7 



l/< 


And ill i^friii'ral. if tiien- be n inih-pendeiit relations 

^• = 0 . /:, = 0 . ..., f„ = i) 

• 1 * w * 

itivolx iii;^ '2i( \ iii‘iab].-s //,. n .. ti,, ami .f . j\, .then 

u n) 

= (_!)" • • ‘ • - ... • •• . ■ 

. '•„) 


A/,./,. 

. ( e j , ii. . II ^ . (.< j, ... , J j| ) 


Covariaat. Definition. 

Li t f' 111 - any (piantie from whieli another function 0 is 
dei'i\t d in any niann-T. in\'<l\ inj; the eon.-'tants and \’ariables 
of rlu- tii^t. 1 ..I I tie- variabli-s of / and 0 be cban;^n‘d by any 
lim-a r t ran^forniat ion, the I'nnet ions breoinin;,'' /’and d’. Then 
if ii b'- Iniind that tie- function deri\a'd from /' bv the same 
pi i.ci v-. b\- which 0 was d‘ ri\ - il from / is ne-rcly ‘h niultij>lie<l 
b\- ,'sonic powi-r of till- ne-dulu'- of t lam-ilorinat ion. 0 is said to 
In- a ('n\M: ian> --f !' if m-nc of the \ariablrs enter into 0 , 
th'-n 0 i-? callcil an Invariant. 


•/'■'fiif ff f.*-' tn. 

l.' t till- tra .) iicii ion sehi.-nie be that 
•'li-twn in tie- n; n -jin. •'o tliat 

.1 ■' 

. » 

•[r. 


./• 




I* 


* It 


Ir. 


} 1 < '.)••• .1 


iM 


1 Hi ilh- traii>lornH*<l is 


/ 

• 

. 4 

• 

*9 

"j-. e„. i(- 

X 

1. 

/... 


, 


• 

■j. 


/Mj. 

in 



» 1 • 

t 

tf. 

A 1 

''■.o 

. 


•» 


s 

/If., 


N a. 

r , 10 


. i 

"'1 


III . 

n.^ 

'"j 

"3 

» 
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(by the rule of multiplication of determinants) 

= J x^, 

where J is tlie Jacobian of tlie original system and ^ the 

transformation-modulus. , 

547. Pkop. Let u,. . u„ he a xet of fu.-nctwvx oj n 

independent variables X,. x,. .... x,„ Then if these Junctions 
are not each independent, hut if some relation exists among 
them which is identically satisfied when tlwic values are 

fmbstituted, their Jacohictn 

j. ^ "' * * 

will vanish identically. Also conversely if J is identically 
zero, some relation must subsist amongst the sereral Junctions. 
This result has already been est.bli.sbe.l n. the ease ot two 

functions of two variables in Art. .)H>. 

Consider the case of three functions 
relation subsisting among Uiein be 

/(u,. a... = 

Then for all values of the varialih's. 

3/Sn,_. = 


-dn\ cV, cu.. Uci 

+ 


Zf -do c/ 7)f 

ci«i Oj\, ^ ott., c.r., ■ U 3 CJf, 

CJX3 Sa. -V -3 J<'3 CV3 

Hence eliminuting < 


'du 


d.r' 'dJ\ 


1 


'dJ'., 


OH., 

J 

« J* 

.* .> 


cU'., 


= 0 


7}i(, 0'/., 




'CJ‘.i 


"dj'. 


a.,, —0 

identically satisned, j-^, x.^ 

0<Up .J 

548, Cx)nverHcly. l<‘t — . ,• r i 

Between the equations connecting the a's and the remaining 
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variables eliminate two of the latter (say .r^ and .r.,), and we 
obtain a relation la-tween u^, .rg, say 


N o\\ 





= F{i(j. 

■^3). 



0 

(a,. 

n.,, «.,) 


II.2.F) 

. ^2* 

JV,) 

* * 

w’ 

•c.,. x.j) 

II 1. 

V.,, .r.,) ■ •(./■, 

t* 

> •'••>» 

J-3) 


1. 

H. 

0 X 












! 0. 

1. 

0 

-ft.. 


i 






^■'■3 



F 

F 

■F 





% 



0. 0. 

1 




■II., 





formino tlie first «I 

lotonniiiinit wo are rpi/'anlin<^ 


ent V 

ariable.s 

1. and in tlie second 

•r,. 

.r 

« •> 



"‘"e 

!■ 


d 





-••'•3 .r.. 

)■ 



Now the leit-hiiri'l sitle by hy|i<>tliesis \’anislK*s. hence either 

F 


( 1 ) 


cx 


-0 


.1 


or 




In the first casu F is independent of hence the (juantitv 
.IV, has n()t appear'd in eipiation (A) after the elimination of 
and ,r.,. and tliep n.re a relation between f/j, n.,, lias been 
establislied. 


In the seC(ind rase. viz.. ' ”''=0 


ta'j. .rj 

no ditrerential ro.-fhrients with reirard to a-, occur, and there¬ 
fore .i\ may be re;_r;irded as a constant. Hence by Art. 510 
tliere is .some rrlatimi between w, and a.,, which may liowever 
involvt' .j'j a.s a constant. Let it be 

/( n,. .r3) = 0. 

If .Cj be eliminated li. tween this e<|uation and (A), there will 
n-sult a relation between 

My proeeedin*; in similar manner the proof may be extended 
to any number of functions of the same number of variables. 
Sre Fonsyth’s Dipvn’ntial Equations, Art. 0. 
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Some Important Operative Symbols. 

549. The Operator 

It haa been shown in Art. 524 that tlie operator be¬ 
comes ^ by the change iu tlie variable x = c'. Let this 

operator be denoted by the symbol 

The fundamental properties of tliis symbol are 

( 1 ) = 

(2) = 

(3) -1 ) ■ ■ • +1)" ■ 

(4) = 

(1) The first of these is obvious— 

For = = 

ax 

iiV" = 

etc. etc. 

Sy’'.t« = a".r‘', 

where v is any positive integer. 

For negative indices— 

Let ^-*;c‘* = /y, 


therefore 




so that = 

supposing that no constants are atlded in the inverse operation 
Hence also 

so that the law (1) is true for any integral index. 

(2) If <p(z) be any function of 2 . wliieli is capable of expan¬ 
sion in integral [X)wei*H of 2 , say, 

--- id '‘x“ 

(3) The third law has been establishci in Art. 524. 
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(4) To prove the fourth 
Let 

and let 
then 


x=-tK 


u = F(j;) = F(e'); 

cl 


Ex. 1. Prove 


= c”' 0 (” + ?i)F(.e'), (Art. 101) 

= a'’*4/)(Sy + 7i){i. 




E''t ) </,(.<■) = >>(.»■). 

We then li;ive to prove 

t \ 


[Math. Tbipos, 1878.] 


/ f/ 


tn ^ r 




.\nii th'* li-ft siile 

=- 1, .(i> - ))j +1 - i).. .(-y - ,• +1 v-^iX-r) 

= i>(^ - 1 - /'(+ IX^ - - r4- l)'.'X-r) 

( / \ *n . f 

.vJ 

Tins rind nu ^ther of tlie same result are "iven in the SolutiOM 

of Senate IIvu^k I'tohU-ns onJ fur 1876, 


' 7 \ 

[.'-■''.r-l 

\ •IX / 


K\. i. l^rovo 
and th:it any nutuhrr * ( ^ jv.Talnrs 

;ue convertil.lf v ith r. -nul to t.nU-r. ri.„„r. U->sik Math. Soc. Vol. VIII.] 
Ex. Prove (X-' 

[SoLVTtO.VS y. H. Probi.ems, 1878.] 

a^O. The Operations U and A. 

1 ho upt.-rator ( - . w hiih wlit-n applied to chunrjes x to 
.r +1 I .\rt. 11 G). is I .Uo)\ di in -tod l'\' A\ so t liat 

Lot = = 

a 

Ihoii tijo nperat<.»r.s A. A, (■“> are connected thus— 

A' = 1 d- A = 
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It will be clear from considerations analogous to tliose of 

/ fi 

Art. 8!) that the operative symbols E ami A like D 

are distributive, commutative with regard to constants and 
each other, and obey an index law tlie same in form as that of 
algebi'aical quantities. Hence theorems hold good for these 
symbols analogous to corresponding tlieoreins for algebraic 
symbols of quantity. 

651. Secondary Form of Maclaurin’s Theorem. 

il c) .'’ = 0, is 

p! or zero, according as p is equal or nneipial to q. 

Hence, if J'{z) and F{z) are functions both capable of 
expansion in positive integral powers of c as say, and 

respectively, we shall have 

and therefore “ 0 . .f 

This theorem may he written 

Now, llaclaurin's theorem may he writti'ii as 

F(x)=F(o)+Fn»+^^;l;^ro>>+-:^ nm+..., 

and therefore may he transfonm-d by Iho above result into 

F(x) = F{0)+xF(‘I^)( d) + 2>' Cio)' + 'l/'Cm)"’ + ' 

which Dr. Boole* calls tlie secondary form of Maclaunns 
theorem, and writes 


1. A"u, 


E.'Cami-j.ks. 


-iri« 






/* 


•FmiU Diffrrau-if. I'. 
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./= lui'(l + A)-/ [for«"=l-fA] 

ilx dx 

T-- — 

Similarly [lojrd + A)]'« = - . ” I j.+ ”-• 

(See Ex. 11, p. 80.) 

3. IV. .ve A'',.= (..- + p)"' - p(,r +/» - 1)’" V+;’ - 2)'" - .... 

4. IVove /4.'')=/T:i) + /'(A-)0..r+/TA’)0^ .•^, + ... = /T:£')e® 

[Hebhchel’s Tukorem.] 

.">. I>rdiii'e the secoiidarv form of Maelaurin's Theorem from Herschel's 

% 

Tliruri'Ui. 

0.5*2. M.iJiy other ctirious results may be established by 
iiu'jm.s of tlu'se operators. 

|•^l^ ••MuiijilL*. 

an*I " : iliirj fiM* : the nptMatoi ///> \vt* \ui\ v 

J I s (w,,-. - ^ w< - /))= + "f(*fl)^ -..., 

ThS _ 1 

aiul thiTrfon* 1 A’* . 4-£*'*‘“'’^s-rvK“ , 

^ I 

Applvinj; i\iU> t** tlh‘ ftuK-tion <hX.r) we obtain 

- i7.)4- ... + + l)fi\ 

- t- ?' ■' I - 'M.'-)] - idi)— 

» I \ . 

.•r •■ -t- /./(>- -/.(•) /•[^■.■'.'t.«-) + .;. (.r- I)/.! + k(f)'{.v+>di)] 


» . ^ ^ ^ • 


[PoniSO-N.j 


-’•’d. N’ari'iu.'' iii;_MtH>inetrieal itlentities may l)e used to 
o-tabli^li r.-siilts 

l-',\. 'i'ahilJi; the ide:it;t\ 

ei*s t* - '2^ + co:< tt) x =. i, 

%xoliavt> + ‘‘^^-..- = 1. 
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a 

Writing for the operator or E*' we get 

and applying this operator to (^x) we obtain 

^=^x+A)- (^»(j +2A)+<K-r+3^)-... 

+ ,/.(x - - .«-r - 2*) + </.(.r - 3* ) - ■ ■ • • [G.eoobt, ] 

654. The expansion of e- in powers of re- bv Burmann's Tbcoren, (Ex. 
Art. 619), may be applied to establish a remarkable result due to hinrpliy, 

as follows:— 

Dividing by e* we have 

Replacing ? by we have the correspomling operative analogue 


^ Jk - ' 

ise *- + — 


iiA + 


and applying each aiclt? to the function/CO obtain 

;,x.) - 5)+ ^V< ' - ^ ^ ^ 


EXAMPLKS. 


1. Establish the series 

= .«x + /.) - 3,.<>(.r + + + 

- .),(x - /.) + 3.,</.(.r - 3/,) - l-M^- - 5/1) + .. ■ ■ 

(FliANC.Kl^i AND CKtOOUV-l 

2. Prove that [<Kx+A)- 

+ - 3/f- ... - 

[dllEGOfiy.] 

3. Prove that + + 

;^,i</,(x+r>/0+^/Kx - -VO; - . ■ •=) 

4* Provtj tliat if u, be not hh int^g^r 

n«x4-aA )-/(x^n/.) ,/Jf4.fi-/(x - /■) _ -.;;V 

-TirrZ l^-a- « 


am 


_ etc. 

+3^-a»-o* 
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5. If a curve whose equation is f{x, y)—0 be subjected to a simple 
translation in its own plane, its equation becomes 

y )=0 ; 

ami if tlie curve be turned round the origin tlirough an angle ti>, the 

*A - - ^ \ 

equatiim becomes V(-r, »/) = 0. 

If both these operations be performed, is the order of the operation 
indifferent ? [Caruichakl.] 


T.wlor’s Theorem. Cauc'hy’s Method of Proof. 


o.o5. The following line of argument is adopted by Cauchy 
in establishing Taylor’s series. 

556. If any function of f(z), be continuous and finite 
between two given values of c, say z = x and c = .'C + /«, and 
if /'U) <loes not vanish or become infinite between tho.se limits, 
it hjllows that ./Y-) must l)e continuously of one sign, and 
tluTefore f(z) c<mtinually increasing or continually decreasing 
h*‘tween tliese values. Hence/\.r+ 4) —/(j) cannot vanish. 

5.57. We shall next (“stahlisli the result that 


Fi .r + Ii ) — F{ r) _ F'(^ + Bh ) 

su]iposing that 

(</) Fiz) and j\z) and their first difierential coefficients are 
finite and ciuitinuous between the values x and x + h 
of the variable c: 

{!') tliat one of tlii* two F\z), /\z) (say the latter) does not 
\’ani.''li auvwhere between these limits. 



.r-i~h) — F{ x ) ^ 


which i.s tlicrcforo a function of x and h. It has been shown 
lliat tile denominator does not vani.sh, hence 


Ft-'+Zn — — + /\.r)} =0.(1) 

F [ r) - F{x) — li {/(c) —/(x)}, 

tlu-relore ) = F\z)— lif\z). 

Sow, (p and cf>' are finite and continuous between the 
specified values of r; and = by equation (1), also 
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^(rc) = 0. Hence fp\x + 6h) = 0, where 0 is some positive proper 
fraction (Art. 126), therefore 


Thus 


^ F\x-\-eh) 
^-J{x+eh) 

F{x + h) - F{x) _ F\x + eh) 

f{x-\-h)-J\x) /V+0/0 


under the circumstances specified. 

(If F'{z) instead of f{z) had been the one whose value did 

not vanisli in the given interval, we should have obtained the 
same result by similarly treating tlie reciprocal fraction.) 

558. If we add the extra conditions that all the difierential 
coefficients of f{z) and F(,z) up to tlic n*'- inclusive are finite an<l 
continuous; also that one of the two of eacii order does not 
pass through the value zero between the given values of '\e 
have the following senes of equalities :— 

F{x 4- }t) — F\,x) _ F' (.r + Sjt) 

F'(x-^Ojf)yF'(.r)^F\x-^eJt)^ 

/\x+) ~;\x) f\x + e.ji )’ 
etc. etc. 


J?*" - i(x 4* 0r. -1^0 - \ 

fn - J'\X 4 - eh)' 

where 0,. 6^. 0,. .... 0«.i. 0 =ire all i>o.sitive proper fractions in 


diminishing order. 

559. In any case in which x = 0, 

and F( 0 } = F'{0)^.-. = F’^'\0) = 0. .(A) 

and /(0)= f{0f =--... = = . 


we thus have 


F(h)_F'‘(eh) (C) 

JVO /’iOh) . 


where 0 is some positive proper fraction. 

560. Let (p{a + z) and all its difi’erential coeflicient.s uj) to 

the 71 “' inclusive be finite and continuous between the values 
z = 0 and z = h, and let 

- I 

F(z) = tp(a + z)~*/,{a)-z<F{(i)- . 


then equations (A) are all satisfied. 
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And if we put /( 2 ) = 5”, equations (B) are satisfied. Also all 
the imposed conditions as to the continuity of F{z),fi^z) and 
their first n difi'erential coefficients are satisfied, and no differ¬ 
ential coefficient of f{z) up to the vanishes for a value of z 
intennediate between z = Q and z^h. 

Hence equation (C) is applicable; and since 

F'\z) = <p?'{a-\-z), and /”(-) = «!, 

it becomes F{}i) = ~,<f,"{a-^Qh). 

Tlierefore by equation (D) 

+ A) = ^(a) + h<p:{a ) +... + ~ ^(cr)++ 6h), 

the re.sult of Art. IdO. 


R(ji:lettes, Etc. 


')()!. Def. When a curve rolls upon another which is fixed, 
a.s in the case of the description of the Trochoid family, any 
point F carried by tlie rolling curve traces out a curve which 
is called its roulette. 


oG2. Geometrical Construction of Normal. 

As in Art. the join of P to the point of contact is the 
normal at P to the roulette. 


.Ttid. A Special Case. 

If the curve r= t\0) .(1) 



l)r rolling along a straight line, the locus of the pole can be 
I'liund as follows:— 


Taking the given .straight line as the a’-axis, the radius 
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vector of the point of contact is the normal of the roulette, and 
therefore, if x, y be the co-ordinates of the tracing point, 

r=.yj\^y;^ .C^) 

Also2/ is the pei'pendicular from the pole upon tlie tangent; 

. ; . 

If r and Q be eliminated between tliese tliree equations, the 

differential equation of the roulette will result. 

Ex. The curve whose polar equation ;-"‘cos rolls on a (ixoil 

straight line. Taking this line as tlie j-*axis show that the roulette of 

the pole is f/o = 1^--^ ■"* - 11 

Examine the cases m = 4, m = 2. [Fue.vkt.J 

564. Curvature of a Roulette. 

The radius of curvature of the roulette may bo obtained as 

follows:— 


[Fue.s-kt.J 




YiJ. 


Let A be the i>oint of contact. B an adjacent point on the 
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fixed curve, B’ the point of the rolling curve which will come 
into contact with B ; P and P' the two points on the roulette 
corre.sponding to contact at A and B respectively, so that 
PA, P'B are contiguous normals to the roulette; let them meet 
in 0, say, and let PO = H, and AP—r, so tliat AO = R — '^- 
Let G and C be the centres of curvature of the fixed and 
rolling curves respectively at ^1, and pj and the radii of 
curvature. Then, wlien C'B' comes into line with CB, PB' 
will come into line with BO. 

Tims tile angle turned through is either of the angles 
between C'B' and CB or between PB' and OB. Thus 


A Ob +.1 C'B' = A OB + A PB'. 


Now. 


th P-i 


and if PAC' = tl}, the perpendiculars on BO and PB' from A 
are both </*-cos</, to first order infinitesimals, hence 


.loyy= - and APB =- 


1 FellC- 


1 1 

-H— 

V\ Pi 


cos C<)H0 

— r 


jii'., Curvature of Envelope of a Carried Curve. 

If any eur\e rolling in one plane upon a second curve carry 
a tii'id curve rigiilly aitached to the tii'st, the radiu.s of 
et;r\atur«- n\' tiie env. lope of the earrie*! curve may be readily 
^ouiid iu a maiiiu-r •'imilar to tliat of the last article. 

L-'i -V r, A T*' he two coutigmms positions ot the carried 
ctn \''-. ..•! tin* point oi eontact, B an adjacent ]toint on the fixed 
eurv<‘. jy the poim nf tile lulling curve which will come into 
contact with B: A<J. B'O the .-^liortest distances from the 
ju ints A and B to the carried curve, meeting in P the centre 
of (nirvaturc of tlic carried curve corresponding to the point 
'riieii (^> /)' turns into the position Q'B as A'K comes into 
the ])osition A' } \ 'I'lieii since tlie motion of Q is perpen¬ 
dicular to tile locus is the eiiNudope of the carried 

eur\<-. I.el (/B intersect in O. 
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Let AQ=r, QP = p, QO = R, the radius of curvature re¬ 
quired, the other letters remaining the same as in the last 



aHicle. Then AP = r-^p, AO^R-r, uud exactly as bclore 

we have 


J-4-L = " 

Pi Pi r + p~^R-'' 

If the curve XYhe concave to A we nivist of course change 

the sign of />. . , i . 

When the curve XF reduces to a point, p vani.shos and ve 

have the result of the preceding article. 

When the curve X V is a straight line wo have 




+ 


/i = r4' 


Pi-^Pt 


When the cari'ied curve .*Y V is a straight 


line, the rolling 
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curve a circle of radius r/, and the fixed curve a straight line, 
we have Pi=x, p = X‘, = 

and .R = r + a cos 

560. Prop. A 'plane lamina has traced upon it two given 
carves, and moves so that these curves jmss each through a 
jixed point. To Jind the envelope of a carried straight line. 



Fi^. i-“i. 


Lit 7 =/j(.r), >/ = /■,(./') he the equations of the curves 
rdVrml to a ]>air of axrs OX, OF fixed in the lamina; F, Q 
till- fixe*d points; F0=:'l<t \ {.c^, y^), y.,) the co-ordinates 

of J\ 0; and let tin* //-axis h»* supposed to have been chosen 
parallel to the carried line, whose esjuation we may therefore 
take as :r = h. Li t -1 he the mid-point of PQ, and let PQ 
make an angle xj/- with tl)e .> -axis, and let p be the perpeu- 
dienlar from *l on the cari*ied line. 


Tlien 


//i- //..= 2n sin \/r, 


ami 


I lellCt 


./•j =}l ~ p + It COS \j^, 

= /, — y; — COS \>r. 

■ the tangential polar equation of the onv(dope is 
' 2-1 sin ■>// =/,</' — i‘ + 'i oos — j> —a cos i/r). 


1. If tlu* slots ]>o >traii:ht, s:iv 

f/ = Ax+ /J ^ 

7/ ^ (• r + /} j' 

tlK* rrsult is uf tho form /j = A cos f sin 

lii j-f A, r are ronsunts ; so that the locus of the foot of the perpeu- 
di 'iiliir t»n itu* line is a lima^x'^ii, ami the envelope beiug its first 

negative pedal is thciefure a circle, (tiee Art. 375.^ 
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Ex. 2. Suppose one slot elliptical and the other slot along the major 
axis, the distance between the J)6gs being the senibiiiinor axis. Show 
that the envelope of any line parallel to the minor axis is one of two 
circles, ami that the minor axis itself passes tlirough one of two fixed 
points. 

5(>7. Prop. If two curves fixed in a given lamina touch 
two straight lines fixed in space, it is required to find the 
envelope of any straight line carried by the lamina. 

We shall consider the case when the fixed straip^ht lines 
are at ri^ht anjrle.s. The general case is exactly similar, 

Li!t OX, OY he tlie fixed straight lines; .S’ an origin fixed 
in the lamina: FG the carried line: SF the p*‘rpendicular 
upon FG = h, a constant. Let OF, tin* perpendicular \ipoti 
FG, be p, and let ji make an angle a with OX. Let FG\ =\h 
The tang<*ntial-polar e<|uatioiis of the two curves fixed in 
the lamina may be written in the forms 

/>i =/i(a), p>=fA<i), 



Fiy. m. 

where />, and />^ are the co-ordinates of .S' refene<l to and 
OY, and p = /t+/j(«)cos a 4*//«i)sin « 


Also 



E.V.C. 


u 
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Thus 


or 7? = /t+/j(i^ - 2) sin - |)cos V-. 


This is the tangential polar equation of the envelope of the 
carried line. 


Examples. 

1. A parabola touches two fixed lines at right angles. Apply the above 
method to show that the envelope of a line perpendicular to the axis is a 
circle. Also that the envelope of the axis is the first negative pedal of a 
certain Cotes’s spiral. 

2. Supposing the guiding curves to be a circle and a parabola whose 
focus is the centre of the circle, and the two fixed lines at right angles, 
show that any line at right angles to the axis of the parabola envelopes a 
jatrabola. 


56S. Prop. Given three straight lines traced upon a lamina, 
and that tivo of them are made to touch two given curves. To 
find the envelope of the third. 

Let the three lines form a triangle ABC whose sides BC, CA, 
AB make angles x/rj, respectively xvith a given straight 
line. Let j) =/i(x//-), p be the tangential polar equations 

of tlie envelopes of BO and CA. 

Then V‘^i=V^+a\ 

x/r., = x/r + /3/’ 

a an<l being^ constants known in terms of the angles of the 
triangle. Also, if jo,, p^, p be the perpendiculars from any 
tixed origin on the three given straiglit lines 

n2\ + bp^-\-cp = 2X 

therefore tlie tangential polar equation of the envelope is 

rp = 2 A - a/j( x/^ + a) - hffyp + ^). 


5(i9. Since P = P+‘^, and + = 


"(/x/r,2 ■ ''rfx/r. 

we have by addition ap^ + hp^'\-cp = iX 


Ex. 1. It follows at ouce that if pj and pg are constants p is also con* 
Htaiit. Hence if two of the side.s (»f the moving triangle envelope circitf 
the third side also envelopes a circle. 


MISCELLANEOUS THEOREMS. 


499 


Ex. 2. Similarly if two of the sides to»ich respectiv’elv + 

p=X'ylr + ti', the third will also toiich a curve of the form ;) = A 
These are the involutes of three concentric circles. 

Ex. 3. If two sides touch equiangular spirals with a common pole, the 
third side will touch an equiangular spiral with the same pole. 

Ex. 4. If two sides touch concentric epi- or hypo-cycloids, the third side 
will touch a parallel to an epi- or hypo-cycloid. 


570. Many interesting results in tliis part of the subject will 
be found in Dr. Besant s “ iVofc.s o)i Roulettes and Glisettes," 
to which the reader is referred for further information. 


Note on Bernoulli’s and Euler’s Numheks. 


571. Bcnioulli's numbers have been alreadj' defined in 
Art. 148 as the coefficients B-j, ... occurring in the 

expansion 


X 

5 


c*4-l 
e*- I 





> 


and the values of several of them were there obtained. 


It may save tlm student s^oine trouble to loniHrk that many writers 
denote the same coelhcients by the noUition 

■■■> 

witli comecutioe numbers as suftjxe.s, but the pre.sent notation witli o<hl 
numbers for sullixes is for some reasons more convenient. 


It wa.s shown in Art. 149 ainl Examples 2G-32, page 109, 
that many important exj)ansion.s involve t!ie.so numbers in the 
coefficients. 

Thu.s if we write the expansion of tana: as 




then by Art. 149, 


S‘>n ~ 1 — B-in - 


tu 


Tlie numbers *S’j, ... we shall refer to us “ pre)>ared 

Bernoulliuns." 

r2 


L.U.C. 
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572. Euler’s Numbers. 

The coefficients S^, Sq, ... occurring in the expansion 

sec OJ = 1+-f-+..., 
are called Euler’s Numbers. 

By division of unity by the expansion of cos x in powers of 
X, or otherwise, we may show that 

52 = 1, 5^ = 5, 5b= 61, 58=1385, eta 

573. We may therefore write 


sec a: + tan a: = 1 + 5i^,+ 52 !^+ 53 II+5,~ + 


( 1 ) 


where 52„ is the 71 ^ Eulerian number (sometimes denoted 
by ^ 2 n) and 52n-i is the " prepared BemouUian ” number 

22n(22n_l) 

Taking logarithms we have 

log (1 + 5i^j++ 53 !^ +...)=log(sec X +tan x) 

= logtan(^+|) 

= gd-*a: 

= j sec xdx 

= a:+52^+54^ + .... 

Differentiating and equating coefficients we obtain (whether p 
be even or odd) 

s =s s I p(p-i)(p-2Xp-3) o « . , 3 ^ 

Op+i Op-f- ^ 2 «p-2*^2T J—2 3“ 4- 

This series expresses; 

(1) Any BemouUian (prepared) in terms of lower Eulerians 

{p even). 

(2) Any Eulerian in terms of lower Eulerians and prepared 

Bemoullians {p odd). 
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It is easy to thus obtain 

-^3 = 2 , 

S.^o, 


5, = 61, 

5', = 272, 
5g=1385, 
^9 = 7936. 
etc. 


<^ 5 = 16 , etc. 

Giving 

.^2 = 1, £^ = 5, £’e = 61, .£;8=1385, etc. 

and B^ = ^, ^ 3 ~^» -^v^aV- ■^9 = tV. ^tc. 

674. By expressing 1—sin® in factors, and taking its 
logarithmic differential coefficient we obtain 


etc. 


8 ec® + tan 


4 4.4 4 

•1 ^ o » c% ^ ^ . 


TT —2® Sv\-2x ow — '2x 7x4-2® 

4- -±- _i—4- 

^9x-2® 11 x 4 - 2 ®^”-’ 

so that lying between ± 

4r 2 2 ^ *>'» “i 

8ecx4-tanx = - l4--ic4--4®^4---. + -„x’* + --' 

xL X X* X* J 

4 p 2 2® T 

, ~3xL^ “ 3x^ 3 • J 

4-etc, 

which gives by equating coefficients 

^ 2’*+2.>!/' / 1\H+1 /l\'*+* / l\»+i /l\»‘+i 1 

^»=;^r{l + (-^) +G) +(-^) +Q +...}(3) 

The special cases, = 1, 2 , 3, 4, 5, ..., give the well-known 
results. 


1 1 1 


1 

X 

Y • • •' 

~4’ 

1 

x-' 

*Jm * * * * 

“ 8 ’ 

1 

X'* 

yjjT ••• 

”32 

1 

x" 

Y4 + 

”9U' 


(Tchebechef), 
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and generally when it is even ( = 2m), 

J__L^ + 

+ 1 g 2 «i+l“ 52 w+l ji»t+l * * 

\2/ 





and when n is odd (= 2m — 1), 


2 m 


jj _—__ 


(2m-l')!22’«+*r 




|l + 3.. 


m 




72m 


} 






tlms establishing together these well-known expressions for 
E.>m and 


o 

CC (C^ 

575. Putting y — sec x -j- tan a; = 1 + 4* *5.,;;^ + 


we have y cos jf = 1 + sin x. 

Differentiating n times and putting a; = 0 and (,Vn)z*o='S'n> 
obtain 



'?i(n — 1) 

“172 


‘^n - 2 + 


i)( H — iXu — 2 X)? — S') 

1 . 2 . 3.4 


Sn-4“ ••• 


, iiTT . Hit 
+COS—= sin- 5 -, 



which if 71 be even gives the Eulerians, and if n be odd 
gives the prepared Benioullians. In the latter case putting 
= —1, we have 

(2ot —l)(,2'»-2)c. 

*?2m- 1 —-j :> • '>2 m-3 

{•2iii — l)(2?u - 2X2m —3X27U —4)„ , 

- . ^ . -02„.64*-- 


+ .sin(2?n-l)^, .(7) 

an equation which seems much easier to use for calculating 
purposes than Demoivres form given in Ex. 25, page 109, 
since all the coefficients S^, S^, etc., are integers. 
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We thus successively obtain 

=1. 

= 3S,-1 = 2, 

=10^3- 1 =i(i, 

35.S'3+ 7Si-1=272, 

= S6Sj - 1 26.% + 84^3 - + 1 = 793G, 

^11 = 556'o-3306'7 + 462^'5-10553+=353792, 

etc., 

whence 




■^5“tV> —TrV> -^11 —WtiV’ ^'tc. 


576. Other formulae may be used for the calculation of 
Bernoulli's numbers. But it seems unlikely that any more 
than those calculated by Prof. Adams (Art. 149) will ever be 
required. The student ma}'^ refer for further information to 
Boole, Finite Differences, Chapter VI.; Schcrk (Crelie, t. IV). 


MISCELLANEOUS EXAMPLES. 


1. Sum the infinite series 

1 . 1 . 1 . 1 . 

I + 2^ 4-j:* 3- + .c-"** 4- 

,, 1 1 . 1 . 

and evaluate the re.sults wlien j; = 0. 

2. Prove that if y„(2) is the Bes.scl’s function of the ortier, 

m4 n 




3. If 

prove that 


;/=(<r‘+ /<)->, 


(.Math Ticn-(».s, ISSO. ] 




where 


z + ai^aJS sin^^ + /sill 0. 


[l*KOF, ANOLIN.J 
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4. If 


y = {a} + ah?’^^) *, 


prove that 2a"+*sin’‘*®^y„ 

= (_ l)"n!|8in"-"*0 sin^^l0 + 0 + sin"*'*#.sin^n + li^ - 0|, 

where x = a cos^^ + g^cosec 6 = a cos^*^—^cosec 

[Pbof. Akoun.] 

5. Prove that 

£(“4-') - C'- •'■(”’?) •»“■(•♦¥)]/'“■ 

where P = x” — «(n — +— l)(n — 2)(n — 3)a:““*— ..., 

and ^ = nx"~* -7i(n- 1)(»—2)a^”*+.... [London, 1891.] 

Prove also 

d" /cos.x' 


dx”\ z 
6. Prove that 
'sin &J: 


P cos^a: + ^^-$ sin^a: +y) 


= fi"[P 8in(6j: + nd>) + Q cos(bz + n(t)}]lzr*\ 


d" ' 
dx 


where P = (rx)"-7i('^)""‘c‘>s «/> + n(n - l)(ra)**"“cos 2^- ..., 

Q= 7i(rx)""^8in ^-n(7i- l)(ra)""“8in 2^+..., 

7-2 = fl 2 4 -^ 2 ^ and tan ^ = 6/a. [Prof. Anoun.] 

7. Show that if/( j; + A^) be expanded by Taylor’s Theorem and 
then h bo put equal to - ar, the sura of the first 7i + 1 terms may be 
expressed as 

x-' rP r/(x)-| 


8. If 


then 

and 

are the sums of 


sin X , cos X 
1 / =- and z =-, 

X X 

( - l)"x"**(y„sin x + c„co3 x)/7i! 
( - l)“x"*‘(z„6in X - y„co8 x)/7i! 


2?n-3-f (- 1) ..n +1 -(- 1) respectively 

of the series for cos x and sin x. 

Show also that the limiting forms, when 7i = co , of ( - 
and { —l)"x"*’z„/?i! are respectively zero and unity. 
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9. If 


r»m9 


c*sin z= 2 and e^cos « = 1 + 2 

r—1 r—1 


prove the following results :— 

/I V 7 _2 / -I 1 ^1 r\ • TITT - 3/177 / _ 

( ) ^1“+ -2i -•■+(” 1 ) 1 )!~ ^ ~4 /”■’ 


(2) «- + ^’ + ^’+- + 

(3) «» + a„-A + a«-A+...+^ 


.^1—s= 5^sin(R tan‘^ 

= 2-^1 cos2" *sin--jii!; 


(4) 2"~\a^- 2'‘-^2a2+ 2"‘*«3rt3- ...+(- l)"~'n„a 


/ 1 \n lo^ • 3/i/r 

= (- l)"-'2-sm ^ , 


where /i* = n(H — l)...(/i —r+1). [Prof. An’olik.J 

10. Prove that 

(i.) vers“*a:/V2x 

, . i 1 . 3 3:2 1 .3.5 3:3 [. 3...(2/t- 1) r" 

■^374* ■‘‘5.4'-iT! ■’■" 7:4 3' 3! (2/i+lJ4'‘' ’ 

(ii.) (vors"*j')-/2 

la;2 l.23:3 I , ^ , 3 x* 1. 2...( «- \ ) .r 

'*■**3 2 “^3.6 3‘*' 3 .5. 7 4 ■*'■••■*■ 3 . 5...(2«- 1) u ’ 


11. Establish the results 


[Pnor. A.NiJLi.v.) 


(a) —^ = sill 0 + n sin30 + sin^0 + ~ f sin'fi' + ... 

' ' cos 6 3 3.5 3.0.7 


/i\ , tan-0 2 tan^0 ,2.4 tan*0 

sirT^ “ ^ 3 ■■'3 “5' ■*'375 ^7 


[f’KAlF.] 


[I'HOF. A.SOLI.S'.J 

12. Prove that for all values of x from 0 to w inclusive 

IT sin 3 ; sin 3 j: sin 5^: 

®= + ^3 + »^g + •. • • 

What is the sum of the series for values of x between n and 2/7 1 

(London, 1891.J 

13. Establish the results 




77 ,1.1.2. 1.2.3. 

2'°^'^3'^3 5'*'3 5.7**" ’’ 

7 . 1 1 1.2 1 1.2.3 1 


3 J3 ^ 3 ■ 2 375 * 


23■*■ 3 .5. 7 ' 23'*’ ■■■ • 
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1 in\i hh^dW 

/rf, 1+i 1+ 

i^“13 5*~ 7^ 

"• If ^3F+d;-“=“’ 

prove tliat the product uv satisfies the differential equation 
Hence show that the product of the series 

, Z _ .T® , 3 ? 

1 iTj + . 1 A .« 't'/i fk 


X 

4- 4* 

z» 

1 - ( 1 . 2>2 

(1.2.3)2 

X z2 

Z2 

12^(1.2)2 

(i . 2.3/2 


is equal to 


1 ^ z* , 

‘ “ FT^ (Opr?! ■ (1.2.3)2.6! 

[London, 1891.] 


15. Prove that 

16. Evaluate the expressions 

/ X IX** j d fax’-vhx-^-c' 
V xj dx\ ex 4 


[Coll. Exam.] 


when z = oo. 
17. If 


ex+f 


y = sin(m cos 


[London.] 


prove that = loom 

^ 4n4-2 [Oxford, 1889.] 

IS. Show that if m, 7i, p, q be positive integers, the limiting value, 
when xssy = z = a of the fraction, 

x'^iy” - 4 - jr(3" - z") + 2 “fz" - y") 
x^ if - + y'(s^ - x'>) +z•‘{3^’- y«y 

is inn{m — 

pq(jf - q) [Math. Tbipos, 1882.] 

»Q 1 Yf ri 1 . 2 . 3 ... ji 

in ^o|^- - 3 :[a;+ I)(z4-2)...(z4-n)j' [London, 1891.] 

20. If u = <p{ff„), where is a homogeneous function of z and y 
of the degree, show that 


. „92« ,FiF^ - FF) F 


where the function wP=<i"i(u). 
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21. Prove 

3 


_ _9 

Qj-.,’ 'dx. 


d 

3 


^x; Zx^ 
Z Z 


Z 


Zx^_^ Zx: Zx^ - ’ Si- 


n-3 


Zxi 


Zx.: Zx; •••’ s/, 



x„. 

•^3 

» • •y „ 





a-n-, 


^1- 


•^2. 


^4. 



n 




(Oxford, 1890.] 


22. If 




X3. 

T 

• • • > •' n 


Xi, 

■^2» 

X 

• • • 1 •* « — 

^ ^ ^ 

li X , 1 , 

Xi. 

X 

♦•♦ > ^ 

• 1 ^ ^ 


x^, 



[I^oxnoN. J 


prove that 

§+S'+1/+• ■ • ^ = (- ’ - ‘ ^ 

provided that r is not a multiple of «. 

23. Prove that the maxima and minima values of the fraction 

03’ + i.v* +c + '2hxt/ + 2{j.r + 2/i/ 
ax^ + b'l/’ + c + 2 /^x 1 / +2g'x+ 'Ify 

are given by the roots of the equation 

a-an, h-h'u, 1 = 0. 

h - h'u, h - b'u, f -fu 

y-v^> f -/“• ^ 

24. Show that if a triangle of minimum area be circumscribed 

about an ellipse, the normals at the points of contact meet in a point, 
and find the equation of its locus. (Losoon, I8U1.] 

^ V* ^ + c 

25. If g, y, c are real quantities, the fraction --f- ■> , 

two critical values or none according as c is jiositive or negative, 
and interpret the result geometrically. [Oxkokd, I8‘J0.] 

20. Find the maximum area of a triangle which i.s such tli.at the 
sum of the squares of the <iistancc8 of the angular points from the 
centroid is constant (Oxford, 1890.] 

27. From a point P on an ollii)8e PS, Pll are drawn to the foci 
and produced to meet the ellipse in Q and li ; PN is the ordinate of 
P. .Show that when P moves up to one extremity of the major 
axis, ultimately QR : PN^ : (1 - t^). (Math, Tuiros, 188-2.] 
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28. A, B are two given points and KL a given straight line, find 

a point 0 such that if OC be drawn perpendicular to KL, the sum of 
OA, OB, OC may be the least possible. [Coll. Exam.1 

29. Given the volume of a paraboloid of revolution bounded by a 

piano perpendicular to the axis, find the maximum sphere that can 
be inscribed in it. [Coll. Exam.] 

30. PF is a double ordinate of an ellipse, and from F is drawn a 

perpendicular P'Q on the tangent at P. Find the positions of P for 
which the square of the area PQF is a maximum, and show that the 
value is really a maximum. [Oxford, 1889.] 

31. With the foci of an ellipse as centres two fixed circles are 

described so as not to intersect the ellipse in real points; show that 
the point on the perimeter of the latter at which the two circles 
subtend equal angles is that for which the sum of the four tangents 
from it to the circles is a maximum. [Oxford, 1888.] 

32. If the equations of two curves are given in rectangular 

co ordinates, show bow to find the points on the first curve the 
normals at which will touch the second, and determine bow many 
such points there are. [Math. Tripos, 1885.] 

33. Prove that for any constant value of the family of curves 

cosh z coscc y — fj^ cot y = constant 
cut the faniil}' y. coth x - cosech x cos y — constant 
at right angles. [London, 1890.] 

34. In the curve whose equation is 

xy-—y — 7?-\- 2x- + a; + 6 

the hyperbolic asymptotes are defined by the equations 


y = .r 


, 1 



[Hind.] 


35. The equation of a curve is 

y-{x- - }/■) - 2az{x + 2y)(x - y) - a\x + yf + 2a* = 0 ; 

show that the parabolic asymptote is 

(y-a)2 = 2a(x- a), 

and find on which side of the asymptote x^y the corresponding 
branch lies. [Math. Tripos, 1882.] 

36. If the equation of the curve be 



+^-=x(D+... = o 


where the equation = 0 has tw’o roots equal to y, and y is not a 
root of if {z)^0, show that there are a doubly infinite number of 
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parabolas meeting the curve in three poinU at infinit}’, and a singly 
infinite number meeting it in four points at infinity, and satisfying 
the condition of indefinite approach, and that the general equation 
of the latter is 

(i/-+ ^(//-/^){ 3^ V) - + 2vt(/. 

where c is a constant. [Math. Tkii-os, iS9l.j 

37. Prove that when a curve is defined as the envelope of a line 
Ix+my— 1 moving subject to the condition </>(/, ui) ~ 0 the line is an 
asymptote approached by the curve at one end, but on both sides 
when the values of/, m are those given by the equations 


9 


and 


9 / 

9 




[.Math. I’lurus. 1888.J 


[Coi.i.. Exam. 187G.] 


38. For any plane curve prove that 

1 d-y d'-^x 

p'‘‘ d.-i- ds^ ds- ds^ 

39. If the S(iuare of the radius vector bo a rational integral fiitic- 

tion of the curvature of odd tlegreo, llien tlio peipendicular on the 
tangent is one of even degree. [.Math. Tuiros, 1882.J 

40. Prove that if in tlie ofjiiation of any polai- t ui vo we j)Ut 

arnl O' nO, 

the new curve will cut the raclii vectorcs at the same angle </j a.s the 
old curve; and that if/>, p' be corresponding radii of curvature 

nr r ,, • , 

, - -(// -- I )sm '/>. 

f> /> (Lo.vnos. 1887.J 

41. Show that the centre of curvature at any point of an ellipse 
is the polo of the tangent at the point with resj)ect to the tonfocal 
hyperbola which j)asses through that ]K)int. 

42. From E the centre of curvature at any jioitit ]‘ of an ellipse, 

two otlier normals, K(^, Ki( arc drawn. Prove that the locu.s of the 
point of intersection of with the normal at I‘ i.s an ellipse, .and 
that the line Qli always touche.s the curve - b 

{ MATH. '1’ku’os.] 

43. .Show that as we pass along a curve the tangent imiis lound 
more quickly than the radius vector, when log cliaiigc.s il.s value 
more rapidly tlian log r. J'love that in all cui’ves for which tlicse 
lines turn round with equal sj>ee<l the radiiis of curvature i.s {ua.por- 
tional to eitlicr r or ajid hence show that lliesi- curves nmst be 
of one of the forms given by r = or r-sin '10 - r. 

[.Math. 'I hii'u.s, 1888. J 
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44. The envelope of a family of equilateral hyperbolas is a lemnis* 

catc if a vertex lie on the circle r == c cos 6 and the pole be the centre. 

[Coll. ExAm.] 

45. Find the equation to the envelope of a circle which rolls on 

an ellipse; prove that the area between the two enveloping curves, 
formed by the circle rolling on the inside and outside of the ellipse 
respectively is twice the rectangle formed by the perimeter of the 
ellipse and the diameter of the circle. [Coll. Exam.] 

46. A three-cusped hypocycloid moves without rotation in its 

own plane and always passes through a fixed point. Show that the 
tangent to the hypocycloid which is at right angles to the tangent 
at the fixed point envelopes another three-cusped hypocycloid, and 
determine its magnitude and position. [Math. Tbipos, 1891.] 

47. Prove that the envelope of the latera recta of all parabolas 
inscribed in the same triangle is a three-cusped hypocycloid. 

[Math. Tripos, 1887.] 

48. Show that the axes of the conic of closest contact at any 
point of the curve whose intrinsic equation is 


(s —= 

are equally inclined to the tangent and normal at the point. 

[Math. Tripos, 1887.] 

49. Show that the equation of the conic of closest contact vrith 
the curve y=f{x) at the point whose abscissa is (.r, y) is 

= 0 . 



2(A'r-.y), 

Y^-- f-, 


^Y-y) 


y +^yv 

yyv 

1 . 

yi 

1 , 

2y, + xy.,, 

yx'+yy^ 

0, 

y2 

0, 

%2 + a:.V3, 

+ yyy 

0. 

Vs 

0, 



0, 

y^ 


50. Show that the locus of the centre of the conic of closest con¬ 
tact to the curve 

is 32y3 = 5x2, [Math. Tripos, 1891.] 

51. Find the equation of the conic of closest contact at the point 

(.r, y) of the curve y — x". 

Show that the centre of aberrancy is at the point 


^271 - 1 ’ 



and .show that its locus is similar to the original curve. 

52. If p and q be positive integers such that q is not greater thanp, 
and f{z) any function of z which is continuous and finite, as also its 
ditferential coefficients up to the inclusive, between the values a; 
and x + h of the variable z, show that the remainder after » terms of 


MISCELLANEOUS THEOREMS. 


oil 


the expansion of f{x + h) in powers of h may be written 

(n-1 )!(/<+1)! U 

6 being a positive proper fraction. 

Deduce the forms of Schibmilch and Roche, Lagrange and (’aucliv. 

(M£MOlRf:.S DE l'AcaUKMIK ... DE MoNTEELLlKK. *J 

TT / J \ n*i 

53. Show that sin(«+ I); is the limitini; value of -r I . , i 

when X is zero. [Oxford, I8s9.j 

54. Show that one of the roots of the e*juation 

z^--2z-+:-4b'^ = 0 
may be expanded in the form 


r>f>’ G..''. 7.0.11 


1 +2/,{l -/;+ . f. + 


I ' 


h* - 


55. Prove that 


[O.vfiinD. KSSS. ] 


con u.r — I - <ix aui hj-- —x-cos 2f'.i + — .rp -.'“sni 5/'./- 


+■ - .r^COH 4//r-_ 


(.Mami. 'I'kii’os, 1891.1 


56. If 


then 


4- 2fV - + y-,/h = 0, 

d/- • ox ■ ' ’ey ■' ' 

du^ cu ' ’ 

u^xy, rJ. 


where . 

[Cul.I.. llXA.M.] 

57. If the co-ordinates x and y be tninsforimd orthogonally to »/ 
and P’be any function of x, y, then will 

^2fx -Q-jpx /TiiV'Oi_-d-F 3-’F rrej'v^ 

Ox^ ' 'by- ~ \dxoy) “1'^-- ■ ' 

58. A curve PQ rolls on a straight line Ox, and P is the point of 
contact. If C be the centre of cm vaturc corresponding to P, and VT 
the tangent to tlie locus of 6' meet Ox. in T, prove 

tan CTx.^''\ 

P 

where p= CP and p, is the corresponding radius oj' curvaiiire of ttie 
cvolute of the rolling curve. 

• be© ToJhuilUT, hijf. C*iU\, ji. iOi, 
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Hence show that if for the rolling curve 

P = ^{s). 

then the locus of the centre of curvature of the point of contact will 
be = 

59. If an equiangular spiral roll along a straight line, show that 
the loci of the pole and of the centre of curvature of the point of 
contact are the same straight line. 

60. If a catenary roll along a straight line its directrix always 
passes through a fixed point. 

61. If any of the class of curves 

r" = a"8in m6 


roll along a straight line, the radius of curvature of the path of the 

, TO + 1 

pole = -r. 


m 


Examine the special cases 

7n = - 2, - h, 1, 2. 

62. The curve r^^a^sin rolls along a straight line. Show 
that the intrinsic equation to the evolute of the locus of the pole is 


.m 




[Coll. Exam.] 


63. If the curve r = Z>sin -0 roll upon an ellipse whose a.xes are 


a 


2«, 2b, and if the pole coincide originally •with the extremity of the 
major axis, it will always lie on the major axis. 

64. The equation of a curve is given in the form /(rj, 
where fj, r.^ are the lengths of the normals OP, OQ drawn from any 
point 0 on the curve to two fixed curves. The perpendiculars 
drawn from the centres of curvature at the points P and Q of the 
fi.xed curves, at right angles to the normals at P and Q respectively, 
meet the normal at 0 in and Prove that the radius of 
curvature <r of the locus of 0 is given by 

Sri drj 

w’here a, /3 are the angles which the normal at 0 makes with OP, 
OQ respectively and the differentiations on the left-hand side only 
afiect /. [Math. Tripos, 1888.] 


)/= a(^^- - 1) + goo. - 1 ). 


ANSWERS TO THE EXAMPLES. 


CIIARFER I. 



Page 7. 


(i.) CO ; (ii.) 1 ; (ill.) oo. 

a 

4. ±‘. 

t . 

(i.) i ; (ii.) 2. 

A. 

8. 

00 , 

G. (t. 

5>. 



Page 17. 

11. •0027 of an inch. 


1. Xr+ Yy = c\ 
2 

a* ^6* 


1. sec^x. 


CirAFFKR II 

i*AOK 22. 

3. y-y^>/{X-j). 

4. x(y->/) = X-.r. 

1'auk 21. 


1 .. _C03X 

1 -f j- Hiirx 


:k c<j.sV( )'-//) = A-.t. 
G. (1+x-,'( 


• 1 . 




Paok 27. 


1. 3x^. 

2 . 

3. 




4. e*. 


5. 


7. 


H. 


3.t- 




0. (/““'cosx 


1 +./•« 

0. till! .<•. 


10 . . “ . 

»<iii 2.^' 

11. .»-'(lo^^^ + 1). 


12. lo}fx + — 

13. («iiix)*{logBinx+x*cotX/. 


I... VMin X + x cot x). 


/X 


u 


17. (0,0)i.i.d (2«, -^“^1 
//- 
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ANSWERS TO THE EXAMPLES. 


Page 37. 


1. (L) logsin.r+jfcotx. (iv.) 






(ii.) 


a- - 2x* 




(v.) a * cosar.log/*. 

(vL) cotv (sin w)"(log sin w+w cot «>). 

' ^/« 

CHAPTER Hi. 


2jz 

2 . — 


3J 

c 


4. 1- 


5. coshx. 


6. sinha'. 


Page 51. 

8. bcos(a+bx). 

9. 6/ia:"~*cos(a+6ar“). 

10 . 

COS J? 


2vain jr 

12. 

4s/.i? sin^x 


lo. - — 

Vl-X* 

Ifi 1 

■ a,-[l+(iogx)*J 

17. 

180 

18. logx+1. 


19. —\og(&r*). 

X 


13. j??4::’~’co8x*8in^"*j:*. 20. coslogx+ 


sins* 


7. (6x7-5a)'4ei/x*. 14. 




log^/cot X _ 2 tan~*s 
cosbx ain2x 


22. (x+a)"'-Hx + 6)"-‘[(m+n)x+mfc+ no]. 


x » + 2r-2 

' (x+1)* ■ 

1 Lj-? 

24. i(a+x) 
n 


29. 


9 r 

25. —(a^+x*) « . 
n 


si nh r 
2*ycosh X 
30. - 


27. tanh x. 


28. sech 2x. 


2 eosec 2.r 


cosx 
1 + siu-x' 


„ , j - - 2.rir — 2r8 +1 

J4. —.- 


^2 log cot X-(log cot x)* 

32. - ' 33. - I— 

l+x“ x^x- —1 

lili. 33. 8in"*-'xcos""*x(mco8V-»sin^). 


2.r8(l +x)(l +a**) 

36 ( ain-^xr^^s-'xr-V , „ain-*^Y 

s/l-x2 , 

/ i\ _ I^gJ* 

37. cosCc'log xy\os\j»!*)j\-i\oex)^ - sinCv'log 

38. -_ I _ 40. + 

(1 -xjlvl+x)l (x2-a2)l(x5-4a-)i 


39. 

(l+x^)5 


41. - 


2 + 2x—X® 

2(1 - x)l(l +x+ar^i 
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2(1-X*) 

46 


l+^2 + X< 


«*+.r'(^tan j '• 

/ K 


cos"‘.r - — x* 

logv?;. 

a 

4 1 • 

(l--)5 




^ d 

XyJj~— I 

^h- — 

49. -r~ - 

o + a cos X 


. ( I«>"SCC.>'^ . o,.;*,,.. „i) 

50. -T—^ + ;• 


I 1 +.C- 


51. e“|«cas(5taii V) - ^ ^ *'')|* 


xa'“(2 + cx\off,a) 

-1+a^ 

53 A-loggg8iu(loga>/« * + , 

(a“+x^)cos-(log»^a'+ a'^) 

64. 

1 

fi 

rrx‘* 

1 


56. 


xlogx' 


xlug jlog'x ... 

58. —} - 

a + o cos X 

69. -J_-^ - . 


00 . - _—■' ~ 

^..(1 +4x) 

01.:"-;. 
j — 4 

G-2. ny. 10'^(log,10)'‘. 

(53. 

04. .'•'Oog.f+!)• 

00 . ..'-' I ( l"t,' ■-■)■ + I'^g ■' + 7. j 

I _ •> 

07. 


wV* " ■■ — 

68 . (Bill xy^‘( - «ii> ■>■ >‘’g .r ' 

' ^SitiX 

09. - (cot xr ■cosecv loo c cot r - (col I. x).-COI.« l,=.c I. v '■ I' 'til '■■ 

( mih ^ \ 1 - ^ 

+^. 5 / 

l+xi 


71. 




l+.r* 


' JC X ^ ‘ . 

73 - 

’ H v'./ +•-<>-■ 
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74. vr2x^coBAg -1 

L 2s/^(l+s'.rXl + V^)-r 

75. -ycota:(H-2cosec=j:logco3x). 76. -y| ^ ^^J)cot-^- 


78. - + 

^ (jr+w*)3ec^ — 

0 

79. cos X coa 2^ cos^ye 

80. 

/ur+oy 

81. 

2.r\a + 6x”/ 

82. 

logcos.r-a‘coty‘ 


; ■'■■ . 
x-^log.r 

86. 1log-r logy 

xlogx 1—xlog^y 

87. yKq+M.y- fc-g^} 
jc{y~-x){a+bx)‘ 

8a 

hx+bt/+f 

89. 

X 


83. j<3 + 2tanlogx+taiinogx). 90. 6j:^l+.V)laPx^.g«*° » 

l+v2-lo£raecV.e*“"‘' 


Si. .fcy). 
x(a-+j/) 


1 - log 

log|0« 


2.r2 ’ 


(1 +a*cos26xX**^^+^'^+o*)"’’r»«(2j^+“)log cot ^ — co3ecx(J®+ax+a• 
..-> L 2 ' 


— ab ain6x 




J^+ 


.r). 


95. 1. 


96. I 

s/r+?-v'i -4-- 


o 

97. -. 

X 

2n+S 


98. -i. 


jQQ o ?t(l+x-)tai>-^xlogt;>n-*x+x 

(1 +x*)tan~'x(\/j'coa.^ .<*-3siii ,^'x) 

no. —j “ r^^t^l=-(5--‘+4.i'>ec-‘x.,//l. 
4^ + x^^xz-Jx-: - 1 -1 

121. .I, = »h(”‘~1) •••(’” 

123. (assiiiuiiig/>i;>l). 

CHAI*TEE IV. 

Page 63. 


2. ?am(a-+!L’^)-?-"sin(ar+’'f\ 

4 \ 2 / 4 \ 2 

3. -A|6"cos(Gr + ^^-6.4Vos(4x + ~^ + 15.2"c03^2x + ^)J. 
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ik {+T ' +T) f ■ 

6. 112"sin^ 2x+4- 4"siD (4^ + ) “ ^"sin6 j+^^ J. 

7. |h-2^co3(2x+^^|. 

8. ^|^3(a* + 6''')^sin^6x4->i — (n- + 9//-)’sin^3fcj-+n tail”'—J. 

9. -^(34)^cos(5.r+«tati-‘|)+(18)"cos^3j'f"J^^-2(10)’cos^x4-/iUir*i)J 


Page 84. 



f 

a —6 

l(x —a)"** 

(-1)"/!! 

f 1 

7 

8 

1 1 

1 

(-!)"«! 

f. 1 . 

2a 

((x-a)"*' 


4 /-n«»-i..i n”'*-2K» + l) . 3(» + l) . 4 _4_^“) 

^ L 2(.c-lV“ (.f-I)”*- {.i--2)^J 

Paok (>'). 

1. sin(« + l)OKin"*‘0, \vlK‘rc./-=« cot d?. 


2. ^_H'Kiu 7jt^8in’'^y, wlifiv x^ocot 0 . 

a" 

3. (-l)"tt!co8(M + l)^3in"*'/?.o'*‘‘, wlM-K*.r-<tcot6y. 

4 ("-!)! f( -l)"-* 1 

2 |(a+x)’* («-x)"l 

5 ( ~ 1)"»! r_^1__1 _ - where j-=</cot& 

4a^ Uc-oi"** (x + «"’' ‘ 

n (- 1 )"n!r8in(« +1 ) 0 sin"*‘6^ +1 )</> Hi»‘"* VO 

• a«-l^ c/"*" J’ 

where cot (V — « cut '/>. 

7. 2(-l)"-*(n-l^lsitiwli.-rc .r = cot ft 

8. (-1)"->(k_ 2)I Hiii""'t>tos 6»co.s/<(/{»-> tan - t.inr-O}. wlici c x-^cot ft 

9. (-!)"-'(«- 1 )! Hill nii'Hin"<?« oscc’'a, wltcre cot 

10. (-n'-nll 

where x = coH^(/ + ^jcoscc ft 

2« \a^/3/ 

where x=-^^ o ) ,, )• 

Hill H \ 0 / **•'* ‘A ^' 
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ANSWERS TO THE EXAMPLES. 


12. (- l)"K!|^8iii(n+l)^sin"+'0+sec"+-gsiu(7i+ 

where x=cot ^ • , cos( <}>+- V 

sm 9 \ 6 / 


Paob 69. 


1. >/„=a"~®e“{a*x3+2n<ia?+n(» —1)}. 

2. +2nax8in^ax+^^— 

+n(a- l)sin 

where r=xIog,a and 7J,= n(7t — 1)... (« —r+1). 


Page 74. 


1 .,-2( 1-304) 


2. y3-|. 


3. ys=a'c^ao:+3). 


If r<», y,=7<(n- I)... (7i -r+l)or"-'. 

4. • Ifr=», yr=«!. 13. y„=a"*Vtf“. 

If r>7i, yr=0. 


19 ..1 
* '" (a -b) V(x-a)"** 


„ .3^(-n"-if,if (”+2)( n + l) « + l 1 _ 1 1 

*1 2(.r-f)"+^ (.r-l)"+9^(.r-l)-*’ (o^-2)"+'/* 


20. Vn- 


21. If VI be even 




COii( + 

+ n + 22 .- 

(•r^-2a.rcos-+a®|“^ 

\ m f 


where 

and if m be odd 


A j . A Snr 2r7r 

cot Kpr +cot-=- cosec-, 

m a m 


yn=(-i)’ 


cos( +n + 1 

nl , _ _ „-n-. . oy ^ / 

\ m / 


22. y„ = »!^logo:+H-i + ^+..- + i). 

1 • 2 \ 2 / 


and the same series with cosines wit ten for siuea. 
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CHAPTER V 
Page 80. 


7. v.'^3 


8n\ 

9. 0:^ + 0^ + ^.... 

A 


8n: 


10. (a) tan ‘2— 25 = — tan *^' = etc 

q +p.v q 

(6) ~ ^ =A 


is 


(c) sin~'—^— =2tair'j-=!etc. 

1 +.H 

(fl) co8 *‘^~'^ =2cot~'j- = 7r -2 tair *j- 


= et<' 


3. 2(x+^V;+...). 

4. Double the series in 3. 

5. Treble tlie series in 3. 

6. tan * 


J^AGK Hr*. 


4. se< 


' - sjsili 
I • 2.r- 

H. siiili + 3Hinli \r: 

y. Kxjire.ssioii = i siir*./• 




= 8111 ^r=ete. 


Paok IfK). 


11. 

21 3! 4! 


I. 


12. The relation between three e<Mise<*uttve coon'e ii iits 

2(;i+=3^i„ + (2/? - 1)(. 

*'4 2 4 J 

33 + - 1X"< --X'"- ^ 

3! r,: 

CHAITKH Vf. 

P,\GK 133. 


0 ( 1 ) 1+4xi </z_]+.ir 

■ ' ^ 1 -2z ’ <ir I - 2- 




Jj- 1 - 2.' I + 2r 

./// I 4- I.- :’ '/'/ t 4 


«/.«•_ I -2.- ^/y 1 

^ r/^ 1 + 2/ ' J + 


.P“ 


a‘ 


r = 


2.43 




j 


^ -*2 

x*tr 


( 


2</^ 


etc. 
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ANSWERS TO THE EXAMPLES. 


Page 137. 


2. (a) 


ax-^hy 4j^-5aV / \ y tanar 

hx+by 4^-5aV log cos 

.V*log.y+.VJ*'-^-(j+y)‘'*'*'log e(j+y) 

A:*iog —(x+y)***'log e(x+y) 


/ \ .y tanar+logsmy 
''' logcosar—xcoty 


+ . y^logJ+J^'logx . sin y --2E:?y*«’ 


fi 

"bit 


dv^ bv_'d\\dv 
bx by bx 

Sa 5ij' 


bx 


log j: 
- 


SySz ^ 4"c" 


12. 

dz 


sin z c —6 COST 

•-•-r—:—• 

cos^ c —o siny 


dx a 


.(iTMT. 


18. ^+3^ 


Ez. 1. 


CHAPTER VTI 
Page 147. 
Tangents. 


(1) Xx+ Ty=c\ 

(2) }y = 2a(A'+x). 
Y y 

(3) l^+i- = 2. 

X y 


(4) 7-y=8mhl(A'-r). 

c 

(5) A'(2jy+y®)+7(.r‘ + 2iy)=3a3. 

(6) 7-y=cot.r(A’-x). 


(7.) X{.r^-ay)+ y(y--a.T)=a.Ty. 

(8.) A'{2a<.i.-+3r)-a-x}+ J^2y(.c=+y»)+aV}=aV~y)- 


XonnaU. 


(0 

■r y 




I Tangent? are r=±?V-A'-|. 

i Normals are }'=+5->-?A'+^a. 

I 9 36 

(■parallel at points of intersection with ar+Ay=0. 

Iperpendicular at j>oints of intersection with Ar+6y«0. 

{(3) Parallel at ( —^~ ) » perpendicular where a*=0. 

\ '*^'2 2 / 
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ft. (a) 


(/ 3 ) 


Parallel at 

Perpendicular at (0, 0), (2a, 0). 

T, ^ j-cos ^ , vsin 0 , 

Tangeiit,-h-—■.— =1. 

(lb 

Normal, axsec O-byiMSCC $=a’—b‘. 
Tangent, xsin co3 ^=«0sin 

M ^ ^ 

Normal, jcos sin ^ = a0vx}s^+2(i sin 

Tangent, xsin V 


Normal, y sin 0 — (.l - By-oa 


(F 

t.For a rectangular hyperbola, r=«'C03 2$. 

7 1-1 = 1—1, i.e., lhe\' must be oonfocal. 
a b a' b' 

0. The axes are tangoits at the origin. Also at the point (2'a, 2^a) 
the Ungents to the jKirabola.s make angles Uir'2^ tan'‘2~i re¬ 
spectively with the tangent to the Folium. 


For an ellip.se, 


r = a'cos*0 + i*'sin*t/. 


Paok 140. 

(a) a.r= ±6//. {(i) x = 0 and y = 0. 

Paok I.*):;. 

1. ~ r- - 8. Area = Ai/«f‘j7/. 

s/^+y' 

Paok 177. 

Ex. 18 . ;)> = 0 «V^-a--=),{r-+l.V/-). 

(IIAPI’KII VI If. 
Paok 101. 


(y) iix= - U’. 


0. /J ~ - 2 ; n= 1. 


4. y-0. 

5. x«=0. 


2a 

' 

(). 

.r=:2tf. 

11 . 

X — 

y 

3 

0. 

7. 


12 . 


± a. 

0. 

8. 

j.-=<i, 1 / ..it, ., +,/=<). 

i.r 

X — 

0 


0. 

y = 0. 

11 . 

J • 

4t. 


10. 

.r- Ta. 



±lt 

y“±l 

f m\ 

1 20. 



±-J. 


18. x**0, x-y = 0, X”j/ +1 - 0, 
10. y«0, x^y, x=y± 1. 


21. .» +y ±2^:^. .<-+2//H 2^0. 

22. //-O-e -2'/, r + .'V/- 
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ANSWERS TO THB EXAMPLE& 


4^ 


Page 192. 

1. —6x^+1 lAy- — 6y^=x. 

fi. b.iy{.v- - y''*) = a(a* - + 3 ^- - a-). 

Page 198. 

1. x=±a, i/=x. Above. 

fi/=x + a^ y= ~x—a, .T=a. 

2. -j In the first quadrant above tlse first. In the fourth quadi ant below 

I the second. 

Page 205. 

1. f) = 0. 2. r8ind=a, 

3. nr ^ =a sec lx, where I: is any integer. 

4. rsiii0=a. 6. rco3^=2a. 

7. r ^ =-, where Jc is any integer. 

8. «5=i(x, where I* is any integer. 


6. 0 = 5 , rsin d— 
2 


1. (i.) x=y. 


Page 206. 

(ii.) x=y, x+y“0. 


a 


a 


4. .r*±a, x-y + a«0, = x+y + ^^O. 

5. x = 2y-14a, x = 3y+13fi, x—_y=:a, x-^ = 2a. 6. x±»/^^=±f. 

8. rsin0 = «, rcos 0«-2a (2n + l)7r. 

t!L±2, ' 

9. r0in0 = a, rco80=2ae * ^(2/i+l)x. 13. x+^+o=0. 

18. (i.) y=0, x-^-a=0, x+»/+a=0. 


. 3a\2 a.r a- 

19. or 


20. 2y^x2-;/2) = 3a8x. 

21. f.r-.vi=(.r+,/ - 1)*- (x+y)* = 0. 

30. Linear jusymptotes i/=x+1, jv=x-2. 

Parabolic asymptotes 0/ “•*'+ *)'+2x+^=0. 


22. (j^-,fY-4^ + y=.0. 

23. x=±a, y = b, y=c. 


28. 2y-9c=0, f/+2x+5=*0. 

2 


8. Concave. 


CHAPTER IX. 

Page 219. 

12. xs=7 and .r=l. 


kO\ U 
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Paok 233. 

6. A single lamphoid cusp. 

8. A node at (1, 2). Directions of tangents y= ±.x. 

9. (a) Single keratoid cii.sp at (1, -1). 

(6) Two single keratoid cusps at - i). 

(c) A single keratoid cusp at ( - a, a). 

10. There is a triple point at which the tangents are parallel to the lines 

y=0, y= ±xJ2. 


Page 247. 

1. (a)y = 0. {(i) ax=hi/. {y)y=±x. ,(5)r = 0, v = 0. 

6. and x=2a. 9. ^=±.sin~VS* 

30. There is a single keratoi<l cusp and also a third brancli having an 

inflexion at the origin, the latter touching the ^-axis. The shape 
of the curve resembles the letter R. 

31. The origin is a triple point, one branch touching the r-a.\is and the 

others inclined to it at angles wliose tangents are 

32. The form of the curve is that of the ** Staffbrd.shire Knot." 

The nodes are situated at (a, o), ( — a, 0), (0, -a) and the values of 

are respectively ±\^3- 

( At (0, a), tan >l/=± 

At ((J, 0), tany=±^/|i. 

At(2a,a), taiiV'=±Jg. 

37. Two keratoid cusps at (0, ±1); two nodes at (±.,.'2. 0)- 

Four conjugate pointvS at (±\'3. ±\',U 
38. Three nodes at (0, 0) and (1, ±1). 


3o. Aty = 2.// = 2 we have y''^= + 1 2^/2. 
36. At the origin and at <0 


cLv 


(TIAPrEH X. 

Paok 260. 

1. pssa; psssa cos; p = 3« sin ^ ; p = apec\^. 

2. p = 2(a+a:)J/ai : p = 7/‘!r. 4. p=(a-.Hiii^f^ + /<Vos-^?)!/a/» 

r’A«iK 2G.'>. 

1. p=-2r5/ai; p=:a/2; p = «"* (wi + 1 

2. p = a{0^+l)l/O*. 

Pack 284. 

1. Infinite. 2. p=-:W-2‘2 or \r>o^'r>’\4. 

6. lfys=a$, p=-a(l+«in"/9)Vcos (? ; J-'a = J - 2 eo.s rt-f 2 sec 

y/a = <? - tan 0 - tan (?hiir(?. 
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22. The radii of curvature are respectively 

a(co8h jS —coa o)^/sin a (2 cosh /3 —cos a)(cosh /J+cos a)i. 
and a(co8h /3 —cosa)3/8inh j8(cosh jS —2 cos o)(co8h /J+cos a)i. 
24. «®^ = 1 + X3 


CHAPTER XL 


2. 256y3+2Vjr«=0. 

1 a* h^__c* 
x’ 


5. 


1 . 


((I) 4x5+27ay2=0. 

V(2) y®=4A(a+A—a:). 

'(1) ijx-¥^y=tji. 

(2) j:"+‘+y^*=i-"'+‘. 


(3) 


Page 296. 

6. y^+4a(x-2a)=0. 

7. Two straight lines. 

8. A parabola touching the aze& 

9. A hyperbola. 


Page 302. 






(1) x3+y*=-tf 

(2) xi+y?=/i. 


2m 


2>ri 


2m 


(m+n)"**** 

f(l) xi+y^=ll 

I ”» _?_ — 

'»• |(2) x*"**+y*"+‘==P^. 
1(3) IGay^i-*. 


(3) .r"-*^«+y"*+»=iP**«. 

(4) 2ay=i-*. 


Page 308. 

6. r3=sa*co3*^+6*8in*ft 
12. xi+y^=a^. 

16. y®(x + 16a)3 + 4 {Oy^ - (2a - x)-} fy® - 3a(2a -.r)} = 0. 

37. A parabola with the given point for focua 
39. A conic. 


1. 27ay- = 4(x-2a)*. 
3. xi+y5 = n3. 


CHAPTER XIV. 


Page 376. 


1. logsrt. 

o. 4. 

9. i. 

13. 1. 

17. 

21. 

CO. 

2. 1 

6. 4. 

10. 3. 

lA 1. 

1 

00 

22. 

1. 

3. 

71 

7. 2. 

11. §. 

15. 

19. i. 

2a 

e-i. 

4. 1. 

8. 1. 

12. J. 

16. -V- 

20. 1. 

24. 

0. 


2.’>. t'-’. 2a «*, 
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Paoe 384. 


1 . 2 . 

2. i 

3. 2. 

4. A. 

5. -1 

a 

6. 4. 


I. m — — 


8. -L. 

9. c. 


10 . 1 . 


11 . 


fif «>m, X. 

A 

a 

H<J«, 0. 


4m^ 
3 ■ 


12 . 1 . 

2 

13. 

14. c-'. 

15. e-. 

16. ... ft,,. 


17. -1. 

18. 0. 

10 . 5 , 0 . 

20. i. 

21. -a. 

22. J. 

23. 0. 

24. ^'a. 

25. 1. 


26. A. 
28. 

29. 0. 

30. 


0 \ 


31. 1. 


33. i(l±v^^- 

34. 0 or X. 
b 


35. ± 




36. 0 or ± 1. 39. 44. c 

45. 1, OO.S 6.r — sin 6r)cos'5a'. 


46. 


47. -L. 

’2<l 


48. 1. 


21 . 


CHAPTER XV. 

P.\OK 390. 

9. The height U three times the semi-a.xis to which the hase is perpen¬ 
dicular. 

12. . 14. The centroid of the triaii^'le. 

»j2ab 

20. If a and b are the sides the inaxiinuin area = A{(/ + b)-. 

A maximum when the chords coincide with tlie transverse axis and 
latUM rectum. 

A minimum when the chords are equally inclined to tlie tnin.sverae 
axis. 

Paok 306. 

5. Maximum \’aluc e=84, mininnnn 33. 

8. ar—-2, -1, 1, 2 give maxima and minima altertiately. 

9, Atx=l yssniaximuui, 

j;s>3 minimum. 

At x=2 and .r=4 there are points of contniry flexure. 

10. Atxs:2 ^ssmiuimuin. 

Atx=sJ y atmaximum. 

19. Half the triangle foriniMi by the chord ami tlie tiiiigentsat its extrem¬ 
ities, or three-fourths of the area of tlie flegmeiit. 

Paok 40.5, 


18. Its height -il of the radius. 
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Page 413. 


2 . 

4. 

r,. 

6 . 


4 . 

11 . 

20 . 

24. 

25. 


It cannot lie between ±%J^. 

X— gives a maximum, gives a minimum, 
gives a maximum, x=so a minimum. 

Minimum ordinate at x = A point of inflexion at ( — 6, 0). 

At x=a, y=c. 

At x=^^^, a being supposed greater than 6. 

22. n parts. Continued product=«". 

23. 


1 






VP 


{ 


A maximum when the segment is a semicircle. 

A minimum when the radius is infinite. 

The distances of the point from the extremities of the line are 

2ars 


2ari 


26. 

27. 

2a 


32. 


43. 


s/ri’+r/ s/n^+ra^ 

The jjoint divides the line of centres in the ratio n and r, 

being the radii. 

A0-.AD= \ :^/ 2 . 

If A be the smallest angle and b, c the adjacent sides, the distance of 
each end of the fence from ^ — length of the fence 

=,j^c8in 

I •# _ 

a >by maximum if ^—• 

3 

a< hy maximum if x^a. 

^ give3 a point of inflexion* 

. . ^^in a cos a t ^sin a cos a 

If cos a be >^, Greatest=,;-.o> J->east = —- 

(1 - c cos a)^ (1+e cos a)- 

^ If cos a be < e, the above values are both minima, and there are two 


a knots an hour. 


40. . 


n 


l 


maxima each equal to - “ 




44. 


45. 


40. 


Tlie tangent at P must be parallel to SQ. 
rif 2o, P is at the vertex. 

- If h >2a, the abscissa of P is h-2ay and the perpendicular is there- 
[ fore the normal at P. 

Maximum area=4r^in acos^a, where r is the radius of the circle and 
2a the given angle. 


49. sin 


CJ 


in .1 = C being the centre. 
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CHAPTER XVI. 

Page 429. 

1. (a) Maximum when 

(/3) Minima when x= y= +^'2. 


o'] 


(y) Maxima when i'= 


a 

i. 


and when j'= — 




2 I 

-li 


- and 


minima when 


a 

2 


and when x* — 

•> 


a 


M=-ll 

(S) Maximum value=108aV7^ 

(<) A maximvun wlien x=^ = ?. 

(0 ^=y=0 gives ;i maximum. 

( 17 ) x=yssa gives a maximum or minimum according as u is negative 
or positive. 

2. Minimum value=^VC«' + ^'+«^)- 

3. Maximum vaIue=wi"*n'*/)'’a”'+"*'’/(Mj + rt+/^)"'*’’*^ 

4. Maximum value = 

6 . A maximum when tan A/ 7 /i = tan /^> 7 t = (aii C /j. 


6. A maximum value given by ' . . 2" 

U, C, Of — 


r, 0, (/, 


u 

71 


= 0 , 


/ i» 

o, a, 0 , - 
n 

! 1. 1. I. « 

assuming that a, b, care such tliat a triangle could be constructed 
with these sides. 

7. The results are the roots c»f the quadratic 

i*aV(l -a^u) + 7n%*fil - bhi) + 7i-.*i(l -c“k) = 0. 

fi. Volume = 8aic/3V3. 

0. {log(Aai»c)P/log a’, log . log c®. 

19, If a? bo the given volume the parallelfqiiped is a cube (»f .■'urfacc (ia'i 

11. Tlie root of j M, 1, 1 '=0. 

1, iLO/*' I 

i I, ! 

12. The solutions are respectively tlie roots of 


0 , 
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( 2 ) 


a-l, A. ff 

K 6-1. / 

a. f, 


= 0 . 


(3) p/(a-l)+»=/(6-l)+«y(»-D=‘' 

(4) 


1 

u 


h, 

9, 

I, 




9> 

/, 


I 


m 


c —, n 

u 


m, n, 0 


= 0 . 


13. The values of x, y, z are given by 

llpa mlqh njrc 

14. a, X, y, c, 6 are to be in geometrical progression and the maximum 

value is (al + 6i)“*. 

16. w=>t®/Ca^+6^+c^4-...)* 

17. Tlie centroid. 

18. It is such that each side subtends an angle of 120* there. 

19. The faces should be equally inclined to the base. 

20. ^'lL^y(.I,J^,Jj....l„)when I'ia the volume and Ai, A.... the fifaces. 

22. They are the roots of 


.it 


(1 +_ ^^(1+^2y-+(l+iJ*)r}+rt-s»-a 

p- p 


1. 2.iyi=y. 

2. x(y,’+yy2)=yyt' 


CJHAPTER XVII. 
Page 436. 

3. 

4. y8=0. 


6. ya-nV“0- 

6. ya+nV=*0. 


1. jyx=x*+2y. 

1. ya+«V=o. 

2. ya-2uyi+7t®y'='0- 

3. xya+2yi-xy=0. 


3. x*ya+xyi+y«(l 


Fade 437. 

2. <l+x5)yi=»ay. 

Page 444. 

4. y8-2yi+2y = 0. 

B. ya-4yi+13.tf=0. 

6. y2-2myi+(m’+n*)y'=0. 
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7. Cy* +yj* -yiXyi* “ 1)=3/71^2" 

8. y3(y-jyi) +3.2^2* = n. 

9. x^2+j:y,+y=0. 

10. y2+yi“+l=0. 

11- y2 + n^=cos ffur. 

19. 3 - 


12. y2+w‘y = 2ncos7ir. 

13- y3+^y3+?yi + ry=o. 

16. y3-ya-yi+y=0. 

17. y4 + 2n2y2 + n*y = 0. 

18. (a + 6j) 2 y 2 + i(a + 6x)yi + = 0. 

(j-=ir -y2/);+(2 -yj - 0. 


CHAPTER XVIII. 

Page 459. 


2\H-xV^2.4Vl+x=/ ^2.4 .gVi+xV ^■■■' 

which is tnie between 1 and - 1. If x > 1 the series stands for -• 

X 

16. e«= H-a{«r**) + «(a - 2b^‘'>l +a(a - + .... 

At O« 


1. 0 + n*j, = O. 

4. 


CHAPTER XIX. 

Page 471. 

11 




6. 20. g+-!,,(4'4 






6. tan ^ e 


4-^ 


x+y 


<^y 

dx 


27. ^2+2=0. 
dv* 

s^r.aar 

33. aidu + byb^ — O. 

37. 2V?“ + ^"=0. 
3V" ^7 


rtrirr«D in citbat Britain rv boiirrt waci.kmosk and co. ltd 

TIIK VNIVBMSITV PKtSV, O* ASOOW. 




BOOKS ON 

MATHEMATICS 


INTERMEDIATE MATHEMATICS (ANALYSIS). By 

T. S. USHERWOOD. B.Sc., and C. J. A. Trimble, M.A. 
Crown 8vo. 


HIGHER MATHEMATICS FOR STUDENTS OF EN¬ 
GINEERING AND SCIENCE. By F. G. W. Brow.s, 
M.Sc. 

CALCULUS MADE EASY. New Edition. By Prof. Silvanus 
P Thompson. 


INTRODUCTION TO THE CALCULUS. By Prof. George 
A. Gibson, M.A., LL.D. 


ELEMENTARY TREATISE ON THE CALCULUS. 
Prof. George A. Gibson, LL.D. 



ADVANCED CALCULUS. A Sequel to • Element.xrv 
Treatise on the Calculus.' By ITof. Glokge A. 

Gibson, M.A., LL.D. 


MACMILLAN & CO.. LTD., LONDON 



BOOKS ON 

MATHEMATICS 


THE ELEMENTS OF MATHEMATICAL ANALYSIS. By 
Prof. J. H. Michell. M.A., F.R.S.. and M. H. Belz. 
M.Sc. 2 vols. 

FUNCTIONS OF A COMPLEX VARIABLE. By T. M. 
MacRobert, D.Sc. Third Edition. 

MODERN OPERATION ALCALCULUS. With Applica¬ 
tions IN Technical Mathematics By Dr. N. W. 
McLachlan. 

THEORETICAL HYDRODYNAMICS. By Prof. L. M. 
Milne-Thomson, M.A., F.R.S.E. Second Edition. 

THEORETICAL AERODYNAMICS. By Prof. L. M. Milne- 
Thomson, M.A., F.R.S.E. 

A TREATISE ON DIFFERENTIAL EQUATIONS. By 
A. R. Forsyth, F.R.S. Sixth Edition. Solutions of 
the Examples. 


MACMILLAN & CO., LTD., LONDON 




